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1. THE POLYNOMIAL RING R[X]

Notation 1.1. R[X] := R[Xj, ..., X,,] is the polynomial ring in » variables and real
coefficients, where R is the set of real numbers.

Note that R[X] is a vector space of countable dimension (a basis is {X* | @ € Z"},

(03]

where X% := X{" ... X" is a monomial).

Definition 1.2. A polynomial is said to be homogenous if it is a linear combina-
tion of monomials with same degree (or zero polynomial).

Convention: deg (0) := —oco, where ~07 is the polynomial with O coefficients.

Definition 1.3. Let f € R[x], the homogenous decomposition of f is f = hy +
...+ hy, where h; are homogenous (or 0) and deg(h;) = i if h; # 0.

Note that if 4, # 0, then d = deg (h;) = deg (f).
Remark 1.4. Let f,g € R[x]; f #£0, g £ 0, then:

(i) deg (fg) =deg (f) + deg(g)
(ii) deg (f + g) < max {deg (f), deg (2)}

(iii) deg (f + g) = max {deg (f), deg ()}, if deg (f) # deg (g).
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2. BOREL MEASURE

Definition 2.1. Let X be a locally compact Hausdorff topological space (ie. ¥V x €
X U > x such that U is compact). A Borel measure “x” on X is a positive
measure such that every B € $°(X) is measurable, where 5°(X) := the smallest
class of subsets of X which contain all compact sets and is closed under finite
unions, complements and countable intersections.

Further we will assume that u is regular, ie.
VY Bep(X),Ye>0AC, U e p(X)withC C B C U, where C is compact, U is
open and u(C) + € > u(B) > uw(U) — €.

Definition 2.2. Let K be a closed compact subset of R”. K is said to be basic
closed semi-algebraic if there exists a finite S € R[X], say S = {g1,...,g,} (for
seN)suchthat K = Kg ={xeR"|g(x)>0Vi=1,...,s}

Notation 2.3. L R[X)* := {o = ) f?| fi € R[X],m € N}.

i=1

Theorem 2.4. (Schmiidgen’s Positivstellensatz) Let K C R” be a compact semi-
algebraic set, K = Ky (as above). Let L : R[X] — R be a linear functional.

Then L can be represented by a positive Borel measure u defined on K (ie. L(f) =
ffd,u for f € R[X]) if and only if L(og{' .88 20V o € YR[X]? and
K

e,...,e; €{0,1}.

See Corollary 2.6 in lecture 13.

3. PREORDERING

Definition 3.1. Let A be a commutative ring with 1,
TA? :={Zd? |i > 0,q; € A}.

(1) A quadratic module M in A is a subset M C A such that
M+McCM,a*>®MCMVacA,1eM.

(2) A preordering T in A is a quadratic module with 7T C T.
T is said to be proper if —1 ¢ T.
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Remark 3.2. If % € Athen T = A is the only preordering in A that is not proper.
Proof. For a € A one can write: a = (%)2 + (—1)(%)2 eT ]
Examples 3.3.

(1) TA? C T for a preordering 7 in A.

(the smallest preordering)

2)LetS ={g1,...,85} C A, then

p— s 2 —
Ty .—{ Z O'Kg?...g?|0'e€ZA,€—(€1,...,€S)}
el,...,es€{0,1}

is the preordering generated by g, ..., g;.

Definiton 3.4. A preordering 7 C A is said to be finitely generated if 7 a finite

For example: $A? is finitely generated with S = ¢.

Example 3.5. Let S € A = R[X] be a finite subset. We associate to S the basic
closed semi-algebraic subset Kg € R" and the finitely generated preordering Ty C
R[X]. Werecall that Kg ;= {x e R" | gi(x) >0V i=1,...,5},S ={g1,..., 8}

For example: If § = ¢ : Kg = R", Ty = Y R[X]%.

Definiton 3.6. An element f € Ty is said to be positive semidefinite on K if
f(x) >0forall x € Ks .

For K C R", set Psd(K) :={f € RIX]| f(x) 20V x € K|

Note that 75 C Psd(Ky).

Question. If f € Psd(Ky), then does f € Ts?

Answer. No.
But there is a connection of f with Ts (which will become clear through the
Positivstellensatz in the next lecture).
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1. INTRODUCTION

Definiton 1.1. For K C R”,
Psd(K) := {f € RIX]| f(x) > 0V x € K}.
LetS ={gi,...,g,} € R[X], then

Ks:={x e R"| gi(x) >0V i=1,...,s}, the basic closed semi-algebraic set
defined by S and

Tg := { Z o, 8/ ...80 o, € IR[X]% e = (el,...,es)}, the preordering
e1,...,es€{0,1}
generated by S.

We also introduce

Mg := {0 +0181 +0285 ...+ 0,8, | o; € ZR[X]?}, the quadratic module generated
by S.

Remark 1.2. (i) My is a quadratic module in R[X].

(1) Mg C Ts C Psd(Ks).
(We shall study these inclusions in more detail later. In general these inclusions
may be proper.)
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(iii) Psd(Ky) is a preordering.

Definiton 1.3. T's (resp. My) is called saturated if Psd(Ky) = T's (resp. Ms).

2. EXAMPLES

For the examples that we are about to see, we need the following 2 lemmas:

Lemma 2.1. Let f € R[X]; f # 0, then 3 x € R" s.t. f(x) # 0. [Here n is such
that X = (X4,...,X,).]

Proof. By induction on n.

If n = 1, result follows since a nonzero polynomial € R[X] has only finitely many
Zeroes.
Letn>2and 0 £ f € R[Xy,....X,] = R[Xy,..., X, ][X.].
f20= f=go+81Xu+ ...+ X5 80,815, 8 ER[X1,..., X115 g £ 0.
Since g, # 0, so by induction on 7 :
A (xp,x2, .. Xx01) St gr(x1, X0, 00, X—1) # 0.
= The polynomial in one variable X, i.e. f(x, x2,...,X,-1, X,) Z O.
Therefore by induction forn = 1, 4 x,, € R s.t.
f(x1, X0, 0oy X1, X)) #0 |

Remark 2.2. If f € R[X], f # 0, then R"\Z(f) = {x € R"| f(x) # 0} is dense in
R", where Z(f) := {x € R" | f(x) = 0} is the zero set of f.

Equivalently, Z(f) has empty interior. In other words, a polynomial which van-
ishes on a nonempty open set is identically the zero polynomial.

Lemma 2.3. Leto := ff+...+ fZ ; fi,....fi € R[X] and f; # 0, then
o #0

(ii) deg(cr) = 2 max{degf; ;i = 1,....k|
[In particular deg(o) is even. |

Proof. (i) Since f; # 0, so by lemma 2.1 3 x € R" s.t. fi(x) # 0.
= o(x) = fix)*+...+ fi(x)*>0
=0 #0.

() fi = hjy +...+ h;,, where d = max{degf,- li=1,... ,k} ; hi;, homogeneous
ofdegreejorh,-j =0fori=1,...,k.
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Clearly deg(o) < 2d.

To show deg(o) = 2d, consider the homogeneous polynomial
h%d+"'+h/%d = hyy

Note that if /,, # 0, then deg(h,,) = 2d and h,, 1s the homogeneous
component of o of highest degree (i.e. leading term), so deg(o) = 2d.

Now we know that i;, # 0 for some i € {1,...,k}, so by (i) we get hys Z 0.
O

Now coming back to the inclusion: 75 C Psd(Ky)

Example 2.4.(1) (i) S = ¢,n=1= Ks; = Rand T = 3 R[X]
= Tg = Psd(R).

(i) S ={(1 - X*?),n=1= Ky =[-1,1] (compact),
Ts = {00+ o1(1 = X»? | 0, 011 € LRIXP} = Ms.
Claim. TS - PSd(Ks)
For example: (1 — X?) € Psd[-1, 1] (clearly),
but (1 — X?) ¢ Ty, since if we assume for a contradiction that
(1-X*) =0 +0(1-X%)°, (1)

where oy = Y, f7. Then evaluating (1) at x = + 1 we get
oo(£1) =Y fA(£1) =0

= fi(x1)=0

= f; = (1 — X?g, , for some g; € R[X]
=00=(1-X)Yg

Substituting oy back in (1) we get

1=(1-X)Yg +-X)0, (2)
Evaluating (2) at x = =1 yields 1 = 0, a contradiction.

(iii) § = {X3},n =1 = Ks = [0, o) (noncompact),
TS = {0’0 -|-0'1Xv3 | 009,01 € ZR[X]Z} = Ms.

Claim. T C Psd(Ky)
For example: X € Psd(Ks), but X ¢ T (we will use degree argument to
show this).
We compute the possible degrees of elements t € Ts; ¢t £ 0
Let
=0y +O'1X3; 00,01 € ZR[X]Z,
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1. GEOMETRIC VERSION OF POSITIVSTELLENSATZ

Theorem 1.1. (Recall) (Positivstellensatz: Geometric Version) Let A = R[X].

LetS ={gi1,...,8s} CR[X], f € R[X]. Then

(1) f>0onKs ©3Ap,geTsst.pf=1+¢q
(Striktpositivstellensatz)

2 f>0nKs ©AmeZ,,Ap,geTsst.pf=f"+gq
(Nonnegativstellensatz)

B f=0onKs © AmeZ, st —feTs
(Real Nullstellensatz (first form))

(4)KS :¢<:>—1 eTs.
Proof. It consists of two parts:
-Step I: prove that (1) = (2) = (3) = (4) = (1)
-Step 1I: prove (4) [using Tarski Transfer]

We will start with step II:

Clearly Ks # ¢ = —1 ¢ T (since -1 € Ts = Kg = ¢ ), so it only remains to

prove the following proposition:

Proposition 1.2. (3.2 of last lecture) If —1 ¢ T (i.e. if Ts is a proper preordering),

then Kg # ¢.



Vorlesung "Positive Polynome" - SS 2010

POSITIVE POLYNOMIALS LECTURE NOTES (03: 20/04/10) 2

For proving this we need the following results:

Lemma 1.3.1. (3.4.1 of last lecture) Let A be a commutative ring with 1. Let P
be a maximal proper preordering in A. Then P is an ordering.
Proof. We have to show:

i)PU—-P=A,and

(i1) p := PN —P is a prime ideal of A.

(i) Assume a € A,buta ¢ P U —P.
By maximality of P, we have: —1 € (P + aP) and —1 € (P — aP)
Thus
—1 =5 +at; and
—1=s,—at, ; s1,8,1,H€P
So (rewritting)
—at; =1+ s; and
at =1 + 5,
Multiplying we get:
—Clzlltg =148 +5+ 55
= —1 =5, 4 5 + 515 + a’t11, € P, a contradiction.

(i) Now consider p := P N —P, clearly it is an ideal.
We claim that p is prime.
Letabe panda,b ¢ ».
Assume w.l.o.g. thata,b ¢ P.
Then as above in (i), we get:
-1 e€(P+aP)and -1 € (P + bP)
So, -1 = s5; +at; and
—1=s,+bt, ; s1,8,, 1L €EP
Rearranging and multiplying we get:
(at)(btr)) = (1 + s)(1 +85) =1+ 51+ 50+ 515
= -1 =5 + 5+ 515 —abtit,
R L Nt

epP epcC P
= —1 € P, a contradiction. O

Lemma 1.3.2. (3.4.2 of last lecture) Let A be a commutative ring with 1 and
P C A an ordering. Then P induces uniquely an ordering <p on F := ff(A/p)
defined by:

YabeAbg¢p:=>p0(nF) © abe P, wherea =a+ p. O

Sl Rl
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Recall 1.3.3. (Tarski Transfer Principle) Suppose (R, <) C (F, <) is an ordered

field extension of R. If x € F" satisfies a finite system of polynomial equations

and inequalities with coefficients in R, then 3 r € R" satisfying the same system.
O

Using lemma 1.3.1, lemma 1.3.2 and TTP (recall 1.3.3), we prove the propo-
sition 1.2 as follows:

Proof of Propostion 1.2. To show: —1 ¢ Ty = Kg # ¢.
Set S ={g1,...,&} S R[X]

—1 ¢ Ts = Ty is a proper preordering.

By Zorn, extend Ts to a maximal proper preordering P.

By lemma 1.3.1, P is an ordering on R[X]; p := P N —P is prime.

By lemma 1.3.2, let (F, <p) = (ff (R[X1/p), <p ) is an ordered field extension of
R, ).
g120
Now consider the system S :=
gs = 0.
Claim: The system S has a solution in F”, namely X := ()71, e ,)T,,),
i.e. to show: gi(X_l,...,Yn) >p0;i=1,...,s.

Indeed gi()Tl,...,)Tn) = gi(Xi,...,X,), and since g; € Ts C P, it follows by
definition of <p that g; >p 0 .

Now apply TTP (recall 1.3.3) to conclude that:
dr € R" satisfying the system S, i.e. gi(x) >0;i=1,...,s.
=reKis=>Ks#¢ .

This completes step II. O

Now we will do step I:
ire.weshow (1) =>2)=RB) =4 =)

=@

Let f >0on K, f £0.
Consider S CR[X, Y], $":=S U{Yf - 1,-Yf +1]

So, Ks: = {(x.) | &i(®) 2 0; yf(@) = 1}.
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Thus f(X,Y) = f(X) > 0on K/, so applying (1) A p’, ¢’ € Ty s.t.
PENX=1+4X7Y)

Substitute ¥ := f(X) in above equation and clear denominators by multiplying both

sides by f(X)*" for m € Z, sufficiently large to get:
PXOFX) = fX)*™ + q(X),
— 2m
with p(X) = f(X) ( , f(X)) € R[X] and

4 = FX7 (X, 7 ) < RIX]

To finish the proof we claim that: p(X), q(X) € Ts for sufficiently large m.
Observe that p’'(X,Y) € T/, so p’ is a sum of terms of the form:

ocX,Y) g7 ... (Y- (=Y fXO+1)"" s er,...,e5 €51, €500 €{0, 1}
[ —
€ SRIX, VT2

say (X, ¥) = > hj(X, Y)’.
J

Now when we substitute Y by @ in p’(X,Y), all terms with e, or ey, equal to
1 vanish.

So, the remaining terms are of the form
1 2
1 €] €s __ €1 €y
U()_(’@) g -8 = (Z [hj()_(m)] )81 .- 85
> X

So, we want to choose m large enough so that f(X)>" (X, f(X)) € IR[X]%.
Write (X, Y) = > hy(X)Y’
Let m > deg (h;j(X,Y)) in Y, for all j.

Substituting ¥ = %) L) in h;(X,Y) and multiplying by f(X)™, we get:

X" h ( : f(X)) Z hij(X) fX)", with (m — i) 2 0V i

s0 that £(X)" h ) € R[X], for all j.

( »

10
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So f(X)*" ( }%) f(?_()zm(Z[hj(X’]%)_())r)
=2

Thus p and (similarly) g € Ts, which proves our claim and hence (1) = (2). O

" h(X f(X))]ze SRIXP

@=0)

Assume f = 0 on K. Apply (2) to f and —f to get:
plf = f2m1 +q1 and
—paof = f*™ + q» ; where pi, p2,q1,q2 € Ts, m; € Z,

Multiplying yields:

—pipaf? = AT 4 Mg, + g+ q1gn
= —f2mrm) = pipoy 2+ Mg + g+ qige

eTs
ie. —f"eTy, meZ, ]
=4
Assume Kg = ¢
= the constant polynomial f(X) = 1 vanishes on K.
Applying (3), gives —1 € T§. O
“4=@1Q)

LetS =S U{-f}

Since f > 0 on Kg we have Ky = ¢ ,s0 -1 € Ty by (4).

Moreover from S = S U {—f} , we have T; =Ts — fTs

= —-1=qg—-pf;forsome p,qe Ts

ie.pf=1+g¢ O

This completes step I and hence the proof of Positivstellensatz. oo

We will now study other forms of the Real Nullstellensatz that will relate it to
Hilbert’s Nullstellensatz.
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2. EXKURS IN COMMUTATIVE ALGEBRA

Recall 2.1. Let K be a field, S € K[X]. Define
ZS):={xeK"| g(x) =0 V¥ g €S}, the zero set of S.
Proposition 2.2. Let V C K". Then the following are equivalent:
(1) V. =2Z(S) ; for some finite S C K[X]
2) V =2Z() ; for some set S C K[X]
(3) V= 2Z{) ; for some ideal I C K[X]
Proof. (1) = (2) Clear.
(2) = (3) Take I :=< S >, the ideal generated by S.

(3) = (1) Using Hilbert Basis Theorem (i.e. for a field K, every ideal in K[X] is
finitely generated):

I =<S§ >, S finite

= Z) = Z(S). O

Definition 2.3. V C K" is an algebraic set if V satisfies one of the equivalent
conditions of Proposition 2.2.

Definition 2.4. Given a subset A C K", we form:

I(A) :={f e KIX]| f(@ =0 YacA}

Proposition 2.5. Let A C K". Then
(1) Z7(A) is an ideal called the ideal of vanishing polynomials on A.
(2) If A = V is an algebraic set in K", then Z(I(V)) =V

(3) the map V +— I (V) is a 1-1 map from the set of algebraic sets in K" into
the set of ideals of K[X]. O

Remark 2.6. Note that for an ideal 7 of K[X], the inclusion I C 7(Z(I)) is always
true.

[Proof. Say (by Hilbert Basis Theorem) I =< gy,..., g, >, g € K[X]. Then
Z)={xeK"|gx)=0Vi=1,...,s},

12
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I(ZD) ={f e KIX]| f(x) =0 ¥ x e Z(D}
Assume f = hig; + ...+ hygs €I, then f(x) =0V xe Z()
[since by definition x € Z(I) = gi(x) =0Vi=1,...,5]
= f € I(ZW0)). o |

But in general it is false that 7(Z(I)) = I. Hilbert’s Nullstellensatz studies
necessary and sufficient conditions on K and / so that this identity holds.

13
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then
e 0y # 0 = deg(oy) is even.
e 0 #0 = deg(o) is even.
e o) = 0 = deg(¢) is odd and > 3.
e 0 =0 = deg(?) is even.
ey 0, oy #0, then
[even =] deg(o) # deg(o1x*) [= odd]
So, deg(f) = max {deg(ao), deg(crlx3)} is even or odd > 3.

This proves that X ¢ T and hence Ty C Psd(K). O

Example 2.4.2) S = ¢, n=2 = Kg =R*>and Ty = Mg = > R[X, Y]>.

We see that Ts C Psd(Ky)

For example: m(X,Y) := X?Y* + X*Y? - 3X?Y?> + 1 € Psd(R?), but ¢ Ty =
Y RIX, Y.

3. POSITIVSTELLENSATZ (Geometric Version)

Theorem 3.1. (Positivstellensatz: Geometric Version) Let A = R[X]. Let S
{g1,....8s} CR[X], Ky, Ts as defined above, f € R[X]. Then

(D f>0onKg ©dp,geTsst.pf=1+gq
2 f=200nKs ©AmeZ,Ap,geTsst. pf=f"+gq
B f=0onKs ©AmeZ, st —feTs
A Ks=¢p —-1€eTs.
Important corollaries to the PSS are:
(1) The real Nullstellensatz
(ii) Hilbert’s 17" problem
(i11) Abstract Positivstellensatz
The proof of the PSS consists of two parts:

-Step I: prove that (1) = 2) = 3) = 4) = (1)
-Step II: prove (4) [using Tarski Transfer]

14
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We shall start the proof with step II:

Clearly Ks # ¢ = —1 ¢ Ts (since —1 € Ty = Kg = ¢), so it only remains to
prove the following proposition:

Proposition 3.2. If —1 ¢ T (i.e. if T is a proper preordering), then K # ¢.

For proving this we need to recall some definitions and results:
Definition 3.3.1. Let A be a commutative ring with 1, a preordering P C A is said
to be an ordering on A if PU —P = A and p := P N —P is a prime (hence proper)

ideal of A.

Definition 3.3.2. Let P be an ordering in A, then SupportP := p (the prime ideal
PnN-P).

Lemma 3.4.1. Let A be a commutative ring with 1. Let P be a maximal proper
preordering in A. Then P is an ordering.

Lemma 3.4.2. Let A be a commutative ring with 1 and P C A an ordering. Then
P induces uniquely an ordering on F := ff(A/p) defined by:

Va,beA,%2p0(inF)@abeP,whereE:a+p.

15
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1. EXKURS IN COMMUTATIVE ALGEBRA

Recall 1.1. Let K be a field and 7 an ideal of K[X], then the inclusion I C 7(Z(I))
is always true.

But in general it is false that
(Z) =1 (1)
Note 1.2. In other words we study the map
I {algebraic sets in K" } ~ {Ideals of K [)_(]}
Vi— I(V)
o Clearly this map is 1-1 (proposition 2.5 of last lecture).

e What is the image of 7 ? 2)
Let I anideal, I = I (V)
=>Z(H= ZIV)=V
—————

(prop. 2.5 of last lecture)
Thus an ideal 7 is in the image © I = 7(Z(1))

So studying the equality (1) amounts to studying (2).

16
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2. RADICAL IDEALS AND REAL IDEALS

Remark 2.1. For an ideal 7 C K[X], answer to [ = 7(Z(1)) is known

e when K is algebraically closed (Hilbert’s Nullstellensatz),
or
e when K is real closed (Real Nullstellensatz).

To formulate these two important theorems we need to introduce some termi-
nology:

Definition 2.2. Let A be a commutative ring with 1, I C A, I an ideal of A. Define
() VI:={ae A|AmeN st. a” €I}, the radical of I.

(i) VI:={a€A|AmeN and o € ZA? s.t. a® + o € I}, the real radical
of 1.

Remark 2.3. It follows from the definition that 7 € VI C VI.
Definition 2.4. Let / be an ideal of A. Then

(1) I is called radical ideal if / = VI, and

(2) 1 is called real radical ideal (or just real ideal) if / = VI.

Remark 2.5. (i) Every prime ideal is radical, but the converse does not hold in
general.

(i1) I real radical = I radical (follows from Remark 2.3 and Definition 2.4).
Proposition 2.6. Let A be a commutative ring with 1, / C A an ideal. Then

(Dlisradical @ VacA:a*el=acl

k
(2)Iisrealradical@forkeN,Val,...,akeA:Zafelznzl el
=1

1

Proof. (1) (=) Trivially follows from definition.

() Letae VI, thendAm > 1st.a" e
Let k (big enough) s.t. 2F > m, then
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k k_
a* =a"a®> el

Now we show by induction on k that:

2

[el=acl]=[a* cl=acl]

For k = 1, it is clear.
Assume it true for k and show it true for k£ + 1, i.e. let el , then

‘ 2
k+1 k k
a? :(az) el = a* €l = acl.
~—— ——
(by assumption) (induction hypothesis)

(2) (=) Trivially follows from definition.

(=) Letae VI, thendAm > 1, o = Xa? (€ TA?) st. a® +o € I.

= @")Y+oel = a'el = acl. ]
S~—— S~
(by assumption) (as above in (1))

Remark 2.7. (i) Since real radical ideal = radical ideal, so in particular (2) = (1)
in above proposition.

(i1) A prime ideal is always radical (as in Remark 2.5), but need not be real.

Proposition 2.8. Let p C A be a prime ideal. Then
pisreal © ff(A/p) is areal field.

Proof. p is not real

k
o da,ay,...,a; € A; a¢psuchthata2+2ai2€p
P

k
©@+ ) @ =0anda# 0 (in A/p)
i=1

S ff(A/p) is not real. O
Theorem 2.9. Let K be a field, A = K[X], I C A an ideal. Then
(1) (Hilbert’s Nullstellensatz) Assume K is algebraically closed, then
I(ZW) = VI
(Proved in BS)

(2) (Real Nullstellensatz) Assume K is real closed, then

18
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1(zZm) = VI
(Will be deduced from Positivstellensatz)

Corollary 2.10. Consider the map:
I: {algebraio sets in K" } — {Ideals of K [X]}

(1) If K 1s algebraically closed, then
Image 7 = {I | I is a radical ideal}

(2) If K is real closed, then
Image I = {I | I is real ideal} ]

Now we want to deduce the Real Nullstellensatz [Theorem 2.9 (2)] from part
(3) of the Positivstellensatz (PSS) [Theorem 1.1 of last lecture].

We need the following 2 (helping) lemmas:
Lemma 2.11. Let A be a commutative ring and M be a quadratic module, then:
(1) M N (—=M) is an ideal of A.
(2) The following are equivalent for a € A:
(ae VM N (=M)
(ii) a® € M N (—=M) for some m € N,m > 1
(iii) —a®™ € M for some m € N,m > 1. O
Lemma 2.12. Let A be a ring, M(= Mjy) a quadratic module (resp. preordering)
of A generated by S = {g1,...,8s};81,-..,8s € A. Let I be an ideal in A generated
by hy,...,h, ,ie. I = (hy,...,h);hy,...,h, € A. Then M + [ is the quadratic

module (resp. the preordering) generated by S U {+h; ; i =1,...,1}. O

Recall 2.13. [(3) of PSS | Let A = R[X],S = {1,...,2,} € RIX], f € R[X]. Then
f=0onKs ©AmeZ, st. —feTs.

Corollary 2.14. (to Recall 2.13 and Lemma 2.11) Let K = Ks CR", T = Ts C
R[X] (as in PSS), then

I(Ks) = VTs N (=Ts).
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Proof f=00nKy &  —f¢eTg forsomem€Z,

(by(3) of PSS )

S feNTs N (=Ts) O
(by lemma 2.11)

Corollary 2.15. (to Lemma 2.11 and 2.12 ) Let A be a commutative ring with 1.
Let / be an ideal of A. Consider the preordering T := A% + I, then

VI = NTN(T). O

Now Corollary 2.14 and Corollary 2.15 give the proof of the Real Nullstellen-
satz (RNSS) as follows:
Proof of RNSS [Theorem 2.9 (2)]. Let I be an ideal of R[X]
We show that: 7(Z(I)) = VI

R[X] Noetherian = I = (hy, ..., h,) (by Hilbert Basis Theorem) .
Consider S :={+h;; i=1,...,1}
Then Ky = Z(I) [clearly]

Now by Lemma 2.12, we have:
T=Ts=3XR[X]?+1

So we get,

I(ZW)=1(Ks) = ~NTn(T) = VI O

(Cor 2.14) (Cor 2.15)

3. THE REAL SPECTRUM
Definition 3.1. Let A be a commutative ring with 1. Then:
Spec(A) := {p| p is prime ideal of A } is called the Spectrum of A.

Sper(A) = Spec,(A) = {(D, <) | p is a prime ideal of A and < is an ordering on
the (formally real) field f f(A/ p)} is called the Real Spectrum of A.

Remark 3.2. (i) Several orderings may be defined on f f(A/p),
(P, <1) # (P, 2).

20



Vorlesung "Positive Polynome" - SS 2010

POSITIVE POLYNOMIALS LECTURE NOTES (04: 22/04/10) 6

(i1) (p, <) € Sper(A) = p is real radical ideal. [see Proposition 2.8 and Remark
2.5().]

Note 3.3. Sper(A) := {a = (p, <) | pis areal prime and < an ordering on f f(A/p)}.

21
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1. THE REAL SPECTRUM

Definition 1.1. Let A be a commutative ring with 1. We set:

Sper(A) :={a = (p, <) | pis a prime ideal of A and < is an ordering on f f(A/p)}.
Note 1.2. Sper(A) := {a = (p, <) | pis areal prime and < an ordering on f f(A/p)}.
Definition 1.3. Let o = (p, <) € Sper(A), then p = Supp(a), the Support of a.

Recall 1.4. An ordering P C A is a preordering with PU-P = Aand p := PN—-P
prime ideal of A.

Definition 1.5. Alternatively, the Real Spectrum of A, Sper(A) can be defined
as:

Sper(A) :={P| P C A, P is an ordering of A }.

Remark 1.6. The two definitions of Sper(A) are equivalent in the following sense:

The map
®: {Orderings inA } ~ {(D, <), p real prime, < ordering on ff(A/p)}

P+ p:=PN-P,<pon ff(A/p)
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a L
(where >0 abePwitha=a+0p
b
is bijective [where ¢~'(p,<)is P:={a € A|a 2 0}]. O

2. TOPOLOGIES ON Sper(A)

Definition 2.1. The Spectral Topology on Sper(A):
Sper(A) as a topological space, subbasis of open sets is:
U(a) :={P € Sper(A) |a ¢ P}, a € A.

(So a basis of open sets consists of finite intersection, i.e. of sets

U(ay,...,a,) :={P € Sper(A) |ay,...,a, ¢ P})
Then close by arbitrary unions to get all open sets.
This is called Spectral Topology.

Definition 2.2. The Constructible (or Patch) Topology on Sper(A) is the topol-
ogy that is generated by the open sets U(a) and there complements Sper(A)\U(a),
for a € A.

(Subbasis for constructible topology is U(a), Sper(A)\U(a), for a € A.)

Remark 2.3. The constructible topology is finer than the Spectral Topology (i.e.
more open sets).

Special case: A = R[X]

Proposition 2.4. There is a natural embedding

P R" — Sper(R[X])
given by
x+— Py = {f €Rlxl| f(x) > 0}

Proof. The map P is well defined.
Verity that P, is indeed an ordering of A.
Clearly it is a preordering, P, U —P, = R[X].
p=P,N-P,= {f e RX]| f(x) = O} is actually a maximal ideal of R[X],
since p = Ker (ev,), the kernel of the evaluation map
evy : RIX] — R
fr—f

23
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RIX] _ : -
so, — =~ R (by first isomorphism theorem)

P
a field

= p maximal = pis prime ideal. O

Theorem 2.5. P(R"), the image of R" in Sper(R[X]) is dense in (Sper(R[X]),
Constructible Topology) and hence in (Sper(R[X]), Spectral Topology). (i.e.

————patc
)

PEY " = Sper(RIX])).

Proof. By definition, a basic open set in Sper(R[X]) has the form

U ={P e SperRIX]) | f; ¢ Pg; € P;i = i,...,s,j = 1,...,t}, for some
ﬁagJER[X]

LetPeU (open neighbourhood of P € Sper(R[)_(]))
We want to show that: 3y e R"s.t. P, € U

Consider F = ff(R[X]/p); » = Supp(P) = PN —P and < ordering on F induced
by P.

Then (F, <) is an ordered field extension of (R, < ).

Consider x = (x1,...,x,) € F", where X; = X; + p
Then by definition of < we have (as in the proof of PSS):
fix)<0and gj(x) >0;Vi=1i,...,s, j=1,...,¢

By Tarski Transfer, 4y € R” s.t.

f)<0(e fi¢gP)andg()20( g ePy)i=i....s j=1,...1
@PXE%[ O

3. ABSTRACT POSITIVSTELLENSATZ

Recall 3.1. T proper preordering = 3 P an ordering of As.t. P2 T.

Definiton 3.2. Let P be an ordering of A, fix a € A. We define Sign of a at P :

1 ifa¢-P
alP):= 0 ifaePn-P
-1 ifa¢P

(Note that this allows to consider a € A as a map on Sper(A)).
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Notation 3.3. We write: a > 0 at Pif a(P) = 1
a=0atPifa(P)=0
a<0atPifa(P)=-1

Note that (in this notation) a > 0 at P iff a € P.

Definition 3.4. Let T C A, then the Relative Spectrum of A with respect to T is
Sper;(A) ={P| P2 T;P C Ais an ordering of A}.
Proposition 3.5. Let 7 C A be a finitely generated preordering, say T = Tg;
where S = {gy,...,2,} € A. Then
Sper;(A) = Sperg(A) = {P € Sper(A) | gi€ Pi=1i,...,s}
={P e Sper(A) | g(P)>0;i=1,...,s} ]

Remark 3.5. Let7T C A
(1) Sper;(A) inherits the relative spectral (respectively constructible) topology.

(i1) In case T = Ty, 4, 1s a finitely generated preordering, then the proof of
Theorem 2.5 goes through to give the following relative version for Sper;:

Theorem 3.6. (Relative version of Theorem 2.5) Let T = Ts = finitely generated
preordering; S = {g,...,&s}. Let K = Ky = {x € R" | gi(x) > 0} C R", a basic
closed semi-algebraic set. Consider (Sper;, Constructible Topology ). Then

P : K ~ Sper;(R[X])
(defined as before)
x+— P, ={f eR[x]| f(x) 20}

is well defined (i.e. P, 2T Vx e K).

Moreover P(K) is dense in (SperT(R[X 1), Constructible Topology).
Proof. The proof is analogous to the proof of Theorem 2.5.
(Note the fact that T is finitely generated is crucial here to be able to apply Tarski

Transfer.) o

Theorem 3.7. (Abstract Positivstellensatz) Let A be a commutative ring, 7 C A
be a preordering of A (not necessarily finitely generated). Then for a € A:

(1)a>0onSper;(A) ©@Ap,qgeTst.pa=1+¢q
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(2)a>0o0nSper;(A) ©Ap,ge T,m>0s.t pa=a+q
(3)a=0o0nSper;(A) © Am>0s.t. —a*" €T.

Proof. (1) Let a > 0 on Sper;(A). Suppose for a contradiction that there are no
elements p,g e T s.t. pa=1+¢q 1e.st. =1 =qg— pa

re.-1#g-paVp,qgeT

Thus -1 ¢ T :=T —Ta.

= T’ is a proper preordering.

So (by recall 3.1) 3 P an ordering of A with 7" C P..

Now observe that T C Pi.e. P € Sper;(A) but —a € P (i.e. a(P) <0)ie. a <0
on P, a contradiction to the assumption. O

Proposition 3.8. Abstract Positivstellensatz = Positivstellensatz.

P}"OOf. A= RD_(],T = TS = T{gl ..... gs},K = Ks.

It suffices to show (2) of PSS [Theorem 1.1 of lecture 03 on 20/04/10],i.e. f >0
onKs ©AmeZ,,Ap,qeTs st pf=f"+q.

Let f € R[X] and f > 0 on K.
It suffices [by (2) of Theorem 3.7] to show that f > 0 on Sper, (R[X]):
If not then 3 P € Sper,;(R[X]) s.t. f & P

So, P € Ur(f)
(open neighbourhood of P € SperT(R[X]))

Now by [Theorem 3.6 i.e.] relative density of P(K) in Sper, (R[X]):
3£€Ks.t. PieqxlT(f)

= f ¢ P, = f(x) <0, acontradiction to the assumption. O
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1. GENERALITIES ABOUT POLYNOMIALS

Definition 1.1. For a polynomial p € R[X},..., X, ], we write
pPX) =) ¢ X' ¢ eR,
€2l n
where X' = X|'...X," is a monomial of degree = |i| = Z ir and ¢; X' is a term.
k=1
Definition 1.2. A polynomial p(X) € R[X] is called homogeneous or form if all
terms in p have the same degree.

Notation 1.3. ¥, := {F € R[X\,...,X,] | F is a form and deg(F) = m}, the set
of all forms in n variables of degree m (also called set of n-ary m-ics forms), for
n,me N.

Convention: 0 € F,, .

Definition 1.4. Let p € R[X},...,X,] of degree m. The homogenization of p
w.r.t X, is defined as

e um X1 Xn
Pr(X1s ooy Xy Xpa1) 1= X0 P
Xn+l Xn+1

Note that p;, is a homogeneous polynomial of degree m and in n + 1 variables i.e.
Pr € Fostm:

Proposition 1.5. (1) Let p(X) € R[X], deg(p) = m, then
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number of monomials of p < (m:")

(2) Let F(X) € ., then

number of monomials of FF < N := (m;fl_l) O
Remark 1.6. ¥,,, is a finite dimensional real vector space with %, ~ R,
2. PSD- AND SOS- POLYNOMIALS

Definition 2.1. (1) p(x) € R[X] is positive semidefinite (psd) if

p(x) >0V xeR"

(2) p(x) € R[X] is sum of squares (SOS) if 3 p; € R[X] s.t.

p) = > i’

Notation 2.2. P, ,, := set of all forms F € ¥, ,, which are psd, and
Yo = setof all forms F € F,,, which are sos.

Lemma 2.3. If a polynomial p is psd then p has even degree. O

Remark 2.4. From now on (using lemma 2.3) we will often write $,, 54 and 3}, 5.

Lemma 2.5. Let p be a homogeneous polynomial of degree 2d, and p sos. Then
every sos representation of p consists of homogeneous polynomials only, i.e.

p(x) = Z pi(x)* = pi(x) homogenous of degree d, i.e. p; € Fpa. O

Remark 2.6. The properties of psd-ness and sos-ness are preserved under homog-
enization (see the following lemma).

Lemma 2.7. Let p(x) be a polynomial of degree m. Then
(1) pis psd iff p, is psd,

(2) pis sos iff py is sos. |

So we can focus our investigation of psdness of polynomials versus sosness of
polynomials to those of forms, i.e. study and compare },,, € Prum -

Theorem 2.8. (Hilbert) Y, = P, iff

28
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(i) n = 2 [i.e. binary forms] or
(i) m = 2 [i.e. quadratic forms] or

(ii1) (n,m) = (3,4) [i.e. ternary quartics].

For the ternary quartics case (¥34), we shall study the convex cones #,,, and

L

3. CONVEX SETS, CONES AND EXTREMALITY

Definition 3.1. A subset C of R" is convex setif a,b € C = da+ (1 - )b € C,
forall0 < A< 1.

Proposition 3.2. The intersection of an arbitrary collection of convex sets is con-
vex.

Notation 3.3. R, :={x € R | x > 0}.

Definition 3.4. Letc,,...,c, € R". A convex combination of ¢ ,...,c, is any
vector sum
k
aic, + ... +apc, with @y, ...,a; € R, and a; = 1.

i=1

Theorem 3.5. A subset C C R” is convex if and only if it contains all the convex
combinations of its elements.

Proof. (<) clear

(=) Let C C R” be a convex set. By definition C is closed under taking convex
combinations with two summands. We show that it is also closed under finitely
many summands.

Let k > 2. By Induction on &, assuming it true for fewer than k.

Given a convex combination ¢ = a;¢, +... + axc,, with¢,...,¢c, € C
Note that we may assume 0 < a; < 1 fori = i,...,k; otherwise we have fewer
than £ summands and we are done.
. (0% 107

Consider d = ——¢, +... + Ch

- 1—a™ 1—a™

a 1074

we have e > 0 and +...+ =1

1—0’1 1—0’1 — l—czl

Thus d is a convex combination of k — 1 elements of C and d € C by induction.

Since ¢ = a;c; + (1 — ay)d, it follows that ¢ € C. O
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Definition 3.6. The intersection of all convex sets containing a given subset S C
R” is called the convex hull of S and is denoted by cvx(S).

Remark 3.7. The convex hull of § C R” is a convex set and is the uniquely
defined smallest convex set containing S .

Theorem 3.8. For any S C R”,
cvx(S) = the set of all convex combinations of the elements of S.

Proof. (2) The elements of S belong to cvx(§), so all their convex combinations
belong to cvx(S) by Theorem 3.5.

(©) On the other hand we observe that the set of convex combinations of elements
of S is itself a convex set:

let c=aic, +...+auc, andd = pid, + ...+ pBid,, wherec;, d; € S, then
Ac+(1-Dd =Aaic; +...+ Ay, + (1 =DBid +...+(1 -DBd,,0 <A< 1 is
just another convex combination of elements of S.

So by minimality property of cvx(S), it follows that cvx(S) C the set of all convex

combinations of the elements of S'. O

Corollary 3.9. The convex hull of a finite subset {s,,...,s,} € R" consists of all

the vectors of the form a5, + ... + ays, with ay, ..., > 0 and Z a; = 1. ]
i

Definitions 3.10. (1) A set which is the convex hull of a finite subset of R” is
called a convex polytope, i.e. C C R" is a convex polytope if C = cvx(S) for
some finite § C R".

(2) A point in a polytope is called a vertex if it is not on the line segment joining
any other two distinct points of the polytope.

Remark 3.11. (1) Convex polytope is necessarily closed and bounded, i.e. com-
pact.

(2) A convex polytope is always the convex hull of its vertices.
More general version for compact sets is the Krein Milman theorem:
Theorem 3.12. (Krein-Milman) Let C C R" be a compact and convex set. Then

C is the convex hull of its extreme points. O
Definitions 3.13. x € C is extreme if C \ {x} is convex.
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1. CONVEX CONES AND GENERALIZATION OF KREIN MILMAN THEOREM

We want to prove: Pz 4 = >34
(1.e each positive semidefinite form in 3 variables of degree 4 is a sum of squares.)

To do it , we need several notions and intermediate results.

Definition 1.1. C C R* is a convex cone if
x,yeC=x+yeC,and
xeCleR, = AxeC

(i.e if it is closed under addition and under multiplication by non-negative scalars.)

Fact 1.2. C C R is a convex cone if and only if it is closed under non-negative
linear combinations of its elements, i.€.
YneN, Vx,...,.x, €CVA,...,4, Ryt Aix, +...+A,x, €C.

Definition 1.3. Let S € R*. Then
Cone(S) := {non-negative linear combinations of elements from S }

is the convex cone generated by S.

Fact 1.4. For every S C R¥, Cone(S) is the smallest convex cone which includes
S.
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Fact 1.5. If S C R¥ is convex, then
Cone(S) :={Ax|1€eR,xeS}.

Definition 1.6. R C R*isarayif 3x € R*, x # 0 s.t.
R={Ax|1eR,) = x*
(A ray R is a half-line.)

Definition 1.7. Let C C R* be a convex set:
(1) a point ¢ € C is an extreme point if C \ {c} is convex.
(2) aray R C C is an extreme ray if C \ R is convex.
Notation 1.8. Let C C R¥ convex.
(1) ext(C) := set of all extreme points in C
(2) rext(C) := set of all extreme rays in C

Definition 1.9. (1) A straight line L C R is a translate of a 1-dimensional
subspace, i.e. L = {x + /IX | A € R}, for some X,y € Rk’X # 0.

(2) C C R*is line free if C contains no straight lines.

Theorem 1.10. (Klee) Let C C R* be a closed line free convex set. Then
C = cvx (ext(C) U rext(C))

Remark 1.11. (a) Let C C R¥ be a convex cone and x € C, x # 0. Then x is not
extreme.
Also x* c C.

(b) Let C C R* be a line free convex cone. Then ext(C) = {0}.

Proof. If not, then C \ {0} is not convex, so
dxyeC\{0},30 <A< Ist Ax+(1-2)y¢C\{0}
But C is convex, so
Ax+ ({1 -2D)y=0.
That means that x* U X+ is ; straight line in C, a contradiction. O
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Corollary 1.12. (Generalization of Krein-Milman to closed line free convex cone)
Let C C R¥ be a closed line free convex cone. Then

C = cvx (rext(C))

Proof. By Remark 1.11, ext(C) = {0}.
Applying Theorem 1.10, we get C = cvx (rext(C)). ]

Remark 1.13. Let C be a line free convex cone

(1) 0 # x € C belongs to an extreme ray (equivalently, the ray {Ax | 4 € R,}
generated by x is extreme) if and only if

whenever x = x, + x, , with x;, x, € C, then x, = ;x; L; € Ry, 41 + A = 1 (i.e.
X,, X, belong to the ray generated by x).

(2) The set of convex linear combinations of points in extremal rays = the set of
sum of points in extremal rays.

2. THE CONES pn,ld and 22’2(1

Lemma 2.1. P, ,, is a closed convex cone.

Proof. It is trivial that , ,, is a convex cone.

Next we prove that P, ,, is closed:

Let (Py)ren be a sequence in P, 4 converging to P. Then for all x € R”", Pi(x) —
P(x).

We want (to show that) P € P, 14,

otherwise 1 xo € R”, s.t. P(xg) = —€,€ > 0.

And since Py(xg) = P(xp)inR", Y e > 0,Am e Ns.tVk > m : |Pr(x9)—P(xp)| < €,

thus (taking the same € as above): |Pi(xg) + €| < € = Pi(xp) < 0, a contradiction
(since Py € P24 ¥ k). So, P € P,,»4 and hence P, ,, 1s closed. ]

Lemma 2.2. The cone P, ,, is line free.

Proof. Suppose not, then there exists a straight line L in P, 4.
Write L={F+AG |1 €R}; F,G € P,24,G # 0.

Since —G ¢ P04, take xp s.t. —=G(xp) < 0.

Then for (large enough A i.e.) 4 — —oo we have F(xy) + AG(xp) < 0
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= L ¢_ Pn,Zd-
Hence P, »4 is line free. O

Corollary 2.3. P, ,, is the convex hull of its extremal rays.

Proof. By Lemma 2.1 and Lemma 2.2, $,,, is a line free closed convex cone.
And therefore by the generalization of Krein-Milmann (Corollary 1.12) it is the
convex hull of its extremal rays. |

Definition 2.4. A form F € P, ,, is extremal in P, ,, if
F=F+F,,F\,F, €Ppa=F; = A4F;i=1,2forA; € R, satisfying 4, +1, = 1.

Similar definition for ), »,.
Note 2.5. By Remark 1.13 this just means that the ray generated by F is extremal.
Remark 2.6. (1) F € Y, ,; extremal = F = G? for some G € F,,,.

(2) The converse of (1) is not true in general.

For example: (x* + y*)? = (x* — y*)* + (2xy)? is not extremal in Y}, 4.

(3) G* is extremal in Y, ,; = G* is extremal in P, 5.

For instance Choi et al showed that

p = f2, where f(x,y,z) = x*? + y*z> + 2*x% = 3x*y?22 + (X2y + y?z — 22x — xyz)?
is extremal in }’; 1, but not in Ps ;5.

Notation 2.7. We denote by E(P,,»,) the set of all extremal forms in P, 4.

Lemme 2.8. Let £ € £, 5,. Then
E € EPrpg)ifandonly if V F € P, py with E > F 4 @ € R, such that F = oF.

PVOOf. (ﬁ) Let E € 8(7),1’2(1), F € Pn,Zd s.t E > F, then
GZ:E—FGPn,zd, so E=F+0G.
Since E is extremal da,8 > 0,a + 8 =1 such that F = aF and G = BE.

(&) Let F\,Fy € Pyagsothat E = Fy + F,, then E > Fy, so 4 @ > 0 such that
Fy =aE. Therefore F; = E—-F, = (1 —a)E with1 —a > 0 (since E, F, € P,24).
Thus E is extremal. O
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Corollary 2.9. Every F € P,», is a finite sum of forms in E(P,,24)-

Proof. By Corollary 2.3 and Remark 1.13 (2). O

3. PROOF OF P34 = Y34

Corollary 2.9 is the first main item in the proof of Hilbert’s Theorem (Theorem 2.8
of lecture 6) for the ternary quartic case. The second main item is the following
lemma (which will be proved in the next lecture):

Lemma 3.1. Let T(x,y,z) € P34. Then 3 a quadratic form g(x,y,z) # O s.t.
T >q*ie. T —¢q*ispsd.

Theorem 3.2. P34 = 334

Proof. Let F € P54 . By Corollary 2.9,

F=FE; +...+ E, where E; is extremal in P34 fori=1,...,k.
Applying Lemma 3.1 to each E; we get

E; > ¢, for some quadratic form g; # 0

Since E; is extremal, by Lemma 2.8, we get

g’ = aE;; forsomea; >0, Vi=1,....,k

1 2
and so E; = (—qi) and hence F € ;4. O

\/ai
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1. Proof of Hilbert’s theorem 1

1. PROOF OF HILBERT’S THEOREM (Continued)

Theorem 1.1. (Recall Theorem 2.8 of lecture 6) (Hilbert) 3, ,, = P, iff
(i)n=2or
(i)m=2or

(i) (n,m) = (3,4).

In lecture 7 (Theorem 3.2) we showed the proof of (Hilbert’s) Theorem 1.1 part
(iii), i.e. for ternary quartic forms: P34 = })54 using generalization of Krein-
Milman theorem (applied to our context), plus the following lemma:

Lemma 1.2. (3.1 of lecture 7) Let T'(x,y,2) € $34. Then I a quadratic form
q(x,y,2) #0s.t. T > g%, i.e. T — ¢* is psd.

Proof. Consider three cases concerning the zero set of T.
Case 1. T > 0, i.e. T has no non trivial zeros.
Let

T
P(x,y,2) 1= (x,y,2)

— VY (x,y,2) #0.
Let u:= inzfgb > 0, where S? is the unit sphere.
s
Since S? is compact and ¢ is continous, 3 (a, b, c) € S* s.t. u = ¢(a, b,c) > 0

Therefore V (x,y,z) € S* : T(x,y,2) > u(x> +y> + 22)°.

1
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Claim: T(x,y,z) > u(x* + y* + z2)* for all (x,y,z) € R>.
Indeed, it is trivially true at the point (0, 0, 0), and

for (x,y,2) € B>\ {0} denote N := /x> +)2 + 2, then (=, =, <) € S, which

implies that
{33 2B+ G )
N'N'N)~ N N N/ |-
So, by homogeneity we get
2
T(x,y,2) > pu(x* +y* + 22)* = (\//7()(2 +y? + zz)) , as claimed.
o(Casel)

Case 2. T has exactly one (nontrivial) zero.
By changing coordinates, we may assume w.l.o.g. that zero to be (1,0,0), i.e.
7(1,0,0) =0.
Writing T as a polynomial in x one gets

T(x,y,2) = ax* + (biy + b)) + f(3,2x° + 28y, 2)x + h(y, 2),
where f, g and h are binary quadratic, cubic and quartic forms respectively.
Reducing 7: Since 7'(1,0,0) = 0 we geta = 0.

Further, suppose (b, b,) # (0,0), it = 3 (yo,20) € R? s.t byyo + byz9 < 0, then
taking x big enough = T(xy, yo,20) < 0, a contradiction to T > 0. Thus b; =
b, = 0 and therefore

T(x,y,2) = f(y,2)x* + 28(y, 2)x + h(y, 2) (1)

Next, clearly h(y,z) > 0 [since otherwise T(0,yo,20) = h(yo,20) < O for some
(Vo» 20) € R?, a contradiction].

Also f(y,z) = 0, if not, say f(yo, 29) < 0 for some (yy, 79), then taking x big enough
we get T'(x, yo,20) < 0, a contradiction.

Thus f,h > 0.
From (1) we can write:
JT(x,y,2) = (xf +8)* + (fh—g°) )

Claim: fh—g*>>0

If not, say (fh — g*)(yo,z0) < O for some (yy, z0). Then there are two cases to be
considered here:

Case (i): f(yo,z0) = 0. In this case we claim g(yo,zo) = 0 because if not then
T(x,90,20) = 28(yo,20)x + h(yo,z0) < 0 and we take |xy| large enough so that
22(o, z0)Xo + h(yo, 20) < 0, a contradiction.
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Case (ii): f(yo,20) > 0, we take |xo| such that xof(yo,20) + g0Vo,20) = O, then
FT(x0,¥0,20) = (fh — g)(¥0, 20) < 0, a contradiction.

So our claim is established and fh — g% > 0.

Now the polynomial f is a psd binary form, thus by Lemma 1.3 below f is sum
of two squares. Let us consider the two subcases:

Case 2.1. f is a perfect square. Then f = f7, with fi = by + ¢z for some b, ¢ € R.
Up to multiplication by a constant (—c, b) is the unique zero of f; and so of f.
Thus

(fh - g»)(—c,b) = —(g(—c,b))* <0

which is a contradiction unless g(—c, b) = 0 which means ! that f; | g, i.e. g(y,2) =
J1(»,2)81(y, 2). Then from (2) we get

fT 2 (xf +g)
= (xfi’ + fig1)?
= fi’(xfi + &1)°
= f(xfi + &)
Hence T > (xf; + g1)? as required.
Case 2.2. f = f% + f;, with f;, f> linear in y, z.
Now f; # Af> [otherwise we are in Case 2.1]
i.e. fi, f» don’t have same non-trivial zeroes, otherwise they would be multiples
of each other and f would be a perfect square. Hence f > 0.
Claim 1: fh—g>>0
If not, i.e. if I (yg,z0) # (0,0) s.t. (fh — g»)(yo.z0) = 0, then (yy,z0) could be

completed to a zero ( _ 800.20) , Y0, zo) of T, which contradicts our hypothesis
S (o, z0)
that T has only 1 zero (1,0, 0). Thus fh — g*> > 0.
. fh—-g° - . 1
Claim 2: 3 has a minimum g > 0 on the unit circle S'. (clear)

So, just as in Case 1,

fh—g > uf*Vv(y,2) e R%

= fT > fh—g* > uf>, by (2)

= T > uf? = (yif)’ as claimed. oO(Case 2)

ISee (5) implies (2) of Theorem 4.5.1 in Real Algebraic Geometry by J. Bochnak, M. Coste,
M.-E. Roy or (5) implies (2) of Theorem 12.7 in Positive Polynomials and Sum of Squares by M.
Marshall.
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Case 3. T has more than one zero.
Without loss of generality, assume (1,0, 0) and (0, 1, 0) are two of the zeros of 7.

As in case 2, reduction = T is of degree at most 2 in x as well as in y and so we
can write:

T(x,y,2) = f(, %" + 28(y, D)zx + 2°h(, 2),
where f, g, h are quadratic forms and f,h > 0.
And so

T = (xf +z8)* + 22 (fh— g%, 3)

with fh — g% > 0 [Indeed, if (fh — g%)(yo,20) < O for some (v, 2o), then we must
have case distinction as on bottom of page 2 i.e. f(yo,z0) = 0 or f(yo,20) > 0].

Using Lemma 1.3 if f or A is a perfect square, then we get the desired result as in
the Case 2.1. Hence we suppose f and & to be sum of two squares and again as
before (as in Case 2.2) f, h > 0. We consider the following two possible subcases
on fh— g*:

Case 3.1. Suppose fh — g* has a zero (yo, z9) # (0, 0).

Set xp = —M and
f()’O, ZO)
T, :=T(x+ x02,,2) = X*f + 2x2(g + xo.f) + 22(h + 2x0g + x(z)f) @)
Evaluating (3) at (x + x¢z,y,2), we get
2 ,
FT1 = fT(x + x02.3.2) = ((x + x0)f +28) +(fh— g2, 3)

Multyplying (4) by f, we get
fT1 = fT(x + %02,y,2) = X f? + 2x2f (g + %0f) + f(h + 2%08 + x5 ) (&)
Now compare the coefficients of zZ in (3) and (4) to get
(xof + 8%+ (fh—g*) = f(h+2x08 + x3f),
(fh = &) + (xof +8)°
f

In particular, i + 2x0g + x f is psd and has a zero, namely (yo, zo) # (0, 0).

ie. h+2x0g + x3f = Y (y,2) # (0,0)

Thus (h + 2x08 + x;f), being a psd quadratic in y, z, which has a nontrivial zero
(vo, 20), 1s a perfect square [since by the arguments similar to Case 2.2, it cannot
be a sum of two (or more) squares].

Say (h+ 2xog + x3f) = hi, with hy(y, z) linear and /,(yo, 20) = 0

Now (g + x0/)(¥0, 20) = 80> 20) + Xof (Yo, 20) = 0. So, g + xof vanishes at every
zero of the linear form h,. Therefore, we have g + xof = gh; for some g;.
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So (from (4)), Ty = fx* + 2xzg1hy + 2213
= (zh1 + xg1)* + X*(f — &7)
= 3T = hi(zhy + xg1)* + X*(hif — (hig1)?)
= hi(zh + xg1)* + X (hf - &°)
= 3T\ > hi(zhy + xg1) -
= T(x + x0z,y,2) = T > (zh; + xg1)*

By change of variables (x — x — xyz), we get T > a square of a quadratic form, as
desired.

Case 3.2. Suppose fh — g*> > 0 (i.e. fh — g* has no zero).

. fh -g° 1
Then (as in Case 2.2), du >0st ———>puonS
( ), A vy A
and so fh—g*>u(* +22)f V¥ (v,z) € R
Hence, by (7)

fT =(xf+28° + 2 (fh— &)
~—

>0
> 22(fh - &%)
> pu?(y* + 2 f,
giving as required
T > (\uzy)* + (\uz?)?
= T > (Vpz?)? O(Case 3)
This completes the proof of the Lemma 1.2. od

Next we prove Theorem 1.1 part (1), i.e. for binary forms. This was also used
as a helping lemma in the proof of above lemma:

Lemma 1.3. If f is a binary psd form of degree m, then f is a sum of squares of
binary forms of degree m/2, thatis, P, ,, = 3.5, . In fact, f is sum of two squares.

Proof. If f is a binary form of degree m, we can write

m

flx,y) = Z ckxkym_k; c €R

k=0
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m k
. X
=y Z Crl—| >
=0\
where m is an even number and c,, # 0, since f is psd.

Without loss of generality let ¢,, = 1.

m

Put g() = Z e,

k=0
m/2
Over C, g(1) = H(t —z)(t=2); 2 = ax +ibg,a, by €R
k=1
m/2

i (= a? + b})
m/2

= f(x,y) = ymg(g) = [ [ (=@’ +b}y?)

k=1
Then using iteratively the identity

(X2 + Y)(Z2 + W) = (XZ — YW)? + (YZ + XW)2,

we obtain that f(x,y) is a sum of two squares. O

Example 1.4. Using the ideas in the proof of above lemma, we write the binary
form

flx,y) = 2x% + y6 — 3x4y2
as a sum of two squares:

Consider f written in the form

Flxy) = yf'(z(g)6 +1- 3(5)4)

So, the polynomial g(r) = 2¢% — 3t* + 1. This polynomial has double roots 1 and
—1 and complex roots +—i.
Thus
g(t) =2(t — D>t + 1) + %) = - 1D*QF +1).
Therefore we have
FOu =3(3) = (2 =328 +7) = 2802 =7 4708 - 7Y

written as a sum of two squares. O
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Next we prove Theorem 1.1 part (ii), i.e. for quadratic forms:

Lemma 1.5. If f(xy,...,, x,) is a psd quadratic form, then f(xy,...,, x,) is sos of
linear forms, that is, P> = >, 5.

Proof. If f(xy,...,x,)is a quadratic form, then we can write
n
J(xX1, ., x,) = Z x;a;;xj, where A = [a;;] 1s a symmetric matrix with a;; € R.
ij=1

We have f = XTAX, where X7 = [xi,...x,].

By the spectral theorem for Hermitian matrices, there exists a real orthogonal
matrix S and a diagonal matrix D = diag(d,, ..., d,) such that D = STAS. Then

f= XTSSTASSTX =(STX)TSTAS (STX)
Putting ¥ = [y,...,y,]7 = STX, we get
f=Y'STASY=Y'DY = Zd,-yﬁ,d,- €R.
i=1
Since f is psd, we have d; > 0 V i, and so

f= Z ( \/d_iyi)z,
i=1
Thus

JOos oo x) = Z (Vei(siim + ..., Sn,ixn))z,

i=1
that is, f is sos of linear forms. O
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1. PROOF OF HILBERT’S THEOREM (Continued)

Theorem 1.1. (Recall) (Hilbert) 3, ,, = Py iff
(i)n=2or
(i)m=2or
(i) (n,m) = (3,4).

And in all other cases },,, € Pum -

Note that here m is necessarily even because a psd polynomial must have even
degree (see Lemma 2.3 in lecture 6).

We have shown one direction (<) of Hilbert’s Theorem (1.1 above), i.e. if
n=2orm=2or(n,m) = (3,4), then },,, = P, To prove the other direction
we have to show that:
2onm & Pnm forall pairs (n,m) s.t. n > 3,m > 4 (m even) with (n,m) # (3, 4).

(1
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Hilbert showed (using algebraic geometry) that 3,36 & P36 and Y 44 & Pag. This
is a reduction of the general problem (1), indeed we have:

Lemma 1.2. If ;¢ C P3¢ and 344 & Pay, then
2onm & Pum foralln >3,m >4 and (n,m) # (3,4), (m even).

Proof. Clearly, given F € Py, — 3, - then F € Py 1y — 3,05 forall j > 0.
Moreover, we claim: F € Py, = Y, = X3F € Py pioi — Dpmazi Vi 20

Proof of claim: Assume for a contradiction that

k
fori=1 fo(xl,...,xn):ijz(xl,...,x,,),
=

then L.H.S vanishes at x; = 0, so R.H.S also vanishes at x; = 0.

So xi|f; Y j, so xflsz Y i. So, R:H.S is divisible by x7. Dividing both sides by x7
we get a sos representation of F, a contradiction since F' ¢ . . O

So we just need to show that: }}35 € Pz, and Dy 4 & Pas.

Hilbert described a method (non constructive) to produce counter examples in the
2 crucial cases, but no explicit examples appeared in literature for next 80 years.
In 1967 Motzkin presented a specific example of a ternary sextic form that is
positive semidefinite but not a sum of squares.

2. THE MOTZKIN FORM

Proposition 2.1. The Motzkin form
M(x,y,z) = 2+ x4y2 + x2y4 - 3x2y2z2 € P36 — 236

Proof. Using the arithmetic geometric inequality (Lemma 2.2 below) with a; =

La, =x a3 = x>y and ) =y = a3 = 3 clearly gives M > 0.

Degree arguments and exercise 3 of UB 6 from Real Algebraic Geometry course
(WS 2009-10) gives M is not a sum of squares O

Lemma 2.2. (Arithmetic-geometric inequality I) Let a,a;,...,a, >0;n > 1.
Then
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a+a+...+a 1
> (aay...a,)".

n

Lemma 2.3. (Arithmetic-geometric inequality II) Let o; > 0, a; > 0; i =
1,...,nwicha,- = 1.Then
i=1
aay + ...+ aua,—aj' . ay >0

(with equality iff all the x; are equal).

Proof. Exercise 2 in UB 5.

3. ROBINSON’S METHOD (1970)

In 1970’s R. M. Robinson gave a ternary sextic based on the method described
by Hilbert, but after drastically simplifying Hilbert’s original ideas. He used it to
construct examples of forms in Py 4 — >4 4 as well as forms in Pz — 31556 -

This method is based on the following lemma:

Lemma 3.1. A polynomial P(x,y) of degree at most 3 which vanishes at eight of
the nine points (x,y) € {—1,0, 1} X {—1,0, 1} must also vanish at the ninth point.

Proof. Assign weights to the following nine points:

1 ,ifx,y==I
wlx,y) =4 =2, if (x=+1,y=0)or (x =0,y = £1)
4 ,ifx,y=0

Define the weight of a monomial as:
9

Wy = > gy (q) . for g€ (=1,0,1} x {-1,0,1}

i=1
Define the weight of a polynomial P(x,y) = Z iy ¥y as:
el

W(P) 1= ) e wy)

k1l

Claim 1: w(x*y') = 0 unless k and [ are both strictly positive and even.

Proof of claim 1: Let us compute the monomial weights
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e if k =0,/ > 0: then we have

wxyY) =1+ D+ 1+ (1) + (=2)+ (=2)(-1)) =0
e if / = 0,k > 0: then similarly we have w(x*y) =0, and
e if k, 1 > 0: then we have

0, if either k or / is odd

4 , otherwise

w(xy) = T4+(= D+ (=1 +(=1)* = {

O (claim 1)
9
Claim 2: w(P) = Z w(g)P(q)
i=1
9
Proof of claim 2: w(P) := Z Ck w(xkyl) = Z Ck Z w(qi)xkyl (q:)
] ] i=1
9 9
= ) w(gi) Z Xy (q) = Z w(gi)P(g:)
i=1 ] i=1
O (claim 2)

Now, claim 1 and definition of w(P) = if deg(P(x,y)) <3 then w(P) = 0.

Also, from claim 2 we get:

P, D+P(1, =1)+P(=1, )+P(-1,-1)+(=2)P(1, 0)+(=2)P(—=1, 0)+(=2)P(0, 1)+

(=2)P0,-1) +4P(0,0) =0

Now verify that if P(x,y) = O for any eight (of the nine) points, then we are left
with aP(x,y) = 0 (for some a # 0, = 1, +2) at the ninth point. O

4. THE ROBINSON FORM

Theorem 4.1. Robinsons form R(x, y, z) = x5 +y° + 20 — (&x*y? + x* 22 + y*x? + y* 22+

Z'x* + 2% + 3x%y*z% is psd but not a sos, i.e. R € P36 — D36 -

Proof. Consider the polynomial
P(x,y) = (& +y* = D = y*)P + (& = DO* = 1) (2)
Note that R(x,y,7) = Pu(x,y,2) = 2°P(x/2, /7).

By our observation: Py is psd iff P psd; P, is sos iff P is sos,
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We shall show that P(x, y) is psd but not sos.
Multiplying both sides of (2) by (x*> + y* — 1) and adding to (2) we get:
(2 +Y)P(x,y) = (% = 1) +y° (07 = 1)? + (7 + % = (7 = y?)? 3)
From (3) we see that P(x,y) > 0, i.e. P(x,y) is psd.
Assume P(x,y) = Z Pj(x, y)2 1S SoOs

j
degP(x,y) = 6,s0degP; <3V j.

By (2) it is easy to see that P(0,0) = 1 and P(x,y) = O for all other eight points
(x,y) € {—1,0, 1}*\ {(0, 0)}, therefore every P i(x,y) must also vanish at these eight
points.

Hence by Lemma 3.1 (above) it follows that: P;(0,0) =0V j.
So P(0,0) = 0, which is a contradiction. O

Proposition 4.2. The quarternary quartic Q(x,y,z, w) = w* + x2y? + y>2% + x%z> —
4xyzw is psd, but not so0s, i.e., Q € Pss — Dyq -

Proof. The arithmetic-geometric inequality (Lemma 2.3) clearly implies Q > 0.

Assume now that Q = Z q? , 4 €Fan.
J

Forms in ¥4, can only have the following monomials:
2 2 2 2
X2, y%, 22, W2, XY, XZ, XW, YZ, YW, ZW
If x* occurs in some of the g, then x* occurs in g7 with positive coefficient and

hence in Z q? with positive coeflicient too, but this is not the case.

Similarly ¢; does not contain y* and z°.

The only way to write x*w? as a product of allowed monomials is x>w? = (xw)?.
Similarly for y>w? and z>w?.
Thus each g; involves only the monomials xy, xz, yz and w.

But now there is no way to get the monomial xyzw from Z q?, hence a contra-

J
diction.
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Proposition 4.3. The ternary sextic S (x,y, z) = x*y? + y*z% + z*x* — 3x?y?z? is psd,
but not a sos, i.e., S € P36 — D36

Proof. Exercise 3 of UB 5. O
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1. RING OF FORMAL POWER SERIES
Definition 1.1. (Recall) Let S = {g,...,g,} € R[xy,...,x,], then
Ks:={xeR"|g(x)>0Vi=1,...,s},

T := { Z o 8y ...80 o € IR[X]%, e = (el,...,es)} is the preordering

generated by S.

Proposition 1.2. Let n > 3. Let S be a finite subset of R[x] such that K5 € R" has
non empty interior. Then 3 f € R[x] such that f > 0onR"and f ¢ T .

To prove proposition 1.2 we need to learn a few facts about formal power
series rings:

Definition 1.3. R[x] := R[xj,...,x,] ring of formal power series in x =
(x1,...,x,) with coefficients in R, 1.e. , f € R[x] is expressible uniquely in the
form

f=h+h+..,
where f; is a homogenous polynomial of degree i in the variables xy,...,x, .
Here:

e Addition is defined point wise, and
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e multiplication is defined using distributive law:

(o) (o) (o)

(Z fz)( Z gi) = (fogo)+(fog1+/180)+(fog2+ 181+ /280)+. .. = Z( Z (figj))

i=0 i k=0 i+ j=k

So, both addition and multiplication are well defined and R[[x] is an integral do-
main and R[x] € R[x] .

Notation 1.4. Fraction field of R[x] is denoted by
SIRIxD := R((0)).
The valuation v : R[[x]] = Z U {co} defined by:

leastis.t. f; #0,if f #0
v(f) = ,
00 ,f f =0

extends to R((x)) via
V(]—c) =v(f) - v(g) .
8

Lemma 1.5. Let f € R[x]l; f = fx + fis1 + ..., where f; homogeneous of degree
i, fi # 0. Assume that f is a sos in R[[x]].

Then k is even and f; is a sum of squares of forms of degree §

Proof. f = gt +...+ g7, and
gi:gij+gi,j+1+...,Withj:min{v(gi); = l,,l}

k
Then fo = ... = foj-1 :Oandf2j=2g?j¢0
i=1
So, k =2j. o

1.6. Units in R[[x]: Let f = fo + fi +... , withv(f) = Oi.e. fo # 0. Then f
factors as

f =a(l +1); where
a€R,a+0,teR[x]and v(t) > 1 witha := fy e R\ {0}; ¢ := J%O(f1+f2+...).

Lemma 1.7. f € R[x] is a unit of R[x] if and only if f # 0 (i.e. v(f) = 0).

1
Proof:mzl—t+t2—..., fort e R[x]; v(t) > 1

50



Vorlesung "Positive Polynome" - SS 2010 51

POSITIVE POLYNOMIALS LECTURE NOTES (10: 18/05/10) 3

is a well defined element of R[[x].

So, if v(f) =0, then f = a(l + ¢) witha € R,a # 0 gives

L1
S = iy SRl .

Corollary 1.8. It follows that R[x] is a local ring because I = {f | v(f) > 1}is a
maximal ideal (quotient is a field R).

Lemma 1.9. Let f € R[[x] a positive unit, i.e. fy > 0. Then f is a square in R[x].

Proof. f=a(l +1t);a>0,v(t) > 1

V= Vavi+t,
1 1
where V1 +¢:=(1+0)"? =1+ Et — gtz + ...1s a well defined element of R[[x]]

O

Lemma 1.10. Suppose n > 3. Then 3 f € R[x] such that f > 0 on R" and f is not
a sum of squares in R[[x] .

Proof. Let f € R[x] be any homogeneous polynomial which is > 0 on R" but is
not a sum of squares in R[x] (by Hilbert’s Theorem such a polynomial exists).

Now by lemma 1.5 it follows that f is not sos in R[[x] . O
Now we prove Proposition 1.2:

Proof of Proposition 1.2. Let S ={gi,..., &}

e W.lo.g. assume g; # 0, foreachi=1,...,s. So g:= l_[g,- #0
i=1

imm@¢®:33;4m””4menmm)mmfhag¢a
i=1
Thus g,-(]_))>0\7’i:i,...,s .
e Wlo.g. assume p = 0 the origin
(by making a variable change Y; := X; — p; , and noting that
R[Yl,""Yn] :R[Xl,,Xn])
So gi(0,...,0) >0 foreachi =1i,...,s (i.e. has positive constant term),
that means g; € R[X] is a positive unitin R[X]|Vi=1,...,s .

By Lemma 1.9 (on positive units in power series): g; € R[X]*Vi=1i,...,s.
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So the preordering Ts* generated by S = {gy,..., g} in the ring A := R[X] is just
SR[X].

Now using Lemma 1.10 : 3 f € R[X], f > 0 on R" but f is not a sum of squares
in RIX] Ge. f ¢ IR[X]? = TRy

Soclearly f ¢ Ts . oO(Proposition 1.2)

Proposition 1.2 that we just proved is just a special case of the following result
due to Scheiderer:

Theorem 1.11. Let S be a finite subset of R[X] such that K has dimension > 3.
Then 4 feR[X];f>0onR"and f ¢ Ts .

To prove this result we need:
(1) a reminder about dimension of semi algebraic sets, and

(2) more facts about non singular zeros.

2. ALGEBRAIC INDEPENDENCE

Let E/F be a field extension:

Definition 2.1. (1) a € E is algebraic over F if it is a root of some non zero
polynomial f(x) € F[x], otherwise a is a transcedental over F.

2)A ={ay,...,a,} C E is called algebraically independent over F if there is no
nonzero polynomial f(xi,...,x,) € F[x,...,x,]s.t. f(a,...,a,) =0.

In general A C E is algebraically independent over F if every finite subset of A is
algebraic independent over F.

(3) A transcendence base of E/F is a maximal subset (w.r.t. inclusion) of E
which is algebraically independent over F.
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1. ALGEBRAIC INDEPENDENCE AND TRANSCENDENCE DEGREE

Definition 1.1. (Recall) Let E/F be a field extension:

(1) A C E is called algebraically independent over F if V ay,...,a, € A there
exists no nonzero polynomial f € F[xy,...,x,]s.t. f(a,...,a,) =0.

(2) A C E is called a transcendence basis of E/F if A is a maximal subset (w.r.t.
inclusion) of E which is algebraically independent over F.

Lemma 1.2. Let E/F be a field extension.

(1) (Steinitz exchange) S C E is algebraically independent over F iff Vs € S : s
is transcendental over F(S — {s}) (the subfield of E generated by S — {s}).

(2) § C E is a transcendence base for E/F iff S is algebraically independent over
F and E is algebraic over F(S). O

Proof. Exercise 1 of UB 6.

Theorem 1.3. The extension E/F has a transcendence base and any two transcen-
dence bases of E/F have the same cardinality.

Proof. The existence follows by Zorn’s lemma and the second statement uses the
Steinitz exchange lemma (above). O
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Definition 1.4. The cardinality of a transcendence base of E/F is called the tran-
scendence degree of E/F, denoted by trdeg (E) over F.

2. KRULL DIMENSION OF A RING

Definition 2.1 Let A be a commutative ring with 1.

(1) A chain of prime ideals of A is of the form
{0 CpoCpP1 C...C 9 S... €A, where p; are prime ideals of A.

(2) The Krull dimension of A, denoted by dim (A) is defined to be the maximum
k such that there is a chain of prime ideals of length kin A, i.e. 9o S 91 S ... C P&
[dim(A) can be infinite if arbitrary long chains].

Theorem 2.2. Let F be a field and 7 be any prime ideal in F[X]. Then

F[X F[X
dim (%) = trdeg (ff(%))

Recall 2.3. For § C F"
I(S)={feFIX]| f(x)=0,Yxe S}
is the ideal of polynomials vanishing on §'.

Definition 2.4. Dimension of semi-algebraic sets C R": Let K C R” be a semi-
algebraic set. Then
dim (K) := dim ( 755 ) -

I(K)

In the lecture 10 (Proposition 1.2) we have proved the following proposition:

Proposition 2.5. Suppose n > 3. Let S = {gy,...,g,} be a finite subset of R[X]
such that Kg € R" and int(Kg)# 0. Then there exists f € R[X] such that f > 0 on
R'and f ¢ Ts .

This is just a special case of the following result due to Scheiderer:

Theorem 2.6. (Scheiderer) (Theorem 1.11 of lecture 10) Let S be a finite subset
of R[X] and Ks C R" s.t. dimKg > 3. Then there exists f € R[X]; f > 0 on R"
and f ¢ Ts.

To deduce Proposition 2.5 using Theorem 2.6 it suffices to prove the following
lemma:
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Lemma 2.7. Let K C R" be a semi algebraic subset. Then
int(K) # ¢ = dim (K) =n
Proof. We have dim (K) = dim ( @), and
I(K)
we claim that 7(K) = {0} :
fel(K)= f=0onK = f =0onint (K) = f vanishes on a nonempty open
—_

(#¢)
set = f = 0 (by Remark 2.2 of lecture 2).

So, dim (K) = dim (R[X]) = trdeg (R(X)) over R
=n O

3. LOW DIMENSIONS

Proposition 3.1. Let n = 2, Ks € R? and K contains a 2-dimensional affine cone.
Then 3 f € R[X,Y]; f >0onR?% f ¢ Ts.

Definition 3.2. (For n = 1) Let K be a basic closed semi algebraic subset of R.
Then K is a finite union of intervals.
The natural description S of K as basic closed semi algebraic subset is defined as

1. if a € R is the smallest element of K, then take the polynomial X —a € §
2. if a € R is the greatest element of K, then take the polynomiala — X € §
3. ifa,be K,a < b, (a,b)NK = ¢, then take the polynomial (X—-a)(X-b) € §

4. no other polynomial should be in §.

Proposition 3.3. Let K C R be a basic closed semi algebraic subset and S is the
natural description of K. Then V f € R[X] :

f=20onK = feTs,

i.e. for every basic semi algebraic subset K of R, there exists a description §
(namely the natural) so that Ts is saturated.

Proposition 3.4. Let K C R be a non-compact basic semi algebraic subset and S’
be a description of K. Then

Ty is saturated & S 2 S (up to a scalar multiple factor).

Remark 3.5. Summarizing:
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(1) dim(Ks) > 3 = Ty is not saturated.

(2) dim(Ky) = 2 = T can be or cannot be saturated (depending on the geometry
of K and §).

(3) dim(Ks) = 1 = T can be or cannot be saturated [but depends on K and

description S of K, if n > 2).

After all this discussion about positive polynomials, strictly positive polyno-
mials, we now want to show Schmiidgen’s Positivstellensatz:

Theorem 3.6. (Schmiidgen’s Positivstellensatz) Let S = {gy,...,g,} be a finite
subset of R[X1,...,X,] and Kg € R" be a compact basic closed semi algebraic
set. And let f € R[X]s.t. f > 0on K. Then f € Ts.

Note that this holds for every finite description S of K.

To prove this we first need Representation Theorem (Stone-Krivine, Kadison-
Dubois), which will be proved in the next lecture.
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1. SCHMUDGEN’S POSITIVSTELLENSATZ

Theorem 1.1. (Recall 3.6 of lecture 11) Let S = {gy,..., g} be a finite subset of
R[Xi,...,X,] and Kg C R" be a compact basic closed semi algebraic set. And let
feR[X]s.t. f>0o0nKg. Then f € Ts .

To prove this we first need Representation Theorem (Stone-Krivine, Kadison-
Dubois):
2. REPRESENTATION THEOREM (STONE-KRIVINE, KADISON-DUBOIS)
Let A be a commutative ring with 1. Let
x := Hom(A,R) = {a | @ : A — R, @ ring homomorphism}.
Notation 2.1. If M C A denote
xu={aexlaM) CR,}.

Notation 2.2. For a € A define a map
a:xy—->R by
ala) = a(a)
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Remark 2.3. (i) Let M C A, with notations 2.1 and 2.2 we see that

xm = {a € x| a(M) CR,}
={eexla(a) >0,Y a € M)
={a € xlala) > 0,Y a € M)

So, xu is “the nonnegativity set” of M in y.

Observation 2.4. a € M = a > 0 on yy, because if @ € yy,, then a(a) > 0 (by
definition).

Conversely, answer the question: fora € A,if a>0on yy =>aeM?

Exkurs 2.5. One can view y = Hom(A, R) as a topological subspace of (Sper A,
spectral topology) as follows:

1. Embedding of Hom(A,R) in Sper A :

Consider the map defined by
Hom(A,R) — Sper A
am P, :=a'(R,),
where (recall that) Sper(A):= {P ; P is an ordering of A }.
Then

(i) this map is well defined i.e. P, C A is an ordering.
(ii) this map is injective : @ # = P, # Pj .
(i11) support(P,) = ker .

2. Topology on y :

Endow y with a topology : fora € A
{u@) = {a € x| a(a) > 0};a € A}
is a sub-basis of open sets. Then

(iv) fora € A, the map a : y — R is continuos in this topology.

(v) in fact this topology on y is the weakest topology on y for which a is
continuous for all a € A,
i.e. if 7 is any other topology on y which makes all these maps a
(for a € A) continuous then 7 has more open sets than this weakest
topology (i.e. u(a) lies in 7).
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(vi) this topology is also the topology induced on y via the embedding
a — P, giving Sper A the spectral topology [just use the fact that
a(a) >0 a¢ —-P, © a>p, 0. Spectral topology: u(a) ={P; a ¢
—P} ={P|a>p0}]

Now we are back to the question (in Observation 2.4): fora € A, does a > 0
onyy=>aeM?

Yes under additional assumptions on the subset M that we shall now study:

3. PREPRIMES, MODULES AND SEMI-ORDERINGS IN RINGS

Let A be a commutative ring with 1 and Q € A. Concept of preordering
generalizes in two directions:

(i) Preprimes

(i) Modules (special case: quadratic modules)

Definitions 3.1. (1) A preprime is a subset 7 of A such that
T+TCT, TTCT, Q. CT.
(2) Let T be a preprime of A. M C Ais a T-module if
M+McCM, TMCM; 1eM(@Ge.TCM).
[Note that in particular, a preprime 7 is a 7-module. ]
(3) A preprime T of A is said to be generating if 7 -7 = A .
[Note that if 7 is any preprime then T — T is already a subring of A because

t—t)+(B—t) = +1)—(+1)

(1 = )(13 — t4) = (1113 + aly) — (1114 + 1a13) ]
Proposition 3.2. Every preordering T of A is a generating preprime.

—)mn:—+...+—

m 1\ 1 1
;_( n?

Proof. (i) For % €cQ:

(mn-times)

so Q. cT.
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l+ay2 [1—ay2
261) _( 20)‘
So A=T-T. O

(mFmaeAa:(

Definitions 3.3. (1) A quadratic module is a 7-module over the preprime 7' =

A%
(2) A T-module M is proper if (—1) ¢ M.

(3) A semi-ordering M is a quadratic module such that moreover

MU(-M)=A; MN(—M) =rp is aprime ideal in A.

Proposition 3.4.
(a) Suppose T is a generating preprime and M is a maximal proper 7-module,
then M U (-M) = A.

(b) Suppose T is a preordering and M a maximal proper T-module then p =
M N (=M) is a prime ideal.

(c) Therefore: if T is a preordering and M is a maximal proper 7-module then M
1s a semi-ordering.

Proof. Similar to proof in the preordering case
(a)LetacA,a¢ MU (-M).
By maximality of M, we have:

—l1e€(M+aT)and -1 € (M — aT).
Therefore, —1 = s; + at; and —1 = s, — at, ; for some 51,50 € M and t;,t, € T.
This implies —at; = 1 + sy and at, = 1 + s,.
So —atit, = t, + 51t and atrt; = t; + Syt
So 0=t +1 + 51t + 11 5.
So =t =t + 51trb + 1150 € M.
Now since T is generating, so pick f3,#4 € T such that a = t; — 14, then

-1 =s51+at) = s1+(z—t4)t) = 51+ 1tz +14(—t;) € M. This is a contradiction.

b)yp=Mn-M.
Clearly p+p Cp,—p=p,0€p,Tp C p.
Since A =T —T = Ap C p. Thus p is an ideal clearly.

So far we have only used that T is a generating preprime, to show that p is a prime
ideal we need that T is preordering:
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Suppose ab € p,a ¢ p. Without loss of generality assume a ¢ M.

Now this implies: —1 e M +aT,so -1 =s+at;se M,teT

= -b*=sb>+ab*te M+pC M.

Now since b*> € T C M, this implies b* € M N —M = p.

So we are reduced to showing: b> € p = b € p.

Suppose b*> € v,b ¢ p. Without loss of generality b ¢ M.

Thus —1 = s+ bt, forsome s e Mandt e T.

So 14+2s+s2=(+s)>=(=bt)’=bPcp=Mn-M.

Thus —1 = 2s + 5% + (=b*#*) € M, a contradiction since —1 ¢ M.
—_—

(eM)
(c) Clear. O
Our next aim is to show that under the additional assumption: “M is archime-

dian”, then a maximal proper module M over a preordering is an ordering not just
a semi-ordering. This is crucial in proof of Kadison-Dubois.
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1. ARCHIMEDEAN MODULES
Let A be a commutative ring, Q € A, T a preprime.

Definition 1.1. Let M a T-module. M is archimedean if:
YaceA,AN>1,NeZ,st. N+a,N—aeM.

Proposition 1.2. Let 7 be a generating preprime, M a maximal proper T-module.
Assume that M is archimedean. Then 4 a uniquely determined @ € Hom(A, R)
st M=a'(R,) =P, .

(In particular, M is an ordering, not just a semi-ordering.)

Proof. Let a € A, define:

cut (@) = {r € Q| r — a € M}, this is an upper cut in Q (i.e. final segment of Q) .
Claim 1: cut(a) # 0 and Q\(cut(a)) := L(a) # 0, where L(a) is a lower cut in Q.
Proof of claim 1. Since M is archimedean dn > 1s.t. n—a € M, so cut(a) # 0 .
Alsodm>1st. (im+a)e M.

If —(m+1)—a € M, then adding we get —1 € M, a contradiction (since M is
proper). So we have —(m + 1) —a ¢ M, which = —(m + 1) € Q\(cut(a)) = L(a).
O(claim 1)
Now defineamap a«: A — R by
a(a) := inf (cut(a))
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a is well-defined.
Claim 2: a(1) =1, (M) CR,; a(a+b) = a(a) =z a(b)V a,b € A and
aith)=a(t) a(b)VteT,beA.
This is left as an exercise.
Claim 3: a(ab) = a(a) a(b) Y a,b € A
Proof of claim 3. T generating > a =1t —t, t;,L €T
so, a(ab) = a(tb — t,b) = a(tia) — a(t,b)

= a(t))a(b) — a(tr)a(b) [by claim 2]

= (a(t) — a(t2))a(b) = a(t) — t)a(b) = a(a)a(b) .

O(claim 3)

Claim4: o '(R,) =M
Proof of claim 4. By Claim 2, M C o '(R,)
so, by maximality of M and since P, = @~ !(R,) is an ordering it follows that
M=a'(R,) . ]

Corollary 1.3. Let A be a commutative ring with 1, 7 an archimedean preprime,
M a T-module, —1 ¢ M (i.e. M proper T-module). Then y, #0 .

Proof. Since T is archimedean, T is generating (because a = (n + a) — n, for
a € A) and M is a proper archimedean module (archimedean module because for
an archimedean preprime 7', every T-module is also archimedean). By Zorn’s
lemma extend M to a maximal proper archimedean module Q. Apply Proposition
1.2 to Q to get @ € Hom(A, R) such that Q = &~ '(R,). This implies M C o~ '(R,).
So, @ € yy , which implies =y, # 0 . O

2. REPRESENTATION THEOREM (STONE-KRIVINE, KADISON-DUBOIS)

The following corollary (to Proposition 1.2 and Corollary 1.3) answers the ques-
tion raised in 2.4 of lecture 12:

Corollary 2.1. (Stone-Krivine, Kadison-Dubois) Let A be a commutative ring,
T an archimedean preprime in A, M a proper 7T-module. Let a € A and

a:y — R defined by
ala) = ala)

If a>0o0n yy,thenae M.
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Proof. Assume a > 0on yy,i.e. ala) >0V a € yy.

To show: a e M

e Consider My := M = aT

Since a(a) > 0V @ € yu, we have xu, = 0 [because if @ € yu,, then
a(My) € R,. So, a(-a) = —a(a) > 0. So, a(a) < 0, but a € yy so
a(a) > 0, a contradiction].

So (since M| is an archimedean 7T-module), we can apply Corollary 1.3 to
M, to deduce that —1 € M, .

Write —1=s—at,se M,teT
S at—-1=seM (%)

e Consider ) :={reQ|r+aec M}
We claim that: dpe );; p<0

Once the claim is established we are done (with the proof of corollary)
because

a=(@+p)+ (-p) EM.
~——  ~——
eM eM

Proof of the claim: First observe that )} # @ (since An>1st n+aeT C
M,so ney)).

Now fixr€ ), r > 0and fix aninteger k > 1 s.t (k—t) e T
Write: kr—1+ka=(k—-0)(r+a)+(at—1)+ rt eéM
—_—— —— ——  ——

eT eM eM eM

1
Multiplying by = we get

(r-)+aeMic (r-7)ex

Repeating we eventually find p € )}, p <0. O

Note 2.2. For a quadratic module M C R[X], set
Ky :={xeR"|gx) >0V g e M}.
Note that if M = Mg with S = {gy,..., g}, then Kg = K},.

We have the following corollaries to Corollary 2.1. (Stone-Krivine, Kadison-
Dubois):
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Corollary 2.3. (Putinar’s Archimedean Positivstellensatz) Let M C R[X] be an
archimedean quadratic module. Then for each f € R[X]:

f>0onKy=feM.

Corollary 2.4. Let A = R[X] and S = {g1,...,8s}. Assume that the finitely
generated preordering Ts is archimedean. Then for all f € A:

f>0onKg = feTs.
Remark 2.5.

1. To apply the corollary we need a criterion to determine when a preordering
(quadratic module) is archimedean.

2. T is archimedean = for f = X, X? : ANst. N— f=N-Y X’ € T
= N - X?>0onKjs.
= Ky is bounded. Also K is closed.

So Ty is archimedean implies Ky is compact.
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1. RINGS OF BOUNDED ELEMENTS

Let A be a commutative ring with 1, Q € A and M be a quadratic module C A.

Definition 1.1. Consider
By={a€eA|dneNst.n+aandn—a e M},

By, is called the ring of bounded elements, which are bounded by M.

Proposition 1.2.
(1) M is an archimedean module of A iff By, = A.
(2) By, is a subring of A.

(B)Va€A,a’>€ By = ac By.

k
(4)M0regenerally,Va],...,akeA,ZafEBM:>a,-€BMVi: 1,...

i=1

Proof. (1) Clear.
(2) Clearly Q C By, and By, is an additive subgroup of A.

To show: a,b € By; = ab € By,
Using the identity
1
ab = Z[(a +b)* — (a - b)?],

1

—
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we see that in order to show that By, is closed under multiplication it is sufficient
to show that: Ya € A : a € By, = a* € By,.

Leta € By. Thenn + a € M for some n € N. Now n?> + a*> € M.
Also 2n(n*> —a®) = (> —a»)[(n+ a) + (n — a)]
1

So, (n* —a?) = —[(n +a)n® —a>) +(n—-a)n® - az)]

2n

= —[(n +a)(n—-a)+m-a)’mn+ a)] eM.

2n

So (n? + a*) and (n* — a®) both € M. So by definition a* € B),. o (2)

(3) Assume a® € By,. Say n —a* € M, for n > 1,n € N, then use the identity:

(n+a)= %[(n—1)+(n—a2)+(ai1)2] eM.
So, a € By. o (3)

(4 If 3 a? € By. Say (n— Y, a?) € M, then
(n—a?) = (n—Za?)+Za? eM.
J#i
So, a? € By and so by (3), a; € By. o (4)
O

Corollary 1.3. Let M be a quadratic module of R[X]. Then M is archimedean iff
there exists N € N such that

N-> X'eM
i=1
Proof. (=) Clear.
(<) First note that R, € M so, R C By, (By, subring).

Also N — Z X7 and N + Z X? € M. Therefore by definition Z X? € By.

i=1 i=1 i=1
So (by Proposition 1.2) Xi, ..., X, € By. This implies R[X},...,X,] € By, and so
M is archimedean. O

2. SCHMUDGEN’S POSITIVSTELLENSATZ
Theorem 2.1. Let S = {g1,...g,} € R[X]. Assume that K = Kg = {x | gi(x) > 0}

is compact. Then there exists N € N such that

N—Zn:Xl?eTs =T.
i=1
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In particular T is an archimedean preordering (by Corollary 1.3) and thus Vf €
R[X]: f>0onKg = feTs.

Proof. [Reference: Dissertation, Thorsten Wérmann]

e K compact = K bounded = 3 k € N such that (k - Z Xf) > 0onK.

i=1

° By applymg the Positivstellensatz to above we get: d p,q € TS such that

—ZX? = 1+4. So, p(k ZXZ =1+ gk - sz So,

(1+q)k ZXZ eTs.

o SetT = T+(k—z Xl.z)T. By Corollary 1.3, T' is an archimedean preorder-

ing. Therefore Am € N such that (m—q) € T'; say: m—q = t; +t2(k—z X,z)

for some t;,1, € T.

e So, (m-q)(1+q) = h(1+q)+nr(k- Y X?)(1+q) € Ts. So (m—q)(1+q) € Ts.
i=1

e Adding
(m=q)(1+q)=mg—q*+m-qeTs, (D)
m 2 m?
(E_Q) :T+q2—mq€T5. 2)
yields
2
m
(m+Z—q)€TS. 3)

e Multiplying L.H.S. of (3) by k € Ty, and adding (k — Z X7)(1 +q) € Ts

and q( Zn: Xlz) € Tg, yields
i=1
2 n

k(m +m7—q Zx2(1+q)+q(ZXf)eTS

i=1
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2

ie. km+k—+k ZXZGTS
ie k(= ZXZETS

Set N := k ( > 1) O
(End of Schmiidgen’s Positivstellensatz)

2.2. Final Remarks on Schmiidgen’s Positivstellensatz (SPSS):

1. Corollary (Schmiidgen’s Nichtnegativstellensatz):

f>0o0onKg = Vereal,e >0: f+e€eTs.

2. SPSS fails in general if we drop the assumption that “K is compact”.
For example:
(i) Consider n = 1, S = {X3}, then K5 = [0, ) (noncompact). Take
f =X+ 1. Then f > 0on K. Claim: f ¢ Ty, indeed elements of 75 have
the form #, + 1, X>, where #y,#; € Y R[X]>. We have shown before at the

beginning of this course (in 2.4 of lecture 2) that non zero elements of this
preordering either have even degree or odd degree > 3.

(ii) Consider n > 2, S = 0, then Kg = R". Take strictly positive versions of
the Motzkin polynomial

m(X;,X;):=1- X12X§ + Xlng + X;‘X%,
ie. m.:=m(X;,X,)+e;eecR,. Thenm, > 0on Kg =R?, and it is easy to
show that m, ¢ Ts = 3 R[X]? Ve € R,.

3. SPSS fails in general for a quadratic module instead of a preordering. [Mi-
hai Putinar’s question answered by Jacobi + Prestel in Dissertation of T.
Jacobi (Konstanz)]

4. SPSS fails in general if the condition “f > 0 on K" is replaced by “f > 0
on Kg”.
Example (Stengle): Consider n = 1,5 = {(1 — X?)*}, Ks = [~1, 1] compact.
Take f := 1 — X> > 0 on K but 1 — X?> ¢ Ts. (This example has already
been considered at the beginning of this course in 2.4 of lecture 2).
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5. PSS holds for any real closed field but not SPSS:

Example: Let R be a non archimedean real closed field. Take n = 1,S =
{(1-X%3),then Ky =[-1,1]g={x€R|-1<x<1}. Take f = 1 +1— X?,
where ¢ € R* is an infinitesimal element (i.e. 0 < t < €, for every positive
rational €). Then f > 0 on Kg. We claim that f ¢ T:

Let v be the natural valuation on R. So v(¢) > 0 for # > 0. Now suppose for
a contradiction that f € Ts. Then

1+1t-X>=f=to+t,(1 = X»% t0,t; € X RIX)? (1)
Lett; = 5 ;fori=0,1and f;; € R[X].
Let s € R be the coeflicient of the lowest value appearing in the f;;, i.e.
v(s) = min{v(a) | a is coeflicient of some f;;}.

Case L. if v(s) > 0O, then applying the residue map (Gv —s R := —X; defined

N=

by x — X, where 6, is the valuation ring ) to (1), we obtain
1-X>=1+1(1-X?)?

and since f; = Y ]T,-jz € Y R[X]*;i =0, 1; we get a contradiction to Example

2.4 (ii) of Lecture 2.
Case IL. if v(s) < 0. Dividing f by s? and applying the residue map we
obtain
_f 0 23
0= ? + ;(1 -X )

(Note that v(s?) = 2v(s) is min{v(a)}; a is coeflicient of some 5., ie.
2
v(s%) < v(a) for any coeflicient a, so _,2, has coefficients with value > O.)
s

So we obtain
0=1y+17,(1-X*?* with 7,7, € ¥, RIX] not both zero.
Since té), t/1 have only finitely many common roots in R and 1 — X> > 0 on

the finite set (-1, 1), this is impossible. O(claim)

6. SPSS holds over archimedean real closed fields.
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1. SCHMUDGEN’S NICHTNEGATIVSTELLENSATZ

1.1. Schmiidgen’s Nichtnegativstellensatz (Recall 2.2.1 of lecture 14): Let K
be a compact basic closed semi algebraic set and f € R[X]. Then

f>0onKg = Vereal, e >0: f+eeTs.

Corollary 1.2. Let K = Ky be a compact basic closed semi algebraic set and
L # 0 be a linear functional L : R[X] — R with L(r) = r V r € R. Then

L(Ts) >0 - L(Psd(Ky)) = 0
—_———— —_—
(ie. L(f) =20V feTs) (ie. L(f) =0V f >0onKjy).

Proof. Wlo.g. L(1) =1,L # 0. Let f € Psd(Ky) and assume L(7Ts) > 0,

To show: L(f) > 0

Byl.1,Ve>0:f+eeTs

So, L(f +€) >0 ie. L(f) > —e Y € > O real

= L(f) >0. O

We shall now relate this to the problem of representation of linear functionals
via integration along measures (i.e. f du).
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2. APPLICATION OF SPSS TO THE MOMENT PROBLEM

Let X be a Hausdorff topological space.

Definition 2.1. X is locally compact if ¥ x € X Jopen U in X s.t. x € U and U
(closure) is compact.

Notation 2.2. B°(X) := set of Borel measurable sets in X
= the smallest family of subsets of X containing all compact
subsets of X, closed under finite | J, set theoretic differen-
ce A\ B and countable ().

Definition 2.3. A Borel measure i on X is a positive measure on X s.t. every
set in B(X) is measurable. We also require our measure to be regular i.e. VB €
B(X)and V € > 0 A K, U € B°(X), K compact, U open s.t. K € B C U and
H(K) + € 2 u(B) = u(U) — €.

2.4. Moment problem is the following:

Given a closed set K C R" and a linear functional L : R[X] — R
Question:

when does 3 a Borel measure g on K s.t. V f € R[X] : L(f) = ffd,u ?7 (D)

Necessary condition for (1): V f e R[X],f >0on K = L(f) >0 )

in other words: L(Psd(K)) > 0 3)

Is this necessary condition also sufficient?
The answer is YES.

Theorem 2.5. (Haviland) Given K C R" closed and L : R[X] — R a linear
functional with L(1) > O:

Juasin(1)iffV f e R[X]: L(f) =0if f > 0on K,
ie. (1) ) < (3).

We shall prove Haviland’s Theorem later. For now we shall deduce a corollary
to SPSS.
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Corollary 2.6. Let Ky = {x| gi(x) > 0;i=1,...,s} CR" be a basic closed semi-
algebraic set and compact, L : R[X] — R a linear functional with L(1) > 0. If

L(Ts) > 0, then d u positive Borel measure on K s.t. L(f) = ffd,u Y f e RIX].

Ks

Remark 2.7. Let S = {g;,..., g}
1. L(Ts) > 0 can be written as

L?g ...g2) 20V heR[X],ey,...,es €1{0,1}.
2. Compare Haviland to Schmiidgen’s moment problem, for compact Kg: we do
not need to check L(Psd(Ks)) > 0 we only need to check L(Ts) > 0.
3. Reformulation of question (1) (in 2.4) in terms of moment sequences:
Let L : R[X] — R, with I(1) = 1. Consider {X* = X{"...X;"; @ € N"} a
monomial basis for R[X]. So L is completely determined by the (multi)sequence
of real numbers 7(@) := L(X%) ; @ = (@1,...,a,) € N"(l.e. 7T: N — Ris a
function) and conversely, every such sequence determines a linear functional L :

L) aX%) = > a,L(X?).

[24 [+

So, (1) (in 2.4) can be reformulated as:
Given K C R" closed, and a multisequence 7 = T(Q)QEN" of real numbers, 3 u

positive borel measure on K s.t f X*du=r1, foralla e N"?

Definition 2.8. A function 7 : N* — R is a K—moment sequence if 3 u positive
borel measure on K s.t 7(a) = f X*du forall @ € N"
K

So (1) can be reformulated as: given K and a function 7 : N — R, when is 7
a K—moment sequence?

Definition 2.9. A function 7 : (Z,)" — R is called psd if

2, Tk +k)cic; 20,

i,j=1

for m > 1, arbitrary distinct k,...,k, € (Z,)';c1,...,cn €R.
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Definition 2.10. Given 7 : (Z,)" — R a function and a fixed polynomial
gX) = Z ay X* € R[X]. Define a new function g(E), : (Z,)" — R by
ke Zf

gE) (D)= Y aptk+D;foranyle (Z,)"
k e Z+n

Lemma 2.11. Let L : R[X] — R be a linear functional and denote by

T:(Z)" >R
the corresponding multisequence (i.e. (k) := L(X*) V k € (Z,)").

Fix g € R[X], g(X) = Z a; X* € R[X]. Then L(h%g) = O for all h € R[X] if

k c Z+)l
and only if the multisequence g(E), is psd.
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1. APPLICATION OF SPSS TO THE MOMENT PROBLEM (continued)

Lemma 1.1. (Lemma 2.11 of last lecture) Let L : R[X] — R be a linear functional
and denote by
7:(Z,)" >R
the corresponding multisequence (i.e. (k) := L(X*) V k € (Z,)").
Fix g € R[X], gX) = Z ap X € R[X]. Then L(h*g) > O for all h € R[X] if
k c Z+)l
and only if the multisequence g(E), is psd.
Proof. Compute:

LX) = Y aatk+D) = g(B)(D; forall L€ (Z,)"
ke Z+n
Thus if h = Z e:Xh € RIX] then h? = ) i XHb,
bj

2 SO L(h2g) (Z C; CJXk’+kJ = Z cich()_(kﬁ-kjg)
ij

Nl ,Zg(E)T(I_C,"i_I_CJ')CiCj- o

[by 1] iJ
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Theorem 1.2. (Schmiidgen’s NNSS) (Reformulation in terms of moment se-
quences) Let K = Kg compact, S = {g1,...,8s} and 7 : (Z")" — R be a given
multisequence. Then 7 is a K-moment sequence if and only if the multisequences
(g} ... & )E) : (Z*)" — R are all psd for all (e, ..., e,) € {0, 1}°. |

Next we reformulate question (1) in 2.4 of Lecture 15 in terms of Hankel
matrices:

2. SCHMUDGEN’S NNSS AND HANKEL MATRICES

We want to understand L(hzg) > 0; h, g € R[X] in terms of Hankel matrices.

Definition 2.1. A real symmetric n X n matrix A is psd if x’ Ax >0V x € R".
An N x N symmetric matrix (say) A is psd if x’Ax > 0¥ x e R"and ¥ n € N.

Definition 2.2. Let L # 0;L : R[X] — R be a given linear functional. Fix
g € R[X]. Consider symmetric bilinear form:
(, )¢ ' RIXIXR[X] >R
(h,k)g := L(hkg) ; h,k € R[X]

Denote by S, the N x N symmetric matrix with af-entry (X=, Xﬁ)g VapeN,
i.e. the ap-entry of S, is L(X** ).
Example. Let g = 1, then

(X%, XE) = LX) := Sy .
More generally, if g = 3 a, X* then

Y Y

Proposition 2.3. Let L, g be fixed as above. Then the following are equivalent:

1. L(ocg) >0V o € 3 R[X].

2. L(h’g) >0V h e RIX].

3. (, )gis psd.

4. S, 1is psd.

Proof. (1) & (2) is clear.
Since (h, h), = L(h*g), (2) & (3)is clear.
(3) © (4) is also clear. O
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2.4. Example. (Hamburger) Let n = 1. A linear functional L : R[X] — R comes
from a Borel measure on R if and only if L(c") > 0 for every o € 3 R[X]*.

Proof. From Haviland we know L comes from a Borel measure iff L(f) > O for
every f(X) € R[X],f > 0 on R. But Psd(R) = Y R[X]? (by exercise in Real
Algebraic Geometry course in WS 2009-10). So the condition is clear. O

Remark 2.5. We can express Hamburgers’s Theorem via Hankel matrix S, with
g = 1 the constant polynomial.
n=1,so (for i, j € N) the ij ™ coefficient of Sy is s;1; = L(X"™).

So St 82

S1 Sy ... .
Hence, S| = ) is psd.

Sy ... .

2.1. REFORMULATION OF SCHMUDGEN’S SOLUTION TO THE MOMENT
PROBLEM IN TERMS OF HANKEL MATRICES

2.6. LetS ={gy,...,8 € R[X]and Kg € R" is compact. A linear functional L
on R[X] is represented by a Borel measure on K iff the 2° N x N Hankel matrices
(Sgr gl .. e) €{0, 1)) are psd, where S, := [L(X*Eg)lap s @, € N".

3. FINITE SOLVABILITY OF THE K- MOMENT PROBLEM

Definition 3.1. Let K be a basic closed semi-algebraic subset of R".

1. The K-moment problem (KMP) is finitely solvable if there exists S finite,
S € R[X] such that:
(1) K = Kg, and
(i1) V linear functional L on R[X] we have: L(Ts) > 0 = L(Psd(K)) >0
(equivalently, (iii) L(Ts) >0 = 3p: L = [ du).

2. We shall say S solves the KMP if (i) and (ii) (equivalently (i) and (iii))
hold.

3.2. Schmiidgen’s solution to the KPM for K compact b.c.s.a. Let K C R" be
a compact basic closed semi-algebraic set. Then S solves the KMP for any finite
description S of K (i.e. for all finite § C R[X] with K = K).
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One can restate the condition “S solves the K-Moment problem” via the equal-
ity of two preorderings. We shall adopt this approach throughout:

Definition 3.3. Let 75 C R[X] be a preordering. Define the dual cone of T':
Tg :={L|L:R[X] — Ris alinear functional; L(Ts) > 0},
and the double dual cone:

T = {f|f €RIXI;L(f) >0V Le Ty}

Lemma 3.4. For § C R[X], S finite:
(@) Ts CT§"
(b) T§" C Psd (Ky).

Proof. (a) Immediate by definition.

(b) Let f € Tg". To show: f(x) >0V x € Ks.

Now every x € R" determines an R-algebra homomorphism
€y, = L£ € HOIH(R[X], R); L{(g) = evx(g) = g(z) Vge R[)_(]’

this L, is in particular a linear functional.

Moreover we claim that L,(Ts) > O for x € Kg. Indeed if g € T then
L.(g) = g(x) > 0 for x € K.

So, by assumption on f we must also have L,(f) > 0 for x € Kj, i.e.
f(x) > 0forall x € Ky as required.
O

We summarize as follows:
Corollary 3.5. For finite S € R[X]:
Ts C Tg' C Psd(Ks).

Corollary 3.6. (Reformulation of finite solvability) Let K C R" be a b.c.s.a. set
and S € R[X] be finite. Then S solves the KMP iff

() K = Ks, and

(i) T = Psd(K).

78



Vorlesung "Positive Polynome" - SS 2010

POSITIVE POLYNOMIALS LECTURE NOTES (16: 10/06/10) 5

Proof. Assume (ii) of definition 3.1,1i.e. V L : L(Ts) > 0 = L(Psd(K)) > 0, and
show (jj) i.e. T = Psd(K):

Let f € Psd(K). Show f € T¢" i.e. show L(f) >0V L e T§.

Assume L(Ts) > 0. Then by assumption L(Psd(K)) > 0. So, L(f) > 0 as required.

Conversely, assume (jj) and show (ii):
Let L(Ts) 2 0,1.e. L € T§. Show L(Psd(K)) > 0, i.e show L(f) > 0V f € Psd(K).
Now [by assumption (jj)] f € Psd(K) = fe T = L(f) >0V L e T§. O

We shall come back later to 7" and describe it as closure w.r.t. an appropriate
topology.

4. HAVILAND’S THEOREM

For the proof of Haviland’s theorem (2.5 of lecture 15), we will recall Riesz Rep-
resentation Theorem.

Definition 4.1. A topological space is said to be Hausdorff (or seperated) if it
satisfies

(H4): any two distinct points have disjoint neighbourhoods, or

(T,): two distinct points always lie in disjoint open sets.

Definition 4.2. A topological space y is said to be locally compact if V x € y 1
an open neighbourhood U > x such that U is compact.

Theorem 4.3. (Riesz Representation Theorem) Let y be a locally compact
Hausdorff space and L : Cont.(y,R) — R be a positive linear functional i.e.
L(f) >0V f > 0on y. Then there exists a unique (positive regular) Borel mea-

sure ¢ on y such that L(f) = ffd,u vV f € Cont.(y,R), where Cont.(y,R) :=
X

the ring (R-algebra) of all continuous functions f : y — R (addition and multipli-
cation defined pointwise) with compact support i.e. such that the set supp(f) :=
{x € xy : f(x) # 0} is compact.

Definition 4.4. L positive means:

L(f) >0V f € Contc(y,R) with f > 0 on y.
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1. Haviland’s Theorem 1

1. HAVILAND’S THEOREM (continued)

Recall Theorem 4.3 of last lecture:

Theorem 1.1. Riesz Representation Theorem:
Let y be a locally compact Hausdorff space and L : Cont.(y,R) — R be a positive
linear functional i.e. L(f) > 0 Vf > 0 on y. Then there exists a unique (positive

regular) Borel measure p on y such that L(f) = f fdu Y f € Cont.(y,R),

X
where Cont.(y,R) := the ring (R-algebra) of all continuous functions f : y — R
(addition and multiplication defined pointwise) with compact support i.e. such
that the set supp(f) := {x € x : f(x) # 0} is compact. O

We shall use theorem 1.1 to prove the following general result. Haviland’s
theorem (2.5 of lecture 15) will follow as a special case.

Theorem 1.2. Let A be an R-algebra, y a Hausdorft space and " : A — Cont.(y, R)
an R algebra homomorphism. Assume 4 p € A such that p > 0 on y and
VkeN: y,:={a€ x| pla) < k}is compact. .o (%)
Then for any linear functional L : A — R satisfyingVa € A : a > 0 on

X = L(a) > 0, 1 aBorel measure u on y such that L(a) = f& duV¥ a € A.
X

1.3. Remarks before proof.

1. (%) implies in particular that y is locally compact (i.e. ¥ x € y : 1 an open
neighbourhood U > x such that U is compact).

1
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Proof. Letx e y, fixk > 1s.t. p(x) <k
Set Uy :={yex|p(y) <k}
Clyex|py) <k} =xx
U, is open , x € Uy; (L_Ik C Xk, SO (L_[k is compact.
[xx = p~'((~o0, k]) being inverse image of closed set under continuous map

is closed but not necessarily compact, and U; = p~'((—o0, k)) being inverse
image of open set under continuous map is open. | O

2. Haviland’s Theorem is a corollary (to Theorem 1.2) if we set y = K closed
subset of R", A = R[X], and

" R[X] — Cont(K,R);
f > f (restriction of the polynomial function f to K)
p(x) = X x7 = ||x|I%, xx compact.

1.4. Proof of Theorem 1.2. Set C(y) = Cont(y,R) and C.(y) = Cont.(y, R).

Let A := {a | a € A} (the image under the R-algebra homomorphism ~ is a
subalgebra).

Define B(y) € C(x) to be the following subalgebra of C(y):

By):={feClx)|TacA:|fl <|alony}.

Observe that B(y) is a subalgebra of C(y) and A € B(y) C C(y).
Claim 1: C.(x) € B(y)

Proof of Claim 1. Let f € C.(x), f continuous and {x € y : f(x) # 0} compact
subset. Then |f| < k, for some k € N; k € A, i.e. |f] < k on y.

So C.(x) € B(y) as claimed i.e. C.(y) is a subalgebra of B(y). O(Claim 1)
Let now as in the hypothesis of the theorem:
L:A—RwithL(a)>0ifa>0ony,VacA.

We define L : A — R, by L(a) := L(a).

Claim 2: L is a well defined linear function.

Proof of Claim 2. Since L(a + b) = L(a + b) = L(a + b), so it is enough to prove
that: a =0= L(a) =0

Now a >0 = L(a) > 0,and —a > 0 = —-L(a) = L(—-a) > 0; (together)

= L(a) =0. o(Claim 2)
Claim 3: L extends to a linear map:

L : B(y) —» R with L(f) > 0 for f > 0 on y.
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Proof of Claim 3. We use Zorn’s lemma to prove this:
Consider the collection of all pairs (B, L), where B is a R—subspace of B(y) con-
taining A and L is an extension of L (on A) with the property:

VfeB:f>0ony = L(f)>0 (D)

and consider a partial order: (B, L)) C (Bs, L,) :© By C B, and Ly|p, := L.

e this collection is nonempty since (A, L) belongs toit: @ > 0on y = L(a) =
L(a) > 0 (by definition)

e every chain has an upper bound

e Let (B, L) be a maximal element.

Subclaim: we claim that B = B(y)

Otherwise let g € B(y) \ B.

If fi, ,€Bst fi<gand g < f, ony, then f; < f> on y so L(f)) < L(f>).
So we consider the following sets of reals

U:={L(f)IfieB fisgony}<{L(fL)| € B,g< frony} =6

Note that these sets U, 6 are nonempty, i.e. fi, f> exist.

[e.g. leta e As.t. |g| <|alony

a+1 .

now (a= 1> 0,50 la] < 2 — € A
P +1 . a’+1 .
sotakefl::—a2 eA;fZ::a2 €A

By completeness of R, let e € R s.t.

sup (L(fi) | fi € B, fi < gl <e<inf{L(f)| f, € B,g < fa}.

Extend L to B + Rg € B(y) by setting

L(g) :=eand L(f +dg):= L(f) +de;d €R

To verify: ¥V f +dg € B+ Rg : f +dg >0 = L(f + dg) > 0. (Exercise)

This will contradict the maximal choice of B and will complete subclaim
that B = B(y), and so complete the proof of claim 3. o(Claim 3)

Thus L is defined on B(y) and satisfies:

VYfeB):f>=0o0ny = L(f)>0. (P

In particular L is defined on C.(y) and satisfies (1), i.e. L is a positive linear
functional on C.(y). So we can apply Riesz Representation Theorem (theorem
I.D)on L :

| yon)(suchthati(f):ffd,queCc(X)QB(X). LD
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Main claim: (7 7 1) holds also ¥V f € B(y), i.e. L(f) = ffd,u VY f e Bly).

X
In particular the proof of the theorem will be completed after proving this since
ACB(y),andsofor f=acA: L _= L@ = [adu.

(definition) X

Proof of main claim. Let f € B(y)

Set f, :=max {f,0}, f- := —min{f,0}; f = f. — /-
So, w.l.o.g. we are reduced to the case f > O on y, f € B(y).

Set g := f + p; for g € B(y).
For each k > 1, consider y, := {@ € x| g(@) < k}

o V£k :)(;( C Xk and)(;{ is closed. So )(;( is compact.
« Xy X and x = Jxi -
k
Subclaim 1: For each k € N 3 f; € C.(y) such that 0 < f; < f; fy = f on x; and
Ji = O outside y;,,.
Subclaim 2: L(f) = ]}im L(fo)
Note that once they are proved we are done because:

[ rdu= tim [ i = tim LG50 = £

We will prove subclaim 1 and 2 in next lecture.
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1. HAVILAND’S THEOREM (continued)

We will continue the proof of the following theorem from last lecture. Havilands
theorem will follow as a special case.

Theorem 1.1. (Recall 1.2 of last lecture) Let A be an R-algebra, y a Hausdorft
space and "~ : A — Cont.(y,R) an R algebra homomorphism. Assume 4 p € A
suchthat p>0onyandV ke N: y;:={a € x| pla) <k} is compact.
Then for any linear functional L : A — R satisfyingVae€ A:a >0ony =
L(a) > 0, 4 a Borel measure y on y such that L(a) = f& duV a € A.

X
Proof. We have C.(x) € B(x) :={f € C(x) | JacA:|fl <lalonx}; A € By);

L:A — R, defined by L(a) := L(a).
In particular we got (as in claim 3 in 1.4 of last lecture) L is a positive linear
functional on C.(y) s.t.

L(f) = f Fdu f € Caly) < By,
X

We claim that this holds also ¥V f € B(y), i.e. L(f) = ffd,u Y f e By).

X
[In particular the proof of the theorem will be completed after proving this since
ACB(y),andsofor f=aecA: L) _=_ L@ = [adu.]

(definition) X
Let f € B(x). Setq := f + p; for g € B(y).
For each k > 1, consider y, := {e € y | g(@) < k)

1
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e Vk:yx, Cxrandy, is closed. So y, is compact.

© X Sxiand y = Jxi -
k

Subclaim 1: For each k € N 3 f; € C.(y) suchthat 0 < f; < f; fy = f on x; and
Jfk =0 outside y;,,.

Proof of subclaim 1. For this we need Urysohn’s lemma, which states that

Let X be a topological space and A, B C X be closed sets such that AN B = ¢.
Thendge C(y):g: X — [0,1]suchthat g(a) =0VYaecAandg(h) =1V b € B.
Applyingitwith X = x},,A=Y; ={a € x|,, | k+3 < q(a@) <k+1},and B = x},
we get gx : x;,, — [0, 1] continuous such that g; = O on Y] and g = 1 on y;.
Extend g to y by setting g = 0 on complement of x; . Set fi := fgk

Then indeed 0 < fi < fony, fi = fon x; and fy = O off x;,,. In particular
Supp(f) € x;,, is compact (because closed subset of a compact set is compact),
so indeed f; € C.(x). O(Subclaim 1)

Subclaim 2: L(f) = l}l_}l’ilo L(f)
Note that once the subclaim 2 is proved we are done because:
[ rau=tim [ i = tim LG50 = 207
Proof of subclaim 2. Observe that the inequality
%zzf—sz%n X, holds ¥V k € N.
To see this first of all f = f; on y;, so clearly q{ > f— fi =20o0ny;.

Now we consider the complement of x;, there g(@) > k for a € complement of .
So

g (@) > kq(@) = k(f(@) + p(@)) > kf (@)
> k(f(a) — fi(a)) [Since fi(@) >0V a € x]

2
Hence 4 ]((a) > (f _ fk)(a’) for all a € (X]/{)compliment.
So,
qz
?Zf—kaOon)( ¥ k eN.
So,

- qZ -
L(?) > L(f - fr) = 0.

Now let k — oo to get
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- q2 - -

gim L(?) =0= ]}im L(fx) = L(f). O(Subclaim 2)

O

2. R[X] AS TOPOLOGICAL R-VECTOR SPACE

Let A = R[X] be a countable dimensional R-algebra.

Every finite dimensional subspace has the Euclidean Topology (ET on R": open
balls are a basis. If W is a finite dimensional subspace, fix B = {wy,...,wy}
basis and get an isomorphism W = R"; pullback the ET from R" to W. This
topology on W is uniquely determined and does not depend on the choice of the
basis because a change of basis results in a linear change of coordinates and linear
transformations x — ax ; det(A) # 0 are continuous).

Definition 2.1. Define a topology on A := R[X] as:

U C A is open (respectively closed) iff U N W is open (respectively closed) in W,
for every finite dimensional subspace W of A.

This is called direct limit topology on A.

Equivalently, take A; = {f € Aldeg f < d},d € Z,. Then A = U, A, ask for:

U C A is open (respectively closed) iff U N A, is open (respectively closed) in A,
foralld > 1.

We now list the important properties of this topology. We first need to recall
the following definitions:

Definition 2.2. (i) C C A is called a cone if C is closed under addition and scalar
multiplication by (nonnegetive) positive real numbers.
(ii)C CAisconvexifVa,beC;VAe[0,1]: da+(1-A)beC.
Note that a cone is automatically convex.
Theorem 2.3. 1. The open convex sets of A form a basis for the topology,
i.e. A is with locally convex topology,

i.e. x € U and U open subset of A = there is a convex neighbourhood
U’ of x such that U" C U.

2. This topology is the finest non-trivial locally convex topology on A.
Proof. Later (in next lecture as theorem 1.2). O

Theorem 2.4. 1. A endowed with this topology is a topological R—algebra,
1.e. the topology is (Hausdorfl) comparable with addition, scalar multipli-
cation and multiplication, i.e.
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+:AXA—>A,
X:AXA— A, and
. RxA—- A

are all continuous.
2. Every linear functional is continuous in this finest locally convex topology.
Proof. Later (1.5 of Lecture 20). O

Theorem 2.5. (Separation Theorem) Let C C A be a closed cone in A and let
ag € A\ C. Then there is a linear functional L : A — R such that L(C) > 0O but
L(ag) < 0.

(Equivalent statement: Let C € A be a cone and U C A be an open convex set
such that U N C = ¢; U,C # ¢. Then 1 a linear functional L : A — R such that
L(U) < 0and L(C) = 0).

Proof. Later (1.8 of Lecture 20). O

Corollary 2.6. For any cone C C A with C # ¢, we have

C=C":={aeAlL(a) >0 for any linear functional L such that L(C) > 0}

={a€A|La) >0V LeC".

Proof. Clearly C € C": since C € C"V (from definition), and C"V is closed
(because L € C" is continuous), so C € C".

Conversely apply separation theorem ( theorem 2.5): if ay ¢ C, there exists L € C"
(i.e. L(C) = 0) with L(ag) < 0. So, ayp ¢ C™. O

Corollary 2.7. Let A = R[X], M C A be a quadratic module. Then M = M** and
M is a quadratic module.

Proposition 2.8. (i) Every cone C is convex.
(i1) Every quadratic module M is a cone.

(iii) If C is a cone, then C is a cone.
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1. TOPOLOGY ON FINITE AND COUNTABLE DIMENSIONAL R—-VECTOR
SPACE

1.1. Helping lemma 1. Let V be a countable dimensional R-vectorspace. Let W
be a finite dimensional subspace. Fix a basis wy, ..., w, of W. The map

d):Zr,-wiH(rl,...r,,)

defines a vector space isomorphism W = R".

Let 7 the pullback (induced by @) topology on W, i.e. a set in (W, 1) is open if it
is of the form ®~!(U) with U C R” open in the Euclidean topology.

(For simplicity we will write ET for Euclidean topology from now on.)

1. Note that the ET is convex because the open balls form a subbasis for the
topology. So 7 is locally convex.

2. 1 does not depend on the choice of the basis (Hint: a basis change produces
a linear change of coordinates i.e. a linear map L : R" — R" which is
continuous in the ET).

3. In particular if Wy € W, are finite dimensional subspace of V, the ET on W,
is the same as the topology induced by the topology on W,, i.e. the same as
the relative topology.

(U; c Wy isopeninthe ET iff U; € W, is open in the relative topology, i.e.
U, is of the form U; = W; N U, with U, open in W,.)

Now define the finite topology on V:

U C Vopen ift U N W in W is open for any finite dimensional subspace W.

1
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4. Fix a basis {v{,...,v,...}, and set V,, = Span{vy, ..., v,} a sequence of finite
dimensional subspaces such that V = U;V;,. Wehave V; C...CV, C... .
Then:

U C V is open in the finite topology iff U N V; is open in V; for every i.

Proof. Clear (Hint: Use the fact that every finite dimensional subspace is
contained in a V; and use 3. in particular.) O

Theorem 1.2. (Theorem 2.3 of last lecture) The open sets in V which are convex
form a basis for the topology (i.e. the finite topology is locally convex).

Proof. 1f V is finite dimensional = ET is convex, so nothing to prove.

So assume without loss of generality V is infinite dimensional. Let {vy,...,v,,...}
be an R basis for V.

Set V,, =Span{vy,...,v,}. Now let U C V be open and x, € U.

We show that there exists convex and open U’ C U such that xy € U’.

Since T,: V-V

VB v — X, arecontinuous translations,
it suffices to find a convex neighbourhood U” of O with U” C U - xo. Then
U’ = U"” + xy is the required convex neighbourhood of x,. In other words we are
reduced to the case when xy = 0.
We proceed (by induction on n € N) to construct an increasing sequence C, C
U NV, of convex subsets as follows:

e Forn=1:UNnVyisopenin V; = Ry; and 0 € U N V;. So there exists
a; € R,a; > Osuchthat Cy :={yvi | —a; <y < a1} :=[-a,a1] CUNV.

e By induction on n € N: We assume we have found a4, .. .,a, € R, such that

Co:={yvi+...4ynl—a; <y; <a;sief{l,...,n}} = l—[[—ai,ai] cunv,.

i=1
Note that C, is closed (in V,,, as wellas)in V,,;; C, c UNV,and V., \U
is closed in V,,;; (because V,,; N U is openin V).

e Forn+ 1: We claim da,,; > 0, a,.; € R such that

Cn+1 = {y1v1 R ol Y/ T +y,,+1vn+1| —a; <y <aq; 11 € {1,...,I’l+ 1}}

Proof of claim by contradiction: If not, then ¥ N 3 x" € V,,,; such that
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V= YV 4 YV F YpstVeer With —a; <y < a;3i € {1,...,n} and
) N
_N S Vu+1 < N ;but xV ¢ U.
But x" has form xV = y1v; + ... + Y,V +Vpe1Vasts (%)
eC,

i.e. the sequence {x"},ex € Vo1 \ U.
Now for each i € {1,...,n}, since x" has form (%):

the i”* coordinates of {x"} are bounded ¥ N € N, i.e. {x"} is a bounded
sequence of reals.

So we can find a convergent sequence of i coordinate ¥ i € {1,...,n}, i.e.
there is a subsequence {x"/} jent € Vier \ U such that

(1) the firsti = 1, ..., n coordinates sequences converge, and

(2) the (n + 1) coordinate sequence converges to 0.

So {x"i} converges (in V,,;) as j — oo to x € C, C U (since C, is closed
in V,.1). So the sequence {x"7} jen € Vi1 \ U converges to x € U. This
contradicts the fact that V,,; \ U is closed in V,,;. Hence the claim is
established.

Now consider D,, := l_[(—ai,ai) ={yvi+...+yavnl—a <y <a;;i€fl,...,n}},

i=1

then D, ¢ C, € U NV, is open convex in V,. Set U’ := U, D, := (—a,,ay,).
n=1
Finally (verify that) 0 € U’. Then U’ is open, convex and U’ C U. O

Moreover, let V be a finite dimensional R vector space, 7 be a locally convex
topology on V and Z open in this locally convex topology. Then Z is open in the
finite topology.

Theorem 1.3. (Theorem 2.4 of last lecture) V is a topological vector space with
finite topology 7. Moreover (V, 1) is a topological R-algebra if V is a R-algebra.

1.4. Helping lemma II. Let V and V’ be vector spaces of countable dimension
each endowed with the corresponding locally convex (finite) topology. Then the
finite topology on V X V’ coincides with the product topology, i.e. 75,(V X V') =
Thin(V) X Tpn (V7).

Proof. (<) First observe that if a set is open in the product topology on V X V',
then it is open in finite topology on V X V’:

Fixabasis {vi,...,v,,...}of Vand {v},...,v,,.. .} of V'. Set V, = span{vi,...,v,}
and V, = span{v|,...,v,}. Then V. x V' = U,(V, X V}).
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Let U x U’ € V x V' be open in the product topology, where U open in finite
topology on V and U’ open in finite topology on V’.

We show U x U’ is open in the finite topology on V X V".

It is enough to verify that (U X U") N (V, X V))isopenin ETon V, X V,.

But (UxU )NV, xV):=UnV,)xU NnV,),where UNV,isopeninET on
V,and U’ X V) isopenin ET on V. 0(<)

(=) Conversely we show that open set in the finite topology on V X V' implies
open in the product topology.

Wiog let U” be a convex open neighbourhood of zeroin V X V.

SetU ={xeV|2x,00 e U }and U :={y e V'[(0,2y) € U"}. U and U’
are convex open neighbourhoods of zero in V and V’ respectively. So U x U’ is
open in product topology. Also U X U’ € U"” because if (x,y) € U X U’ then

1 1
(x,y) = E(Zx, 0) + 5(0, 2y) € U”, since U” is convex. O
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1. Topology on finite and countable dimensional R-vectorspace 1

1. TOPOLOGY ON FINITE AND COUNTABLE DIMENSIONAL R-VECTOR
SPACE (continued)

We want to prove Theorem 2.4 of Lecture 18, i.e.

Theorem 1.1. V is a topological vector space with finite topology 7. Moreover
(V,7) is a topological R-algebra if V is endowed with R algebra structure.

We still need more helping lemmas (towards proof of 1.1):
Lemma 1.2. (About finite dimensional spaces with ET)
1. Finite dimensional R-vector spaces V with ET are topological spaces.

2. Linear functionals L : V — R are continuous. More generally,
let V;, V; be finite dimensional vectorpaces with ET and L : V; X V; — V;
bilinear map, then L is continuous. m]

1.3. Helping lemma III. Let V = U V; be a countable dimensional vector space

with (finite topology) 7,(V), where V;’s are finite dimensional. Let (y, x) be a
topological space and f : V — y be a map. Then f is continuous (with respect to
Tan(V) and y) iff f|y. 1s continuous (with respect to ET on V; and y) for each i € N.

Proof. (=) Clear.

(&) Let X C (x, x) be open. To show: f~!(X)is openin V. Using Hilfslemma I (4)
it is enough to show that f~'(X)NV;is open in V; ¥ i. But f~'(X)NV; = (fly,)” (X)
which is open in V; V i since f]y, is assumed to be continuous V i. O
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Corollary 1.4. Let V be countable dimensional with finite topology 74,(V) and
L : V — R be a linear functional. Then L is continuous. O

1.5. Proof of the theorem 1.1. Helping lemma [+ II + III implies the proof as

(last lecture)
follows:

(i) We need to verify that + : (V XV, 74,(V) X 16,(V)) = (V, T4(V)) 1s continuous.

(product topology)
Using Helping lemma II, it is enough to verify that

+: (VX V,15.(V X V)) = (V, 14,(V)) is continuous.

Proof. LetV = U Vi ,then VXV = U(Vi x V;). By Hilfslemma III, enough to
ieN i
verify that
+:(V; x Vi, ET) — (V, 14,(V)) is continuous.

Let U C V open in 1,(V). We show that (+)"}(U) C V; x V; is open in ET.

But V; is a subspace so (+)"}(U) = (+)"/(U N V;). Now U N V; is open in V; and
by lemma 1.2 we know that V; is a topological vector space so (+)"'(U N V,) is
open. O

(i1) Scalar multiplication:
.:RXxV — V;(r,v) — rvis continuous.
Proof. Analogous. O
(iii) Multiplication: Let V be a R-algebra. Then
X 1 (VX V, T5.(V) X T5a(V)) = (V, 15,(V) is continuous.

(product topology)

Proof. Observe that restriction of multiplication to the finite dimensional sub-

spaces V; is not well defined i.e. V; need not be a sub algebra, but

Claim 1: 3 j large enough so that

X : VixV; — V;is well defined.

Proof of claim 1: Let {vy, ..., v;} be a basis of V;. Let j be large enough so that the

product vectors vy, € V;forall 1 <[,k <.

Claim 2: The mapping X : V; X V; — V; is bilinear and hence continuous by

lemma 1.2. o
og(proof of theorem 1.1)

Theorem 1.6. (Separation Theorem) (Theorem 2.5 of Lecture 18) Let V be a
countable dimensional vector space, U C V be open and convex, C C V be a cone
such that U, C # ¢ and UNC = ¢. Then there exists a linear functional L : V — R
such that L(U) < 0 and L(C) > 0.
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Corollary 1.7. If C C V is closed cone and xy ¢ C then there exists L : V — R
such that L(xp) < 0 and L(C) > 0.

Proof. AU’ 3 xy : U" open and U’ N C = ¢. By theorem 2.3 of Lecture 18, let U
be an open convex subset of V with xo € U C U’ and U N C = ¢. m|

1.8. Proof of the theorem 1.6.
Consider {D | Disaconein V,D 2 C; D N U = ¢}. This family is nonempty. By
Zorn’s lemma let D be the maximal element (with these properties).
Claim 1: -U C D.
If notlet x € —U, x ¢ D. By maximality: (D + xR,) N U # ¢.
So dyeD;r>0;uec Uwithy+rx=u.Soy=r(—x)+u.

y r

So = (=x) + u € DN U, acontradiction.
1+r 1 +7r l1+7r
——
€ D since D is a cone € U by convexity of U

O (claim 1)

Claim2: Du-D=1YV.
Letx € Vand x ¢ D. Then (D +R,x) N U # ¢. So du = d + rx such that

1 1 1
ueUyr>0,deD. Then—-x=-(d-uwe-(D-U) < —-(D+D)CD.
r r —~r
(by claim 1)
O (claim 2)
Claim 3: D is closed.
If not, let d; € D such that limd; — xand x ¢ D. Then (D +R,x)NU # ¢. So

du=d+rx; ueUr>0,deD. Thenu =d+rlimd; = lim(d + rd;). So

i—00 i—00

d+rd; € U for i sufficiently large (since U is open so complement of U is closed),
but also d + rd; € D (since D is a cone). This contradicts U N D = ¢. O (claim 3)

Now let W := DN —-D. Fix xy € U. By previous claims we see that W is a
subspace. Further xo e U = xo ¢ D = xo ¢ W.
Now consider the subspace W @ Rxy.

Claim 4: V = W & Rx, (i.e. W is a hyperplane in V i.e. has codimension 1 in V).
Letye V,wlo.g.ye D (ify ¢ D; —y € D same argument).
Consider {Axy + (1 = 2)y | 0 < A < 1} and the largest A in the interval [0, 1] such
thatz = Axg+ (1 —A)ye D. Thend< l;zeDN-D=W.
1 -1

So y=——z+

CYTITIAN T T
Now let L : V — R be the uniquely determined functional defined by L(W) = 0
and L(xg) = —1.
Claim 5: L>Oon D.
Lety € D. If y € W then L(y) = 0, so done. If y ¢ W then for some A :

x0 € W+ Ruxy. O (claim 4)
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Axg+ (1 -DyeW; 0<A<1. Applying L :
AL(xp) + (1 = DL(y) = =4+ (1 = D)L(y) = 0.

A
SOL(y):m>O.

(20: 24/06/10) 4

O (claim 4)

od (proof of theorem 1.6)
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1. K-MOMENT PROBLEM (continuation to Lecture 17)

1.1. Framework

A =R[X]

S = {gl""’gs}
K = Ks; b.c.s.a.set
Ts: f.g. preordering.

We have the containment (recall 3.5 of Lecture 16)
TS - TS - PSd(Ks) (1)

Remark 1.2. We have an interesting comparison between Psd(Kg) and Ts. One
can show:

Psd(Ks) = M o \(R,)

a:R[X]—>R homomorphism of R—algebra with a(7s)>0

_ -1
= M o '(Ry)
a:R[X]-R, a=ev,, x €Ky
whereas

Ts =Ty = M L'(R,).

L:R[X]—>R linear homomorphism of R—vector spaces with L(T’s)>0
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We Shall study the containment in (1).
1.3. Recall.
(a) If Ty =Psd(Ky), then T is saturated.
(b) If T = Psd(Ky), then “S solves the Ks-MP ™.

Proposition 1.4. If 75 € R[X] is closed then S solves the KMP if and only if T
is saturated.

Proof. Immediate from (a) and (b) (of 1.3 above) and Ty = T if Ty isclosed. O

We shall therefore study closed preorderings now:
2. CLOSED FINITELY GENERATED PREORDERINGS

Proposition 2.1. Let A = R[X] endowed with finite topology and A; = R[X],; =
{f € Aldegf < d}; d € Z,. This subspace is finite dimensional generated by X*
of degree |a| :=a; + ...+ @, < d.

. n+d
Dim(A,) = ( J ); {Adtaa; Ad € Agr1: A = Uy Ag.

SoT C Aisclosedin A if and only if 7, := T N A, is closed in A, for ET; for all
deZ..

Theorem 2.2. Let R[X] = R[X{,...,X,]. Then
(i) X R[X]? is closed in (R[X], T4,) (Berg et al; 1970).

(i) LetS ={g,...,g and K = K¢ C R" baab.c.s.a. set.
(K-M) If K contains a cone with nonempty interior (equivalently a cone of
dimension n, equivalently just a non empty generating Cone C), then T’ is

closed.
The proof of (i) will follow from a series of lemma:

Lemma 2.3. It is enough to show that Y, := (X R[X]*)NAyis closedin A, ¥ d €
27Z.,. O

Lemma 2.4. Let f € ), d even.

.....
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C d
2. therefore for any representation Z h? of f we must have deg(h;) < 3 for

i=1
d
2)

N
4. Therefore (for d even) f € ), can be written as: [ = Z hl2 with deg(h;) <

i=1

alli=1,...,m.

n
3. w.l.o.g. we may assume thatm < N := dimA,, = (

ST

d
EViZI,...,I/l.

Proof. (1) and (2): clear.
Proof of (3): Let f € R[X], d = deg f = 2¢. Set N = (” * q).

q
Claim: f € R[X?]iff there exists an N x N psd symmetric matrix M € S yxn(R)
Y
such that f(x) = Y'MY, where Y = | : | where {Y},..., Yy} is an enumeration
YN
of all possible monomials x* = x{'...x;" with @ = (@,...,,) € Z| and |¢/ :=

a+...+a, <q.

N
In particular: f € Y R[X]*iff f = Z h?
i=1

Proof of the claim:

aip

(=) Assume f € R[)_(z] and f = ) hl.2 where h; € A,. Write h; = | : | € R" and
a,N

define M5 := Z aja;p the ap™ coefficient of the matrix M for o, € {1,...,N}.

Obviously it is symmetric. Check that M is PSD and that f = YT MY.

(<) Conversely if f = YT MY with M symmetric and psd; i.e. M € S yxy(R). By
spectral theorem write
M = B'B, where B € Myyy

N
So f = (Y"BT)(BY) = (BY)'(BY) = ) (BY).. O

a=1
Lemma 2.5. Fix a set D of d + 1 distinct real numbers and set A := D" C R”.
Consider the map
YA, >R
gX) = (89)gen
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Then VW is linear and W(g) = 0 iff g = 0 (i.e. Ker(¥) = {0}). So ¥ is homomor-
phism onto a closed subspace of R%.

Proof. The only thing to verify is Ker('¥) = {0}.

By induction on n.

If n = 1 and g is a polynomial of degree < d that has d + 1 roots is identically the
zero polynomial i.e. g = 0. So on it follows for all n. O

Corollary 2.6. Let {f;}; € As; f € Ay. Then

1. fi —» fin A, if and only if fj(a) — f(a) in R for each a € A (i.e. point
wise convergence on A).

2. More generally {fj}; C A, is a convergent in A, iff {fj(a)}; is convergent
sequence in R for each a € A.

Proof. Proof of 2:

(<) From assumption W(f;) converges to a point y € R2. But since Im ¥ is a

subspace of R* it is closed so y € Im¥. So lim fi= ¥ l(y) € Ay |
Jj—oo

2.7. Proof of Theorem 2.2 (i).

We want to show that ), is closed in A, in the Euclidean topology (i.e. conver-
gence of coefficients).

Let f € Ay fj € Ygs0that f; — f coeflicientwise in Ay ()

To show: f e},

d
Write without loss of generality: f; = Z 2. o> deghy; < 5 Vj; N = (n272/2)
i=1

(x) = fila) > fla)VaeAas j— oo

N
ie. > (hy@) - fl@inRVaeA

So36> 0s.t.

hia) < fla)<6Y¥aeAYjeNYi=1,...,N
So for each fixed @ € A and each fixed i € {1,...,N}, {h,-j(c_l)}jeN is a bounded
sequence of reals so has a convergent subsequence.
Also since A is finite there is therefore a subsequence {;;, }ien of {h;;} for each
fixed i € {1,..., N} such that {h;;, (a)}iav is convergent for each a € A. So by
Corollary 2.6 above:
for each ie{l,..., N} : {hij, Jken 18 convergent in Ag); say to ;.

So Z}ﬂ = Jim ] h”k = lim f;, = 1.

So fe), as requlred. O(proof of theorem 2.2 (i))
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1. CLOSED FINITELY GENERATED PREORDERINGS(continue)

Theorem 1.1. (Theorem 2.2 (ii) of last lecture) Let K be a basic closed semialge-
braic set. Assume C C K is a non empty open cone. Let S = {gy,..., g} such that
K = Ks. Then Ty is closed.

Proof. 1t is enough to prove the following lemma, which is a generalization of
lemma 2.4 of last lecture. O

Lemma 1.2. Let S = {gy,..., g} such that Kg contains a non-empty open cone.
Letf eA;,NMg =My, f = bo + blgl +...+ bsgs where b,’ S ZR[)_(]Z, then

1. deg f = max {deg by, deg(b,g1),...deg(b,g,)}

U

mo mi My
20F f = ) (hop? + ) (hYg1 + ...+ ) (hy)’g, then deghy; < 5 and

J=1 J=1 J=1

d—degg;
deg(h;j) < 1 (P

; L...,s.
) s

So w.l.o.g. f € M, has the form
mo mj U ) d
f = jz:;(hoj)z + jzz;(hlj)zgl + ...+ ;(hsj)zgs with deg(h[j) < 5

To prove 1.) of this lemma we need the following two propositions:

1
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Proposition 1.3. Let C € R" be acone, h € R[X] and h = hy + ... + h, be the
decomposition of 4 into homogeneous components, i.e. degh; = i and degh =
degh, = v. Write LT (h) = h,,.

If h>0in C then LT (h) > 0O on C.

Proof. Let ¢ € C. We show that & + v(c) > 0. Wlog h,(c) # 0. Consider the
following variable in one real variable A: P.(A) := h(Ac) = hy + hi(c)A + hy(c)A* +
...+ h(c)A”. Forall 4 > 0, Ac € C so P.(1) = h(Ac) > 0. So P.(1) > 0
on [0,00) € R. So it must have positive leading coefficient i.e. h,(c) > 0 as
required. O

Proposition 1.4. Let py,...,p; € R[X] and assume that there is a nonempty
open cone C such that p; > 0 on C,Vi = 1,...s then deg(py + ... + p;) =
max(deg po, . .., deg py).

Proof. Let m = max(deg po, ...,deg py). Let us gather those leading terms of
degree m say LT (py),...,LT(p;)),l < s. We want to show that LT (py) + ... +
LT (p;) # 0 (once this is shown we are done because this sum, if nonzero, is the
LT (po+...+ps) and is of degree m so this will establish that deg(po+...+ps) =m
indeed). Now LT (p;) # 0 so there is ¢ € C such that LT (p,) does not vanish at ¢
(a nonzero polynomial does not vanish on a nonempty open set). By proposition
1.3 we must have LT (p;) evaluated at ¢ is > 0. Since LT (p;) evaluated at ¢ for
i=1,...,lareall > 0 (again proposition 1.3), we se that there are no cancellations
and LT (pg) + ...+ LT(p;) evaluated at cis > 0. So LT (pg) +...+ LT(p) #0 O

2. APPLICATIONS TO THE K-MOMENT PROBLEM
Corollary 2.1. K C R",n > 3 besas. K contains a non empty open cone = KMP
is not finitely solvable.
Proof. 1. Dim(K) > 3; K = K, S — finite = T is not saturated.
2. But T is closed so S solves KMP iff T is saturated.

3. So S does not solve KMP.
O

Corollary 2.2. K C R",n > 2. If K contains cone of dimension 2 then KMP is
not finitely solvable. Note that we do not claim that 7" is closed.

Corollary 2.3. If K is non compact b.c.s.a. set K = Ky, S any finite description.
Then T is closed.

Proof. K contains an open infinite half line = K contains open cone. |
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3. THE FINEST LOCALLY CONVEX TOPOLOGY ON A R-VECTOR SPACE

Recall:
1. Hausdorft: If x; # x5, duy, u, open such that u; Nu, = ¢ and x; € u;.

2. Topological vector space: Topology continuous with + and scalar multipli-
cation.

3. A topology is locally convex if V is a topological vector space and has a
basis of convex open sets.

Theorem 3.1. Tychonoff theorem On a finite dimensional vector space there is
a unique topology making it into a Hausdorff topological vector space namely the
ET. (much stronger statement then the fact that all—-topologies are equivalent!)

Theorem 3.2. If V is a (Hausdorfl) topological vector space and W is a subspace
then W is a (Hausdorff) topological vector space with the induced topology.

We first claim the following general fact:

Let X be a topological space and Y C X. Then the product topology of the induced
topologies on X on Y X Y is induced topology of the product topology of X X X on
YxY.

e Fact 1: Any vector space admits the finest topology (greatest number of
open sets) making it into a locally convex topological vector space.

e Fact 2: This finest locally convex topology is Haudorff.

Theorem 3.3. Let V be a countable dimensional real vector space. Then the finest
locally convex topology (from Fact 1) is the finite topology.

Proof. Let u C V be open in the finest locally convex topology then we want
to show that u is open in the finite topology. Let W C V be finite dimensional
subspace. We show that W N u is open in W in ET. Now W inherits the finite
locally convex topology and W N u is open in the inherited f.l.c. topology by
definition of relative topology. But the induced f.l.c. topology on W makes it into
a Hausdorft topological vectorspace by theorem 3.2 and therefore is the ET by
theorem 3.1. So W N u is open in W for the ET.

Conversely, let u be an open set in the finite topology on V. it must be open in
the finest locally convex topology because finite topology on a countable dimen-
sional vector space is a locally convex topolgy. Therefore u is open in the finest
locally convex topology. O
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Remark 3.4. Let V be a real vector space of arbitrary dimension and define a
topology on V as follows: u C V is open iff u N W is open for every finite di-
mensional subspace W of V. Then V need not to be a topological vector space as
addition as a binary map is not necessarily continuous. Furthermore the topology
need not be locally convex.
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1. THE FINEST LOCALLY CONVEX TOPOLOGY ON A VECTOR SPACE
(continued)

Let E be a vectorspace. There is a finest topology making E into a locally convex
topological vector space. This topology is Hausdorff. It is called the finest locally
convex topology.

Let E be a topological vector space.

Remark 1.1. Since translation foru € E, T, : X — X + u is a homomorphism
of E. If B is a base for neighbourhoods of zero then u + B is a base for all
neighbourhoods of u. Therefore the whle topological structure of E determined
by all neighbourhoods of the origin.

Definition 1.2. A function p : E — [0, ) is called a seminorm if it has the
following properties:

1. Homogeneity: p(1X) = |[A|p(X),A e R; X € E

2. Subadditivity: p(X +Y) < p(X) + p(Y)VX,Y € E.
If p~'({0}) = {0}, then p norm.
Strategy for proof of the theorem

e Fact 2. A family of seminorms induces a local convex topology on E mak-
ing it into a topological vector space.

e Fact 1. Conversely (1.4+1.6) the topology of an arbitrary local convex topo-
logical vector space is always induced by a family of seminorms.

1
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e Fact 3. Take all seminorms. It induces a local convex topology making into
a topological vector space by Fact 2. It is the finest by Fact 1.

Definition 1.3. Let A C E. Then A

1. is absorbing if VX € E there exists M > 0 such that X € 1AVA € R;|4| >
M.

2. is balanced if 1A C A forall 4 € R with |[4] < 1.
3. is absolutely convex if it is convex and balanced.

Filter of neighbourhoods of zero just means the collection of all neighbourhoods
of zero.

Proposition 1.4. Let E be a topological vector space and U = { all neighbour-
hoods of zero}. Then

1. u € U is absorbing.
2. for every u € U there exists u’ € U withu +u’ C U.

3. forevery u € U;
b(u) := N> 11u 1s a balanced neighbourbood of zero contained in u.

It follows that every topological vector space has a base of balanced neighbour-
hoods of zero.
Proof. For every X € E, the map:

R—E
A AX

is continuous at 4 = 0. This implies (1).
Similarly the continuity at (0, 0) of the map

EXE — E
X,Y) > X+7Y
implies (2).
By continuity of
RXE —E

(A4, X) > AX
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So given u € U there exists € > 0 and v € U suc that Av C u for |4] < €. There-
fore ev C b(u) C u. So u contains a balanced set b(«) which is a neighbourhood
of zero because €v is a neighbourhood of zero; X +— €X being a homomorphism
of E. m|

Proposition 1.5. Let E be a locally convex topological vector space then the filter
collection of neighbourhoods of zero has a base 8 with the following properties:

1. Every u € 8 is absorbing and absolutely convex.
2. fueBand 0 # A € Rthen Au € B.

Proof. 1f u is a neighbourhood of zero then b(u) is absolutely convex (by propo-
sition 1.2). So if By is a base of convex neighbourhoods of zero then the family
B := {Ab(u)|lu € By; A # 0} is a base satisfying (1) and (2). O

Converse of the above proposition: Let E have a base for a filter on E with prop-
erties (1) and (2) there is a unige topology on E such that E is a locally convex
topological vector space with B as a base of neighbourhoods of zero.

1.1. CONNECTION TO SEMINORMS

Remark 1.6. If p is a seminorm and @ > 0 then the set {X € E|p(X < a)}is
convex and absorbing.

Proof. Exercise |

Let E be a vector space. Associating a seminorm candidate to a subset of E:
For A # ¢, A C E sefine a mapping:

pa: E — [0c0]
pa(X) :=inf{d > 0|X € 1A}

(where pa(X) = oo if the set ps(X) is empty).
When p, is seminorm?

Lemma 1.7. If A # $, A C E is
1. absorbing; then p,(X) < oo forall X € E.
2. convex, then p, is subadditive.

3. balanced then p, is homogeneous and {X € E|ps(X) < 1} C A C {A €
Elpa(X) < 1}

If A satisfies (1)-(3) then p, is called the seminorm determined by A.
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Proposition 1.8. Let E be a vector space and (P;);c; a family of seminorms. There
exists a coarsest topology on E with the properties that E is a topological vector
space and each P; is continuous under this topology E is locally convex and the
familie of sets {X € E|p;, <e€,...,p;, <e€}forall{i,...,i,} € landn € N,e >
0, € € R is a base for the (filter of) neighbourhoods of zero.

Proof. Later |

Proposition 1.9. The topology of an arbitrary locally convex tpological vector
space E is always induced by a family of seminorms.

Proof. By proposition 1.4 let 8 be the base for neighbourhoods of zero with prop-
erties ((1) absorbing and absolutely convex and (i) u € B,1 # 0 = Au € B).
Now consider the family {p,lu € B}. By lemma 1.6 this is a family of semi-
norms (Moreover since u is open we actually have u = {X € E|p,(X) < 1}). Verify
that the topology induced by this family of seminorms (as described in Fact 1)
Coincides with the given topology E. O
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1. TOPOLOGICAL R-VECTOR SPACE

1.1. Fix E R -vector space (no assumptions in the dimension)
Notation: 0 € E, 0 € R (to distinguish them).
Let 7 be a topology on E making it a topological R-vector space, i.e. the maps

EXE—E
(x,y) —» x+y, and

RXE—-FE

(1, x) > Ax are continuous,

where R has Euclidean topology 7,
E X E has the product topology 7 X 7, and
R X E has the product topology 75 X 7.
Recall that {A; X A, | A| € 71, A, € 15} is a base for the product topology 7 X 75.
Let U, = {U € t| 0 € U} = {T — neighbourhood of 0}.
Since Yx € E the map
E—->Ea—a+x

is a T-homeomorphism,
YaeE,a+U, ={a+U|UeU,}={r— neighbourhood of a € E}.
Namely U, determines all the topology .

We want to prove the following theorem:

Theorem 1.2. There is a finest locally convex topology 7., on E. Moreover T,
is Hausdorff.
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Definition 1.3. Let (p, <) be a partial order.
1. F C Pis afilter if
o Vx,ye F,ze€ Fsuchthatz<xandz <y;
e Vx,e F,VYyeP.x<y=yeF

2. Let F C Pis afilter. Then B C F is a base for the filterif Vxe€ F 1y e B
such that y < x.

Example 1.4. Let (X, 7) be a topological space and x € X. Then
F,={A € 7| x € A} = {T — neighbourhoods of x € X}

is a filter of the partial order (7, C):
e A,AeF,=A NAyeF,andA NA, CA,A|NA, CA,.
e ForAe F,UettACU>=>UEF,.
In particular U, = {T — neighbourhoods of 0} is a filter of (r, ©)
Let B C U, be a base of the filter U, (in sense of the above definition).

Definition 1.5. A topological space (X, 7) is said to be locally convex if Vx € X
and VY U, € 7 containing x, 3 V € 7 convex such that x € V C U,.

Remark 1.6. Let (E, 1) be a topological R-vector space. In order to prove that
(E, 1) is locally convex, it is enough to prove that the filter U, of T-neighbourhoods
of 0 has a base B (in the sense of base of a filter) made of convex set:

Let B be a base for the filter U, such that each U € B is convex. Let x € X,
U, € 7 containing x. Then (see page 1) U, = x + U forsome U € U,. LetC € B
such that C C U (d such C because 8 is a base), then x + C c U, is convex and
contains x.

1.7. Fact 1: U € U, = U is absorbing (i.e. Yx € E,du > Osuch that [4| > u =
x € AU).

Proof. Fix U € U, and x € E. The map
iR E A Ax
is continuous everywhere, in particular in 0 € R.
So f71(U) C R is open and contains 0 € R.
So 4 € > 0 such that f.(—€,e) € U, (we can assume € < 1). In other words,
c<e=cxe U xec'U. So we can take for instance u = €' + 1 O
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18. Fact2: Ue U, =>AVeU, suchthat V+V CU.

Proof. The map
+:EXE—->E;(x,y)> x+Yy

is continuous in (0,0). So +~!(U) is open in E x E. So there are V;, V, € U, such
that Vi + V, C U and we cantake V = V; N V,. ]

1.9. Fact 3: Let U € U,. Set b(U) := ﬂ,uU. Then b(U) C U,b(U) € U,, and

(73

b(U) is balanced (i.e. Ab(U) Cb(U)V 1 € R,|1 < 1).

Proof. The map
RXE — E,(4,x) > Ax

is continuous at (0,0). So 3e > 0,3V e U, suchthat AV C UV A1eR, |1 <e.
Claim: €V C b(U).
Let |u| > 1, we want €V € uU. We can take A := % <eand AV C U = €V C

u
nU. O

Proposition 1.10. If (E, 7) is locally convex then 9 8 C U, base for the filter U,
with the following properties:

1. Every U € B is absorbing and absolutely convex (i.e. convex and balanced).
2. If U e Band 1 # 0, then AU € B.

Conversely, given a base 8 for a filter on E with above properties (1.) and (2.)
above, there is a unique topology on E such that E is a (locally convex) topological
vector space with B as a base for the filter of neighbourhoods of 0 € E.

Proof. U convex neighborhood of 0 € E = b(U) is absolutely convex. If By is a
base of convex neighbourhoods, then

B :={Ab(U) | U € By, A # 0}

has properties (1.) and (2.) above.

Conversely, Let 8B be a base for a filter F on E satisfying properties (1.) and
(2). ThenU e F=0€eU.
The only topology which makes E a topological R-vector space and such that
F =U,, has a + F as afilter of a € E (see again page 1).
Setting G C EopenifVa e GAU € Bsuchthata+ U € G, we define a topology
such that a + F is the filter of neighbourhoods of a and E is a topological R-vector
space. m]
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Definition 1.11. p : E — [0, oo[ is a seminorm if

1. p(Ax) = |Ap(x),Vx € E,NA€R;

2. p(x+y) < p(x)+p(y),Vx,y € E
If p~'({0}) = {0} then p is a norm.
Proposition 1.12. Let (p;);c; be a family of seminorms on E. Then 7 a coarsest

topology 7¢ on E such that

(a) E is a topological R-vector space.
(b) p; is Tc-continuous Y i € 1.
(E,71¢) is locally convex and the family of sets of the form
(xeE|p,(x)<e....pi,(x)<é€}il,...,i,€l,neN,e>0
is a base for U-,. (the Tc-neighbourhood of 0).

Proof. Let B be the above family of sets. Then 8 is a base for a filter on E having
properties (1.) and (2.) of Proposition 1.10 and the unique topology asserted
in Proposition 1.10 is the coarsest topology on E making E a topological vector
space in which each p; is continuous. O

The topology given by Proposition 1.12 is said to be the topology induced by
the family (p;);c; of seminorms.

Lemma 1.13. Let 7 be the topology induced by the family of seminorms (p;);c;
on E. Suppose that Vx € E \ {0}, 3i € I such that p;(x) # 0. Then 7¢ is Hausdorff.

Proof. Let x,y € E,x # y. Then di € I,d € > 0 such that p;(x —y) = 2¢€. So
Uy:={ueE|p(x—u)<eland U, := {u € E | pi(y — u) < €} are open disjoint
neighbourhoods of x and y respectively. O

1.14. Proof of Theorem 1.2:
If we take the topology induced by the family of all seminorms on E, then we
obtain the finest locally convex topology on E such that E is a topological R-
vector space. We denote it by 7,,,,. We want to see that 7,,,, is Hausdorff.
We need to verify the hypothesis of above lemma, for the family of all seminorms
on E. Let x € E \ {0}. Complete {x} to a base B of E as a R-vector space. Define
a linear functional

x:E—-R

x—1
y— 0,Vye B\ {x}.
Then p := |y| is a semi norm on E and p(x) # O. O
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1. Topological R—vector space (continued) 1

1. TOPOLOGICAL R—VECTOR SPACE (continued)

Theorem 1.1. There is unique Hausdorff topology 7 on a finite dimensional R-
vector space making it a topological R-vector space.

Remark 1.2. Lets see why the discrete topology 7p is not good. Let V be an
R-vector space. When we ask that the map

CRXV oV,

A4,v)— A 1S continuous,
we assume that R is endowed with euclidean topology 7z and R X V with the
product topology.

So, for instance, {0} € Tp = PV),
and -'({0}) = (R x {0}) U ({0} x V, which is not open in the product topology
T X Tp.

Remark 1.3. If we do not assume Hausdorffness, there are other topologies as
7; = {¢, V} (the indiscrete topology).

1.4. Let V be an R-vector space, dim(V) = n € N.

Claim: We may assume V = R”

Proof of claim: Let 8 = {vy,...,v,} be a base of V (as a R-vector space).
Letdg:V > R”

Zaivi = (ay,....a,)

i=1
@4 is an isomorphism of R-vector space.
We define:
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A Cc Vopen & ®g(A) € 1 (the Euclidean topology on R”).
This defines a topology 7 on V that does not depend on 8 and such that (v, 7) is
homeomorphic to (R”, 7).
Since (R”, 7f) is a topological R-vector space, also (V, 1) is a topological R-vector
space, and so Theorem 1.1 is equivalent to:

Theorem 1.5. The Euclidean topology 7z on R" is the unique Hausdorff topology
on R” such that the following maps are continuous:
R xR" - R"*; (4, x) — Ax, and

R*"XR" = R" (x,y) = x+y.

Proposition 1.6. Let (P, <) be a partial order. Let F, F; be a filter of P, and
B, C Fy, B, C F, base. Suppose that

()VxeB dyeB,st.y<ax.
(i)YxeB,dye Bys.t.y<x.
Then we conclude that F; = F».

Proof. “F| C F,”: Letz € F,. B, basefor F, = dxe€ Byst. x <z

(ii))= dyeByst.y<x<z

F, filter, By C F, = z € F}.

“F, C F\” is symmetric using (i) instead of (ii). |

1.7. Proof of Theorem 1.5:
Let 7 be a topology on R” s.t. 7 is Hausdorff and (R”, 7) is a topological R-vector

space.
We want to show that: 7 = 7 : o (%)
Since the topology is determined from what happens around 0 € R”, so

e U =U,.

Consider F, ={X cR"|0 € U c X, for some U € 7}. Then F. is a filter.

We will show that F, = F,, , by applying Proposition 1.6, where (P,<) =
(PR",C ), Fy = F;,F, = F.,, and B, and B, two bases for F| and F, with
properties (i) and (ii). We will find next a good base for F.

Definition 1.8. Let (E, 1) be a topological R-vector space. X C E is said to be
circledifa eR,|la| <1,xe X = axe X.

Proposition 1.9. Any topological R-vector space (E,7) has a base of circled
neighbourhoods of 0 € E.
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Proof. B; ={Ujy<1 @V |V € U} is a base for F;.

(We will actually show that B, is a base for U, since it is equivalent)

Fix V € U.. By continuity in (0,0) of the product de >0, AW e U, s.t.
[A]<eandxe W= Axe V.

SetU :=eW. ThenaV cUVY a,|a| < 1.

So, U|a|§1a/V cUvU. O

1.10. Topological fact: Let (X, 7) be a topological space, K € X. Then
xe K & VYV, 7—open containing x, V., N K # ¢.

Proof. “=" Suppose, for a contradiction V, 7— open containing x, with V,N K =
¢. Then x ¢ K, and A = (X \ E) U V. is open, so A N K = ¢ in contradiction
with the fact that X \ K is the biggest open set disjoint from K (because K is the
smallest closed set containing K).

“&” Suppose x ¢ K, so x € X \ K which is open. Then 3 V, open containing x
s.t. V, ¢ V\ K, contradiction. O

Lemma 1.11. Let (X, 7) be a Hausdorft topological space. If K C X is T-compact,
then K is 7-closed.

Proof. Let x € K. We want x € K. Suppose on contrary x ¢ K.

x € K & VY V, 7— open containing x, V, N K # ¢.

X Hausdorff > Vae K: dr—openV, > a,V; > xsuchthat V,N V) = ¢.
{V.|a € K} is an open covering of K.

K compact — 1 finite subcovering {V,,,...,V, }. Set V. :=V; n...NV_.
Then V, is T—open (since finite intersection of open sets is open) containing x and
V. N K = ¢, a contradiction

(otherwise if e € V,N K, then di=1,...,nst.e€V,NV) = ¢). O

1.12. Proof of Theorem 1.5 continued:
To prove: 7 = 7¢

“r C 1”7 Let U_ be circled T—neighbourhood of 6, and let V be a circled 7—
neighbourhood of 0s.t. V+ ...+ V CU.
—— ——

n— times

V absorbing (see Fact 1 of last lecture) = Ak >0s.t. ke;e VVi=1,...,n.

= kZa,-e,» € UifZ la? < 1.
i=1 i
Therefore B, := {x € R" | ||x||, < k} C U.

“teCt”:LetB={xeR"|||Ixll, < 1}and S :={x e R"|||x]l, = 1}.
S tg—compact, T C g = § is T—compact.
By Lemma 1.11, S is 7— closed.
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0¢S = 3 acircled T—neighbourhood V of 0s.t. VN S = ¢.
We want V C B. Supposenot: Axe Vs.t. |x[, =1 (e x¢ B),

X .
then W e VNS = ¢, acontradiction.
Xll2

Thus B is a 7— neighbourhood of 0. Multipying by scalars we have a 7— neigh-
bourhood base at 0, so 7z C 7.

Remark 1.13. The hypothesis that dimV = n € N cannot be avoided. Consider
for instance V = R™:

We saw that g, is a topology on R making it a topological R—vector space. Ty,
is Hausdorff.

It is not the only use !

Consider for instance the product topology 7 on RY. 7 is Hausdorff and makes R"
a topological R— vectore space.

T C Tgn, but T # 74,. For instance: (0, 1) € 74, \ 7.
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