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1. General setting:
it

A : a commutative unital R- algebra
✗(A) : the character space of A , i. e

the set of all real valued
IR - algebra homomorphisms on A .

• we shall always assume that ✗ (A) is nonempty .
2 : for a c- A

,

the Gelfand transform
Ta : ✗ (A) → R is defined by
a (a) : = ✗ (a) it 2 C- ✗ (A) .

• Topology on ✗ (A) : is the weakest topology
c-
✗(A) for which ^a is continuous

, for all a-A
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Example .( Finitedinimsimal.se/ting).A----R-Lxii..iXn]
,

✗ (A) = R?

topology .

Question
.
Let Abe a commutative unital

"""""""112 - algebra , such that ✗ (A) ≠ ∅ .

Given a linear functional
L : A → 112 ( with V11 = 1) , does there
exist a Radon measurer on ✗ (A) with

*) L(a) = / Ñ (2) dry Hat A

✗ (A)
such that the support of ✓ is compact ?



2.MamTheoʳm__• Let L : A→ R be linear with

411=1 and LCAY ≤ Io , x ) . Then 3- ! representing
Freedom amarante VL for LD (i. e ⊕ holds) with

compact support if and only if

new

< • it a c- A.(* * , sup

Moreover , in this case

support (7) =
2M

{ ✗ c- ✗ (A) : 12cal / ≤ sup tf
,

ta EA}.
ME IN
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12-1%1 :(* *) implies Carloman 's condition :

* * * I £ (É)
- '

= o .

_-
Now the proof of our main theorem
follows from a recent general version
of the classical Nussbaum theorem

given in :
" Projective limit techniques for the infinite
dimensional moment problem ?
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3. Characterization nai submultiplicative
seminnmsm A and archimedean quadratic
modules in A :
• Q c- A is a quadratic module if 1 C- Q ,
Q + Q ≤ A

,
M Q ≤ Q . Q is archimedean

if it at A 7 N EIN Mich that N ± a c- Q .

•
A function p : A

→
[0 , x ) is a

seminorm on A if P (✗ a) = 17 /Pca) it HEIR
and pea +b) ≤ Pca) + Pcb) it a , b EA .

If in addition pcab) ≤ pcalpcb) Ha
,
BEA

,

then p is submultiplicative seminorm .

• a linear functional L : A→ IR is p- continuous
iff 3- C> 0 such that Illa) I ≤ Cp(a) VAEA .

•
The Gelfand spectrum of p is
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'¥nmk2__-_ Itp is a submultiplicative seminorm
*then sp (f) = { ✗ c- ✗ (A) : Id call ≤play fat A}is compact .

Gf SPCP) ≤ IT [- pea) , peas ] TBH •
at A

mawicorollary.M-IA-H-hd-LCAYZ-oandl.CM
= 1

.
TFAE :

7 ! representing Radon measure vi. fun L with compact
support .

⇔ sap Ñaf < • it ae A
MEIN

Ciii) L is p - continuous for some submultiplicative
semi norm p on A.

Civ ) LL I ≥ 0 for some archimedean quadratic
⇔wk?a



In this case : • the submultiplicative seminar 'm
defined by

p, (a)
⇒ sapÑar fat A

MEIN

is the smallest w - r - t which L is continuous
.

• the Archimedean quadratic module
generated by

' ^

O U

{ Prca) ± a : a c- A } ≤ A
is the largest such that LCQ ) ≥ 0 .

• Moreover

supp (1) = sp (PL) . Ba

#
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