REAL ALGEBRAIC GEOMETRY LECTURE NOTES
(03: 20/04/15)

SALMA KUHLMANN

CONTENTS

Hahn Sandwich Proposition
Immediate extensions

Valuation independence
Maximal valuation independence

N =
>~ W~ =

1. HAHN SANDWICH PROPOSITION

Lemma 1.1.
(1) Wyer B(y) € Hyer B().

(i)

I

s(L] BM)

vel

[T,{B(y) : v €T}]

I

S(Hyer B(7))-
We shall show that if Z = @Q is a field and (V,v) is a valued @Q-vector
space with skeleton S(V) = [I',{B(y) : v € '], then

| | BV, tmin | = (Viv) < (Hyer B(Y), vmin)-
yel’

2. IMMEDIATE EXTENSIONS

Definition 2.1. Let (V;,v;) be valued Q-vector spaces (i = 1,2).

(1) Let Vi C Vi be a Q-subspace with v1(V1) C wvy(V2). We say that
(Va,v2) is an extension of (Vi,v1), and we write

(Vi,v1) C (Va,v9),

if vg) = U1
1
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(2) If (Vi,v1) C (Va,v2) and 7 € v1(V4), the map

Bi(v) — Ba(v)
2+ Vi)y = 2+ (Va)y
is a natural identification of Bi(7) as a Q-subspace of Ba(y). The
extension (Vi,v1) C (Vo,v2) is immediate if T' := vy (V1) = va(V2)
and Vv € v1(V7)
Bi(7) = Ba(v)-
Equivalently, (Vi,v1) C (Va,v2) is immediate if S(V1) = S(Va).

Lemma 2.2. (Characterization of immediate extensions)
The extension (Vi,v1) C (Va,va) is immediate if and only if

VeeVy, x#0, Jy € Vi such that ve(z —y) > vo(x).
Proof. We show that in a valued Q-vector space (V,v), for every z,y € V
vz —y) >v(z) = (l) 7 =v(z)=v(y) an
(it) w(v,z)=n(y,y)
(<) Suppose (i) and (it). So z,y € VY and x —y € V.
Then v(z —y) > v = v(z).

(=) Suppose v(x —y) > v(x). We show (i) and (ii).

Assume for a contradiction that v(z) # v(y). Then v(z — y) =
min{v(x),v(y)}. Soif v(z) > v(y), then v(y) = v(z —y) > v(x) and
if v(y) > v(z), then v(z) = v(z — y) > v(x). Both is obviously a

contradiction. Thus, v(z) = v(y). (i7) is analogue.
(]

Example 2.3. (I_lfyel"B(fY)a Umin) - (H'yEF B(’Y), Umin)

is an immediate extension.

Proof. Given x € Hyer B(7),  # 0, set
~o := min support(x) and z(y0) == bo € B(70)-

Let y € [ |,ep B(7) such that

_JO0 ity #F %
y(y) = .
bo if vy =1.

Namely y = box~,, where

XWO:F—)Q
() = 1 ify=m
o0 iy # 0.

Then vmin(z — y) > Y0 = vmin(x) (because (z — y)(v0) = () — y(0) =
by — by = 0).
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3. VALUATION INDEPENDENCE

Definition 3.1. B={z;:i € I} CV \ {0} is @Q-valuation independent
if for g; € @Q with ¢; = 0 for all but finitely many ¢ € I, we have

v (Z qixz) = ierfl};géo{v(xi)}.

i€l
Remark 3.2.

(1) Q-linear independence # Q-valuation independence.
Consider (| ], Q, vmin) and the elements z1 = (1,1), z2 = (1,0).

(2) B € V\{0} is Q-valuation independent = B is Q-linear indepen-
dent.
Else 3 ¢; # 0 with > ¢;z; = 0 and min{v(z;)} = v} qizi) = oo,
a contradiction.

Proposition 3.3. (Characterization of valuation independence)

Let B C V \ {0}. Then B is Q-valuation independent if and only if
Vn eN and Vby,...,b, € B pairwise distinct with v(by) = --- = v(b,) = 7,
the coefficients

(7, b1), -, (7, bp) € B(v)
are Q-linear independent in the Q-vector space B(7y).

Proof.

(=) Let by,...,b, € B with v(b;) = --- = v(b,) = v and suppose for a
contradiction that

7T(’y, bl)v ce 77]—(7a bn) € B(ﬁ)')

are not QQ-linear independent. So there are q¢1,...,q, € () non-zero
such that m(y,> gib;) = 0, so v(>_ ¢b;) > ~. This contradicts the
valuation independence.

(<) We show that
v (Z qibi) = min{v(b;)} = .

Since 7(7,b1),...,m(7,b,) are Q-linear independent in B(7),

7 (7. Y aibi) #0.

te. v(d qibi) <.
On the other hand v(}_ ¢;b;) = 7, so v(>_ qib;) = v = min{v(b;)}.

O
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4. MAXIMAL VALUATION INDEPENDENCE

By Zorn’s lemma, maximal valuation independent sets exist:

Corollary 4.1. (Characterization of mazimal valuation independent sets)
B CV \ {0} is mazimal valuation independent if and only if Vv € v(V)

By :={m(v,b) : b e B,v(b) =~}

is a Q-vector space basis of B(7).

Corollary 4.2. Let BC V \ {0} be valuation independent in (V,v). Then
B is mazximal valuation independent if and only if the extension

(B) = (Vo,v,) € (Viv)

1s an immediate extension.

Proof.
(=)

Assume B C V is maximal valuation independent. We show V, C V
is immediate.

If not dx € V, x # 0, such that
VyeVy: vz —y) <ov(z).

We will show that in this case BU{x} is valuation independent (which
will contradict our maximality assumption). Consider v(yo + qz),
g€ Q, q#0, yg € V. Set y := —yp/q. We claim that

v(yo + qx) = v(z —y) = min{v(z), v(y)} = min{o(z), v(yo)}-
This follows immediately from
Fact: v(z —y) < v(zr) <= v(zx —y)=min{v(z),v(y)}.
Proof of the fact. The implication (<) is trivial. To see (=), assume
that v(x — y) > min{v(z),v(y)}.
If min{v(x),v(y)} = v(z), then we have the contradiction

o(@) 2 v(x — y) > minfo(x), v(y)} = v(@).

If min{v(z), v(y)} = v(y) < v(z), then v(y) = v(z—y) > v(y), again
a contradiction.

Now assume that (Vo,vy;,) C (V,v) is immediate. We show that B
is maximal valuation independent.

If not, BU {z} is valuation independent for some x € V\{0} with
x ¢ B. So Yy € Vo we get v(z —y) < v(z) by the fact above. This
contradicts that (Vo,vy,) C (V,v) is immediate.
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