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1. Sturm’s Theorem 1

Let R be a real closed field.

1. STUrRM’S THEOREM

Definition 1.1.

(1) Let f € R[x] be a non-constant polynomial, deg(f) > 1. The Sturm
sequence of f is defined recursively as the sequence (fo,..., fr) of
polynomials in R[x] such that:

fo:=1F, fi=f and
fo=fiqn — fo
J1= feq2 — f3

fic1 = figi — fira

fr—? = fr—lQT—l - fr
fr—1 = frar,

where f;,q; € R[x], fi # 0 and deg(f;) < deg(fi—1) 7, fi, ¢; uniquely
determined.

(73) Let z € R. Set

Vf(x) = Var(fo(z), ..., fr(2)).

We recall that after we have removed all zero’s by the sequence
(c1,...,¢cn), we defined Var(cy,...,c,) as the number of changes of
sign in (c1,...,¢p), i.e.

Var(cy,...,cn) = [{i € {1,...,n — 1} : ¢iciz1 < O}].
Theorem 1.2. (Sturm 1829). Let a,b € R, a <b, f(a)f(b) #0. Then

Hera<e<b, f(c)=0} = Vi(a) = Vi(b).
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Proof. For the proof we study the function Vy(z), € R, locally constant

except around finitely many roots for fy, ..

fic1=aqifi —

(1) Suppose ged(fo, f1) = 1.

(2) Hilfslemma (UA) Let ¢ € R be a root of fo. Then 36 such that

(3) Vie{l,...,r —1}: ged(fi—1, fi) =1 and

fi—‘rlv

So if fi(c) =0 then

fi—1(c) fir1(c) <O.

(4) Let fi(¢) = 0 for some i € {0,...,7 — 1}. Then fi11(c) # 0 (so
sign(fi+1(c)) = +£1).

We shall now compare for f;(c) =0,

sign(/fi(z))

for |z — ¢| < 6 and count.

We first examine the case i = 0.

L

with fH—l 75 0.

sign(fir1(x))

-1 ifzx<ec
|lx —c| < = sign(fo(z)fi(x)) =sign(z—c)=¢ 0 ifz=c
1 ifx>ec

Observe that sign(fi(z)) # 0 Va such that |z — ¢| < § because of
Hilfslemma. So in particular sign(fi(z)) is constant for |z — ¢| < §
and it is equal to sign(fi(c):

T —c_ r=c T —cy
fo(z) —sign(f1(c)) 0 sign(/f1(c))
fi(x) sign(f1(c)) | sign(fi(c)) | sign(fi(c))

contribution to Vy(x) 1 0
Now consider i € {1,...,r — 1} and use (3), i.e.

fi(d) =0 = fi_1(d)fiz1(d) <0

T —d_ r=d r —dt
fi—1() —sign(fit1(d)) | —sign(fi+1(d)) | —sign(fi+1(d))
fi(z) 0
fir1(x) sign(fir1(d)) | sign(fit1(d)) | sign(fir1(d))
contribution to Vy(x) 1 1 1

Therefore for a < b, Vy(a)—V}(b) is the number of roots of f in |a, b].
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Let us consider now the general case. Set
gz:fz/fr ’iIO,...,T.

The sequence of polynomials (go, - . ., g») satisfies the previous con-
ditions (1) — (4). We can conclude by noticing that:

(i) Var(go(x),...,g-(x)) = Var(fo(x),..., fr(z)) (because f;(x) =
fr(2)gi(2)),

(i1) f = fo and go = f/f, have the same zeros (f, = ged(f, f'),
so g = f/fr has only simple roots, whereas f has roots with
multiplicities.)

g

For i =0,...,r set d; := deg(f;) and ¢; := the leading coefficient of f;.
Set

Vi(—00) ::Var((—l)dogoo, (—1)d1g01, e (—1)drnpr)
Vi(+00) := Var(po, 01, .., ¢r).

Then we have:

Corollary 1.3. The number of distinct roots of f is Vi(—00) — V§(400).



