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Convention: When a new de�nition is given, the German name appears
between brackets.

1. Orderings

De�nition 1.1. (partielle Anordnung) Let Γ be a non-empty set and let ⩽
be a relation on Γ such that:

(i) γ ⩽ γ ∀ γ ∈ Γ,

(ii) γ1 ⩽ γ2, γ2 ⩽ γ1 ⇒ γ1 = γ2 ∀ γ1, γ2 ∈ Γ,

(iii) γ1 ⩽ γ2, γ2 ⩽ γ3 ⇒ γ1 ⩽ γ3 ∀ γ1, γ2, γ3 ∈ Γ.

Then ⩽ is a partial order on Γ and (Γ,⩽) is said to be a partially ordered
set.

Example 1.2. Let X be a non-empty set. For every A,B ⊆ X, the relation

A ⩽ B ⇐⇒ A ⊆ B,

is a partial order on the power set P(X) = {A : A ⊆ X}.

De�nition 1.3. (totale Anordung) A partial order ⩽ on a set Γ is said to
be total if

∀ γ1, γ2 ∈ Γ γ1 ⩽ γ2 or γ2 ⩽ γ1.

Notation 1.4. If (Γ,⩽) is a partially ordered set and γ1, γ2 ∈ Γ, then we
write:

γ1 < γ2 ⇔ γ1 ⩽ γ2 and γ1 ̸= γ2,
γ1 ⩾ γ2 ⇔ γ2 ⩽ γ1,
γ1 > γ2 ⇔ γ2 ⩽ γ1 and γ1 ̸= γ2.
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Examples 1.5. Let Γ = R× R = {(a, b) : a, b ∈ R}.

(1) For every (a1, b1), (a2, b2) ∈ R× R we can de�ne

(a1, b1) ⩽ (a2, b2) ⇐⇒ a1 ⩽ a2 and b1 ⩽ b2.

Then (R× R,⩽) is a partially ordered set.

(2) For every (a1, b1), (a2, b2) ∈ R× R we can de�ne

(a1, b1) ⩽l (a2, b2) ⇐⇒ [ a1 < a2] or [ a1 = a2 and b1 ⩽ b2].

Then (R × R,⩽l) is a totally ordered set. (Remark: the "l" stands
for "lexicographic").

2. Ordered fields

De�nition 2.1. (angeordneter Körper) Let K be a �eld. Let ⩽ be a total
order on K such that:

(i) x ⩽ y ⇒ x+ z ⩽ y + z ∀x, y, z ∈ K,

(ii) 0 ⩽ x, 0 ⩽ y ⇒ 0 ⩽ xy ∀x, y ∈ K.

Then the pair (K,⩽) is said to be an ordered �eld.

Examples 2.2. The �eld of the rational numbers (Q,⩽) and the �eld of the
real numbers (R,⩽) are ordered �elds, where ⩽ denotes the usual order.

De�nition 2.3. (formal reell Körper) A �eld K is said to be (formally)
real if there is an order ⩽ on K such that (K,⩽) is an ordered �eld.

Proposition 2.4. Let (K,⩽) be an ordered �eld. The following hold:

• a ⩽ b ⇔ 0 ⩽ b− a ∀ a, b ∈ K

• 0 ⩽ a2 ∀ a ∈ K

• a ⩽ b, 0 ⩽ c ⇒ ac ⩽ bc ∀ a, b, c ∈ K

• 0 < a ⩽ b ⇒ 0 < 1/b ⩽ 1/a ∀ a, b ∈ K

• 0 < n ∀n ∈ N

Remark 2.5. If K is a real �eld then char(K) = 0 and K contains a copy
of Q.
Notation 2.6. Let (K,⩽) be an ordered �eld and let a ∈ K.

sign(a) :=


1 if a > 0,

0 if a = 0,

−1 if a < 0.
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|a| := sign(a)a.

Fact 2.7. Let (K,⩽) be an ordered �eld and let a, b ∈ K. Then

(i) sign(ab) = sign(a) sign(b),

(ii) | ab | = | a || b |,

(iii) | a+ b | ⩽ | a |+ | b |.

3. Archimedean fields

De�nition 3.1. (archimedischer Körper) Let (K,⩽) be an ordered �eld.
We say that K is Archimedean if

∀ a ∈ K ∃n ∈ N such that a < n.

De�nition 3.2. Let (Γ ⩽) be an ordered set and let ∆ ⊆ Γ. Then

• ∆ is co�nal (ko�nal) in Γ if

∀ γ ∈ Γ ∃ δ ∈ ∆ such that γ ⩽ δ.

• ∆ is coinitial (koinitial) in Γ if

∀ γ ∈ Γ ∃ δ ∈ ∆ such that δ ⩽ γ.

• ∆ is coterminal (koterminal) in Γ if ∆ is co�nal and coinitial in Γ.

Example 3.3. Let (K ⩽) be an Archimedean �eld. Then N is co�nal in K,
−N is coinitial in K and Z = −N ∪ N is coterminal in K.

Remark 3.4.

- If (K,⩽) is an Archimedean �eld and Q ⊆ K is a sub�eld, then
(Q,⩽) is an Archimedean �eld.

- (R,⩽) is an Archimedean �eld and therefore also (Q,⩽) is.

Remark 3.5. Let (K,⩽) be an ordered �eld. Then K is Archimedean if
and only if ∀ a, b ∈ K∗ ∃n ∈ N such that

|a| ⩽ n| b | and | b | ⩽ n|a|.

Example 3.6. Let R[x] be the ring of the polynomials with coe�cients in
R. We denote by ff(R[x]) the �eld of the rational functions of R[x], i.e.

ff(R[x]) = R(x) :=
{
f(x)

g(x)
: f(x), g(x) ∈ R[x] and g(x) ̸= 0

}
.
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Let f(x) = anx
n+an−1x

n−1+· · ·+a1x+a0 ∈ R[x] and let k ∈ N the smallest
index such that ak ̸= 0 (and therefore actually f(x) = anx

n + · · · + akx
k).

We de�ne
f(x) > 0 ⇔ ak > 0

and then for every f(x), g(x) ∈ R[x] with g(x) ̸= 0 we de�ne

f(x)

g(x)
⩾ 0 ⇔ f(x)g(x) ⩾ 0.

This is a total order on K = ff(R[x]) which makes (K,⩽) an ordered �eld.
We claim that (K,⩽) contains

(i) an in�nite positive element, i.e.

∃A ∈ K such that A > n ∀n ∈ N,

(ii) an in�nitesimal positive element, i.e.

∃ a ∈ K such that 0 < a < 1/n ∀n ∈ N.

For instance the element x ∈ K is in�nitesimal and the element 1/x ∈ K is
in�nite. Therefore (K,⩽) is not Archimedean.


