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ABSTRACT. We establish a Fenchel-Moreau theorem for proper convex functions
f: X = L° where (X,Y,(,-)) is a dual pair of Banach spaces and L° is the space
of all extended real-valued functions on a o-finite measure space. We introduce the
concept of stable lower semi-continuity which is shown to be equivalent to the exis-
tence of a dual representation f(z) = sup,croy) {{(z,y) — f*(y)}, where L°(Y) is the
space of all strongly measurable functions with values in Y, and (-, -) is understood
pointwise almost everywhere. The proof is based on a conditional extension result
and conditional functional analysis.

Key words and phrases: Fenchel-Moreau theorem, vector duality, semi-continuous
extension, conditional functional analysis

1. INTRODUCTION

This article contributes to vector duality by providing a notion of lower semi-continuity
and proving its equivalence to a Fenchel-Moreau type dual representation. Let (Q, F, u)
be a o-finite measure space, (X,Y,(-,-)) a dual pair of Banach spaces and L° the col-
lection of all measurable functions z: @ — RU{zxo0}, where two of them are identified
if they agree almost everywhere. Consider on LY the order of almost everywhere dom-
inance. Let f: X — LY be a proper convex function. We prove that stable lower
semi-continuity (see below) is equivalent to the Fenchel-Moreau type dual representa-
tion

f@)= sw {{@y) - ) weX, (1.1)
yeLO(Y)
where L°(Y) is the space of all strongly measurable functions y: @ — Y modulo al-
most everywhere equality, f*(-) = sup,ex{(z,:) — f(x)} is the convex conjugate and
(z,y)(w) := (z,y(w)) almost everywhere.

The idea is to extend the algebraic and topological structure of f: X — L° to
a larger L%-module context in such a way that a conditional version of the Fenchel-
Moreau theorem can be applied. More precisely, we first extend the duality pairing (-, -)
to a conditional duality pairing on L°(X) x L%(Y). We consider on L°(X) the stable
weak topology os(L°(X), L%(Y)) which can be viewed as the conditional analogue of
the weak topology o(X,Y). For a discussion of topologies in conditional settings or
LP-modules, we refer to [3, 4, 5, 11]. We call a function f : X — L° os-lower semi-
continuous if its extension fs to step functions given by fs(>°, xxla,) = >4 f(zk)la,
is lower semi-continuous w.r.t. the relative o4(L°(X), L°(Y))-topology (notice that the
space LY(X) of step functions with values in X is a subset of L°(X)). We prove that
os-lower semi-continuity is sufficient to extend f: X — L to a stable proper L%-convex
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and o4(L%(X), L°(Y))-lower semi-continuous function F : L°(X) — L°. Building on
a conditional version of the Fenchel-Moreau theorem, we find the conditional dual
representation
F(z)= sup {{z,y) -~ F'(y)}, =€ LX), (1.2)
yeLO(Y)
for a conditional convex conjugate F*: L°(Y) — L°. Finally, by restricting (1.2) to X,
we derive at the representation (1.1).

In optimization Fenchel-Moreau duality is an important result for strong duality
and related regularity conditions, see [9] for vector optimization results based on the
Fenchel-Moreau duality in this work. Our Fenchel-Moreau theorem cannot be obtained
from scalarization techniques [2, 1], set-valued methods [6, 7, 17] or vector-space tech-
niques [20, 13]. The module approach in [16, 4] cannot be applied since a Banach space
is a priori not an L%-module. A similar approach to ours is taken in [15] with the tools
of Boolean-valued analysis [14], albeit in the context of norm topologies. For further
results in vector and conditional duality, we refer to [2, 10, 8, 18, 19].

The remainder of this article is organized as follows. In Section 2 we introduce the
setting and prove the main extension result. In Section 3 we derive a vector-valued
Fenchel-Moreau theorem.

2. EXTENSION OF STABLE LOWER SEMI-CONTINUOUS FUNCTIONS

2.1. Preliminaries. Let L, LS’r 4 and L? denote the spaces of all measurable functions
on a o-finite measure space (2, F, 1) with values in R, Ry and [—o0, +00], where two
of them are identified if they agree almost everywhere (a.e.). In particular, all equalities
and inequalities in L? are understood in the a.e. sense. Every nonempty subset C of L°
has a least upper bound sup C' := esssup C and a greatest lower bound inf C' := essinf C
in LY with respect to the a.e. order.

Throughout all functions on  are assumed to be (strongly) measurable and we
identify functions which agree a.e.. Given a set Z, we denote by L%(Z) the space of all
step functions Y, zpla, : Q — Z, where (2;) is a sequence in Z, (Ay) is a partition
of , and ), 2,14, denotes the function which is equal to zj for almost all w € Ay.
If Z is partially ordered we consider on L(Z) the partial order >, zxla, > >, uil5,
whenever zj > y; for all k,l with u(Ax N B;) > 0. Given a function f from Z to a set
Z, its extension to step functions fs: LY(Z) — L9(Z) is defined by

f(ZZk:lAk) = fz)1a,.
k k

A set H of functions on 2 is called stable (under countable concatenations) if it is
non-empty and >, hxla, € H for every sequence (hy) in H and every partition (Ay)
of Q. A stable family (h;)icr in H is a family (h;) in H indexed by a stable set I of
functions on €2 such that

Z hi,la, = th iklay,
k

for every sequence (i) in I and every partition (Ay) of Q. A stable net (hy) in H is a
stable family indexed by a stable set of functions with values in a directed set. If the
directed set is N the stable net (hy,) is a stable sequence in which case the index set
equals LY(N). A stable family (h,,) is a stable finite family if it is indexed by a stable
set of the form {m € LY(N) : 1 < m < n} for some n € LY(N). Let I and (H;), i € I,
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be stable sets of functions on Q. Then (H;);c; is called a stable family of stable sets if
ZHiklAk = {Zhiklz‘\k thg, € sz} = sziklAk
k k

for every sequence (ix) in I and every partition (Ay) of Q.

Remark 2.2. Given a stable family of stable sets (H;)ier there exists a stable family
(hi)icr such that h; € H; for all i € I. This follows by the same arguments as in 3,
Theorem 2.26], where the statement is shown within conditional set theory.

2.3. Stable lower semi-continuity. Let (X,Y, (-,-)) be a dual pair of Banach spaces
such that

(1) Kz, y)| < |z|/||y] for all z € X and y € Y, and
(ii) both norm-closed unit balls are weakly closed.

Ezamples.

a) Let X be a Banach space, Y its topological dual space endowed with the operator
norm and (z,y) = y(x).

b) Let X = LP and Y = L7 on a finite measure space (S5,S,v) with 1 < p,q < oo and
1/p+1/q<1and (f,g):= [4 fgdv.

c) Let X = By(S) be the Banach space of bounded measurable functions on a measur-
able space (5, S) endowed with the supremum norm, Y = M(S) the Banach space of
finite signed measures endowed with the total variation norm and (f, u) := |, g fdv.

d) Let X = Cp(S) be the Banach space of bounded continuous functlons on a com-
pletely regular Hausdorff space endowed with the supremum norm, ¥ = M, (5) the
Banach space of finite signed inner regular measures on the Borel g-algebra of S
endowed with the total variation norm and (f, pt) := |, g fdv.

We denote by L°(X) and L°(Y) the spaces of all strongly measurable functions on
Q) with values in X and Y. We understand X as a subset of LY(X) C L°(X) via
the embedding = +— x1g. Recall that the norm of X extends to L°(X) by |lz| :=
limy, o0 ||2n|| € L°, where (z,,) is a sequence in LY(X) such that x, — z a.e.. In
particular, for every x € L°(X) and each r € LY, there exists # € LY(X) such that
|t — Z|| < r. Similarly, the duality pairing (-,-) can be extended from X x Y to
LY(X) x LO(Y) by setting (z,y) := limy, o0 (T, yn) € L°, where (z,,) is a sequence in
LY(X) such that z,, — z a.e. and (y,) is a sequence in L2(Y) such that y, — y a.e..
Observe that

[z, )| < [l [yl (2.1)

for all x € L9(X) and y € LY(Y).

Next, we endow L°(X) with a topological structure given by the following neighbor-
hood base. For every x € LY(X), define

V(x) = {I/(Zm)l<m<n(m): r € L%, (Ym)1<m<n stable finite family in LO(Y)} ,
where
Vigmremen (@) :==1{Z € LYX): (& — 2, ym)| <7 for all 1 < m < n}.

We notice that V(z) is a stable family of stable sets. Indeed, for each r € L9, and

every stable finite family (Y, )1<m<n in LO(Y') the set Vi ) _(z)in LY(X) is stable.
For every n = Zj njla, € LYN), r € LY, and y1,y2, - 6 L°(Y) the stable set

()1 < (x) is determined through the element Z (7,15, 91,25+, Un;» 0,0, ... )14,
in the space of all strongly measurable functions on §2 with values in the Banach space of
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sequences (r,1,Y1,Y2,...) € RxRx[®°(Y) with finite norm [|(r,n,y1,y2,...)| := |r| +
In[ + sup; [|y;||. Denoting by I the stable set of all > (r, nj, y1, 42, ., Yn;,0,0,... )14,
forn=73",n;la; € LYUN), r € LY, and y1,y2,--- € LO(Y), one has V(z) = (Vi(z))ier
where V;(z) = V(Zm)lgmgn(:c) for i = Zj(r, M5, Y1,Y25 - - Yn;50,0,...)1a;. This shows
that V(x) = (Vi(z))ier is a stable family of stable sets. In the following we frequently
view V(x) as a set of functions on €2 by identifying it with the stable set I.

The topology induced by the neighborhood base V(x) is referred to as a stable topol-
ogy and is denoted by o4 (L%(X),L°(Y)) or simply by o,. Stable topologies are in-
troduced in [3] within conditional set theory, we refer to [11] for their connection to
(¢, \)-topologies and L°-topologies. In this topology a stable net (x,) in L%(X) con-
verges to z if and only if |[(z4 — z,y)| — 0 a.e. for all y € L°(Y). Moreover, a stable
subset C' of L°(X) is closed if and only if x € C for every stable net (x,) in C' which
converges to x.

Definition 2.4. A function f: X — L is called os-lower semi-continuous, if f(z) <
liminf, fs(z4) for every stable net (x4) in LY(X) which converges to x € X.

The function f is said to be proper convez, if f(x) > —oo for allz € X and f(2') €
LY for some 2’ € X, as well as f(Ax + (1 —=\)Z) < Af(z)+ (1= \)f(Z) for every A € R
with 0 <A <1land allz,z € X.

Proposition 2.5. For a function f: X — L° the following properties are equivalent.

(i) f is os-lower semi-continuous.
(ii) f(2) = supy ey inf{fs(z): € VN LYX)} for all z € X.
(iii) The sublevel set {x € LY(X): fs(x) < a} is closed for each a € L.

Proof. By stability the properties (i) and (éi) can equivalently be formulated for all
r € LYX).
(i) = (4i): Fix € X. Obviously, one has

d:= sup inf{fs(Z): 2 € VNLYX)} < f(x).
Vev(z)

On the other hand, fix ¢ € LEL + and consider the stable family of stable sets

{a: eVNLYX): jev%ang(X) arctan(fs(z)) +¢& > arctan(fs(x))}vev(x).

By Remark 2.2 there exists a stable family (zv)yeyp(y) such that zy € V N LY(X) and

inf  arctan(fs(%)) + € > arctan(fs(x
FEVALY(X) (fS( )) sl (fS( V))
for all V' € V(x). Since the stable index set V(x) is ordered by reverse inclusion, the
family (zv)yey(z) is a stable net which by construction converges to z. By os-lower
semi-continuity of f it follows that

arctan(d) > Emvi(rlg arctan(fs(zy)) — e > arctan(f(z)) —e.
cV(z

(ii) = (iii): Let a € L and (x,) be a stable net with fs(z,) < a which converges
to € L(z). Then one has

fs(x) = sup inf{fs(2): # € VN LYX)} < liminf fy(z,) < a.
Vev(z) @
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(iii) = (i): Let (x,) be a stable net in L2(X) which converges to x € X. By Remark
2.2, there exists for every € € LY | a stable subnet (z5) of (z4) such that

arctan(fs(xzg)) < limainf arctan(fs(zq)) + ¢

for all §. Since xg — z it follows that arctan(f(z)) < liminf, arctan(fs(za)) + €,
showing that f is os-lower semi-continuous. O

Remark 2.6. Let X =Y = L% on (0,1] endowed with the Lebesgue measure on its
Borel o-algebra, and consider the identity map id : L?> — L?. Although the sublevel set
{x € L? :id(x) < a} is o(L? L?)-closed for each a € L°, the identity map id is not
os-lower semi-continuous.

Indeed, fix ‘/(Zm)lgmgn (0) € V(0), and notice that

sup |(z,ym)| < ||z sup |lyml| for all x € LY(L?)
1<m<n <m<
by (2.1). We can assume that v/supy<p,<p ||ymll > 7 for a constant ¥ > 0, otherwise
we partition (0,1] = |J, Ax and carry out the following argument on each Ay. Then,
there exists a sequence (¢;) in R which converges to 400 such that

l
w= aflu g €Vh o (0)NLYLY) foralll €N,
k=1

where xf = —cll(%’% € L2 for all 1 < k < 1. On the other hand, since ids(1;) = —¢;
for alll € N, it follows that
id(0) =0 > —co = sup inf{id,(%): ¥ € VN LI(L?}.
Vev(o)
In particular, the identity id does not have an extension in the sense of Theorem 2.9
below.

2.7. Extension result. Our goal is to extend a os-lower semi-continuous function
f: X — LY to a stable function F : L°(X) — L°. We need the following definitions.

Definition 2.8. A function F : L°(X) — L° is called
(i) stable, if F(Y_, wkla,) = > F(ax)1a, for every sequence (zy) in L°(X) and

each partition (Ay) of Q,

(ii) os-lower semi-continuous, if F(x) < liminf, F(z,) for every stable net (z,,) in
LY(X) converging to x € L°(X),

(iii) LC-linear, if F is L°-valued and F(Ax+%) = AF(z)+ F(&) for all z,& € L°(X)
and \ € LY,

(iv) L%-proper convex, if F(x) > —oo for all x € L%(X) and F(z') € L° for some
€ LY(X), as well as F(Ax + (1 — i) < AF(z) + (1 — \)F(&) for every
Ae L0 with0 < A <1 and all v, € L°(X).

Next, we state the main extension result.

Theorem 2.9. For every os-lower semi-continuous function f: X — L there exists a
stable, og-lower semi-continuous function F': L°(X) — L° which satisfies F|x = f.
Moreover, if f is proper convez, then this extension can be chosen L°-proper convex.

Proof. Define

F(z):= sup inf{fy(#): € VNILYX)}, zeL°X).
VeVv(xz)
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Notice that for every z € L°(X) and V"

(ym)1§m§n

(x) € V(x) it follows from (2.1) that

sup [(zx — 2, ym)| < [z — ]| sup |Jyml — 0
1<m<n 1<m<

for every sequence () in LY(X) such that z; — x a.e., which shows that

%4 ()N LYX) # 0.

(ym)lgmgn

Hence, F' is a well-defined stable function since f; is a stable function on the stable set
VN LY(X). Moreover, it follows from Proposition 2.5 that F is an extension of f. That
F satisfies the desired properties is shown in the following two steps.

Step 1. We show that F is og-lower semi-continuous. Fix z € LY(X) and ¢ € L?H.
There exists V =V (z) in V() such that

arctan(F(z)) — e < inf{arctan(fs(%)): 2 € V N LY(X)}.
Fix z € V//? (z). For V = v/ (z) € V(z) it follows from the triangle

(ym)1<m<n . (Ym)1<m<n
inequality that V' C V. Since V N LY(X) C V N LY(X), we obtain
arctan(F(z)) — e < inf{arctan(f,(2)): 2 € VN LY(X)}
so that
arctan(F(z)) — e < arctan(F'(z)).

This shows that for every € € LY, there exists V¢ € V(z) such that arctan(F(z)) —e <
arctan(F'(z)) for all z € V. Hence
arctan(F(z)) —e < sup inf{arctan(F(z)): z € V'}.
Vev(z)
By letting € | 0, and since supy ey, inf{arctan(F(z)): 2 € V} < arctan(F(x)) is
trivially satisfied, it follows from the strict monotonicity of arctan that

F(z)= sup inf{F(z):z€V}.
VeVv(z)

In particular, F(z) < liminf, F(z,) for every stable net (x,) in L°(X) which converges
to z € LO(X).
Step 2. We show that F is LO-proper convex when f is proper convex. Since F is
an extension of f there exists 2’ € X C L%(X) such that F(2') = f(2') € L°.
Note that for every A € L2(R) with 0 < A < 1 it follows from convexity
fsOz + (1= N)2) < Ms(z) + (1= N fs(2), forall z,z e LYX).

Fix 2,z € L°(X) and A € LY(R) with 0 < A < 1. Let

V= V(Zm)lgmén()\m +(1=Xz) eV(x+ (1 - N)z2),
W = V(Z/m)lgmgn (z) € V(x), and W' = ‘/(’g/m)lgmg'n(z) € V(z).

For 7 € WNLY(X) and Z € W N LY(X) it follows that A% + (1 — \)Z is in V N LY(X),
which shows that
inf{fs(z): £ € VNLY(X)} < inf{fs(Ai4+(1-N)2): 2 € WNLY(X), 2 € WNLYX)}
<inf{M\fo(2) + (1 =N fs(2): 2 e WN LX), 2e W N LYX)}
= Ninf{fs(Z): 2 € WNLYAX)} + (1 — N inf{fs(2): 2 € W N LYX)},
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where we employ the convention —oo+o0o0 = +00. Hence, for every V € V(Az+(1—\)z)
there exist W € V(z) and W’ € V(z) such that

inf{fs(2): 2 € VN LYX)}
< MNinf{fs(2): 2 € WNLY(X)} 4+ (1 — N)inf{fs(2): 2 € W N L2(X)}.
By taking the supremum on both sides of the previous inequality, one obtains
FAx+ (1 —=X)z) < AF(x)+ (1 = MNF(z).

The last inequality also holds for A € L? with 0 < A < 1 by approximating A with step
functions in LY(R) and using the o-lower semi-continuity of F.

By way of contradiction, suppose there exist z € L°(X) and A € F with u(A4) >0
such that F(z) = —oo on A. Let zg € L%(X) with F(z¢) € LY. From L°-convexity we
have F(Axp+ (1 — A)z) = —oo on A for all 0 < A < 1. Since Azg + (1 — X\)z converges
to xp as A tends to 1, it follows from o,-lower semi-continuity that F'(zp) = —oo on A
which is a contradiction. 0

3. FENCHEL-MOREAU TYPE DUALITY FOR VECTOR-VALUED FUNCTIONS

We consider the setting of the previous section. Let (X,Y,(-,-)) be a dual pair of
Banach spaces such that [(z,y)| < [|z]/||y|| for all x € X and y € Y, and both norm-
closed unit balls are weakly closed. Recall that (-,-) extends to LY(X) x L%(Y) with
values in L, and satisfies |(z, y)| < ||z||||y|| for all z € L°(X) and y € L°(Y). The next
result shows that (L°(X), L°(Y), (-,-)) is an L°-dual pair.

Lemma 3.1. The functions
y— (z,) : L°(Y) = LY and zw— (,y):L°(X)— LY
are stable and L°-linear for all x € L°(X) and y € L°(Y).
Moreover, for every x € L°(X) with u(x = 0) = 0 there exists y € L°(Y) such that

p({z,y) = 0) = 0, and symmetrically, for every y € L°(Y) with u(y = 0) = 0 there
ezists v € L°(X) such that u({z,y) = 0) = 0.

Proof. We only show the separation argument. To that end, fix z € L°(X) with
p(z = 0) = 0. Then there exists 7 € L) with r = >, rila, for a sequence (r;) in
(0,00) and a partition (Ag) of Q such that 014 ¢ Cs,(x)14 for all A € F with u(A) > 0,
where Cs,.(z) := {# € L°(X): ||i—=|| < 3r}. Further, there exists x* € L%(X) such that
||lx — z®|| < r. By the triangle inequality, 014 & Ca,(2°)14 for all A € F with u(A) > 0.
We can assume that z° and r are defined on the same partition, i.e. 2% = Y, x714,,
by changing if necessary to a common refinement. Then it holds

Cor(2°) = {& € LY(X): 14, € Cay(5)14, for all k}.

Since CQXT,k (x7) :={z € X: |[|[T—x}|| < 2rp}is 0(X,Y)-closed in X, by strong separation
there exist y; € Y \ {0} and a constant d; > 0 such that

a?ecggk €
for all k. It follows that

inf (%,y) >4 >0, 3.1
jegg(ms)@ y) > (3.1)

where y := ), yrpla, and § := Y, 0x14a,. Indeed, let € C,(2°) and (Z,,) be a stable
sequence in C(Z) N LY(X) with ||Z,, — Z|| — 0 a.e.. We have ||} — z3|| < 2r) whenever
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w(Ax N BY) > 0, where &, = }, #;'1pr. From the stability of the extended duality
pairing (-, -) we obtain

<i‘7lvy> = Z<jln7yk>]—z4kﬂBl” Z 6 > 0)

ki
so that

(Z,y) = (T — &, y) + (Tn,y) > (T — Tp,y) +d =6 >0,
which shows (3.1). Since z € C,(z*) we conclude p((z,y) =0) = 0. O

In view of the previous result conditional functional analysis becomes applicable. By
an adaptation of the classical results for dual pairs, it follows from the conditional fun-
damental theorem of duality (see e.g. [12, Corollarly 4.48] in the setting of conditional
set theory; for an adaptation to the present L'-setting, see [11, Proposition 6.6]) that
every os(L°(X), L%(Y))-continuous, L% linear function h : L°(X) — L is of the form
(-,y) for some y € L°(Y). In particular, the L°-dual space of (L°(X), os(L°(X), L°(Y)))
can be identified with L°(Y). As a consequence, an application of a conditional version
of the Fenchel-Moreau theorem, see e.g. [11, Theorem 6.3.], yields that every LY-proper
convex, stable, os-lower semi-continuous function F : L°(X) — LY has the dual repre-
sentation

F(z)= sup {(z,y) -~ F'(y)}, =€ LX), (3.2)
yeLO(Y)
for the L%-convex conjugate F*(y) := SUPgero(x){(z,y) — F(z)} for all y € LO(Y).
Now we are ready to state our main result.

Theorem 3.2. Let f: X — LY be a proper convex function. Then f is os-lower semi-
continuous if and only if it has the representation

f(x)= sup {(z,y) - f*(y)} foralzeX, (3.3)
yeLO(Y)

where f*: LO(Y) — LY is given by
) = sg§{<x,y> — f(@)}.

Proof. Suppose that f is os-lower semi-continuous. It follows from Theorem 2.9 that
there exists an LO-proper convex os-lower semi-continuous extension F': LO(X) — L .
By (3.2), one obtains

F(z)= sup {(z,y) -~ F*(y)}, =€ LX),
yeLo(v)

for the L%-convex conjugate

F(y) = eSL%I()X){<x’y> ~ F(2)}, yelLY).

Since

f(y) = sap{{z,y) — f(x)} < sup {(z,y) — F(z)} = F*(y) (3.4)
zeX 2€LO(X)

and (z,y) — f*(y) < f(=) for all y € L°(Y), one has
f@)=F(z)= sup {(z,y) —F(y)} < sup {(z,9) - ()} < flz)

yeLO(Y) yeLO(Y)

for all z € X.
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Conversely, suppose that f satisfies the representation (3.3). Let (x,) be a stable
net in LY(X) which converges to z. Since & + (¥,%) is os-lower semi-continuous on
LY(X) for all y € LO(Y), it follows that

fl)= sup {(z,y) - f"(y)}

yeLO(Y)

<liminf sup {{(za,y)— f*(y)}
@ yelo(y)

= liminf fs(zq),

where in the last equality we used that (3.3) also holds for fs on LY(X) by stability.
This shows that f is os-lower semi-continuous. O

Remark 3.3. Let f: X — L° be a proper convex, os-lower semi-continuous function.
Then the extension F in Theorem 2.9 is maximal in the sense that G < F for every L°-
proper convez, os-lower semi-continuous extension G of f. In fact, we have F* < G*
by the same argumentation as in (3.4), and therefore

F(z) = sup {(z,y) - F"(y)} = sup {(z,9) - G*(y)} = G(a), (3.5)
yeLO(Y) yeLO(Y)

where the last equality follows from (3.2).
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