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Abstract

We consider an economic agent with dynamic preferences over a set of uncertain mon-
etary payoffs. We assume that preferences are updated in a time-consistent way as
more information is becoming available. Our main result is that the agent’s indiffer-
ence prices are recursive if and only if the preferences are translation-invariant. The
proof is based on a characterization of time-consistency of dynamic preferences in
terms of indifference sets. As a special case, we obtain that expected utility leads to
recursive indifference prices if and only if absolute risk aversion is constant, that is,
the Bernoulli utility function is linear or exponential.
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1 Introduction

The standard way of pricing financial assets is by taking expectations of discounted payoffs
under a probability measure Q which is equivalent to the objective probability measure
P. This leads to prices that are linear in the payoffs and discounted price processes which
are martingales under Q. In particular, prices are recursive, that is, the price of a future
payoff can be calculated directly or in two steps backwards in time; both give the same
result. As a consequence, in discrete-time models, prices can be computed by backwards
induction, and in continuous time, provided that state variables are Markovian, they can
be expressed as solutions to partial differential equations. However, while in complete
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markets the pricing measure is unique, there exist infinitely many of them in incomplete
markets, and often it is not clear which one should be used.

An alternative valuation method for incomplete market situations is indifference pric-
ing. Since its introduction by Hodges and Neuberger [15] it has been extended to different
setups and used for the valuation of various products from equity options and credit deriva-
tives to real options and complex insurance contracts. An indifference price is the maximal
amount of money for which a given economic agent would be willing to buy an uncertain
future payoff or the least amount for which s/he would be willing to sell it. In contrast
to prices obtained by taking expectations, indifference prices are not linear. In particular,
they depend on whether an asset is bought or sold; see for instance, Henderson and Hobson
[14] for an introduction to indifference pricing, examples and further literature. Almost
all studies of indifference pricing so far have assumed that investor preferences are given
by expected utility and many of them that the Bernoulli utility function is exponential.
It has been shown by Rouge and El Karoui [24], Mania and Schweizer [19], Becherer [3]
in different setups that in the expected exponential utility case, the dynamics of indiffer-
ence prices can be described by the solution of a non-linear backward stochastic differential
equation, from which it follows that they are recursive. Musiela and Zariphopoulou [20, 21|
have shown that indifference prices corresponding to expected exponential utility can be
obtained through a family of non-linear pricing operators satisfying the semigroup prop-
erty, also yielding that they are recursive. In Kloppel and Schweizer [16] it is shown that
indifference prices stay recursive when preferences are given by time-consistent dynamic
convex risk measures.

In this paper we investigate the question whether indifference prices are always recur-
sive, or if not, what is the largest class of preferences that lead to recursive indifference
prices. To keep technicalities at a minimum we work in a discrete-time setup and with
a finite probability space. Our main result, Theorem 3.4 shows that indifference prices
are recursive if and only if preferences are translation-invariant. As a special case we ob-
tain that expected utility leads to recursive indifference prices if and only if absolute risk
aversion is constant, that is, the Bernoulli utility function is linear or exponential.

The structure of the paper is as follows: In Section 2 we specify conditional preferences
through utility functions and discuss properties of certainty equivalents and indifference
prices. In Section 3 we provide different characterizations of time-consistency of dynamic
utility functions and show that time-consistent preferences are uniquely determined by
the initial preference order. Then we state our main result, which shows that indifference
prices are recursive if and only if preferences are translation-invariant. Its proof is given
in the appendix in a framework where the only investment opportunity is a money market
account. In Section 4 we discuss the case of a more general financial market.

2 Conditional preferences

For the sake of simplicity we consider a finite sample space Q@ = {wi,...wn}, whose
elements describe all possible states of the world. Time is discrete and runs through the



set {0,1,...,T} for a finite horizon T' € N. The evolution of information is modelled by
a filtration ()], Since (2 is finite, every F; is an algebra of subsets of (2 generated
by finitely many non-empty, disjoint sets A}, ... ,Aivt such that @ = A} U--- U Aiv . We
call A}, .. .,Aivi the atoms of F; and assume ) = A(l] and that the partitions have the
following strong refinement property: for all t < T — 1, every time ¢ atom A} splits into
at least two parts at time ¢t 4+ 1. One can think of this information structure in terms of
an event tree in which every non-terminal node has at least two descendants. By L(F;)
we denote the set of all Fi-measurable functions from €2 to R. An element of L(Fr) is
understood as an uncertain monetary payoff at time 7'. If it is in L(F;), then its value
is known by time t. We assume that there exists a money market account where money
can be lent to and borrowed from at the same risk-free rate and use it as numeraire, that
is, payoffs are expressed in multiples of one dollar put into the money market account at
time zero. Equalities and inequalities between uncertain payoffs are understood w-wise.
For instance, X > Y means X (w) > Y (w) for all w € Q.

2.1 Utility functions

We consider an agent whose preferences at time ¢ are given by a function U; : L(Fr) —
L(F;). In the event AF, the agent prefers X to Y if Uy(X) > Uy(Y) on AF.
We call U, a utility function at time ¢ if it has the following three properties:

(LP) Local property: If X,Y € L(Fr) and A € F; are such that 14X = 14Y, then
14U(X) = 14U0(Y).

(SM) Strict monotonicity: For all X € L(Fr), e >0 and w € Q:

U(X +¢ely,y) > Uy(X)  on the Fr-atom Af containing the state w.

(C) Continuity: U, is continuous with respect to the norm ||X||» = max,ecq | X (w)],
X € L(fT).

The economic interpretation of (LP) is that in an event A € F;, the utility U;(X) of a
payoff X € L(Fr) only depends on values X can take in states of the world contained in
A. (LP) and (SM) imply

(M) Monotonicity: U (X) > U, (Y) for all X,Y € L(Fr) such that X > Y.

It is natural to assume strict monotonicity (SM) if in each event Af, the agent believes that
every state w € AF is possible. It will ensure that certainty equivalents and indifference
prices are unique. (C) is a technical assumption. Together with (SM), it will guarantee
existence of certainty equivalents and indifference prices.

If U; satisfies the
(T) Translation property: Uy(X+m) = Uy(X)+m for all X € L(Fr) and m € L(F),

then the corresponding preference order is translation-invariant, that is, the agent prefers
X to Y if and only if s/he prefers X +m to Y +m for all m € L(F).



Other properties that we will play a role in this paper are:

(LS) Loss sensitivity: For all X,Y € L(Fr) and w € Q, there exists m € R such that
U(X +mly,y) <Uy(Y) on the F-atom Af containing the state w.

(CQC) Conditional quasi-concavity: U;(AX + (1 —\)Y) >

for all X,Y € L(Fr) and A € L(F;) such that 0 < A

)

A

(CC) Conditional concavity: U;(AX + (1 —A\)Y) > \U(X
for all X, Y € L(Fr) and A € L(F;) such that 0 <

If U, satisfies (CQC), then diversification increases utility in the sense that AX + (1 —\)Y
is weakly preferred to X and Y for all X,Y € L(Fr) with Uy(X) = Ux(Y) and A € L(F)
such that 0 < XA < 1. (CC) is obviously stronger than (CQC). On the other hand, one has

Lemma 2.1 For any function U : L(Fr) — L(F), the following hold:
(1) If Uy satisfies (T) and (CQC), then it also satisfies (CC)
(2) If U, satisfies (SM) and (CC), then it also satisfies (LS)

Proof.
(1) If Uy : L(Fr) — L(F;) satisfies (T) and (CQC), then

Ur(AX + (1 = A)Y) = AU(X) = (1 = \U(Y)
= UAX = U(X)]+ (1 = N)[Y = U(Y)])
min {Uy(X — U(X)), Up(Y = U(Y))} =0

\%

for all X,Y € L(Fr) and A\ € L(F;) such that 0 < A < 1. This shows that U; satisfies
(CC).

(2) For fixed X € L(Fr) and an F-atom AF, denote the value of Up(X) on A by Uy x(X).
Then, by (SM) and (CC), m + U (X + mly,) is for every w € AF a strictly increasing
concave function from R to R. Therefore, limy,—, oo Uy k(X +mly,)) = —oco. In particular,
U, satisfies (LS). O

A probability measure Q on Q is given by the weights qi,...,qgn it gives the states
wi,...,wn. We call Q strictly positive if ¢1,...,qy > 0.

Examples 2.2
Consider a function U; : L(Fr) — L(F;) of the form

Un(X) = min {Eo[u(X) | 1] + ¢(Q)} (2.1)

for a non-empty set Q of strictly positive probability measures on €2, a mapping ¢ from Q
to L(F:) and a strictly increasing, continuous function v from R to R. Then U; has the
properties (LP), (SM) and (C). If lim,_, o u(x) = —o0, then U is loss sensitive (LS). If



u is concave, then Uy satisfies (CC). Preference functionals of the form (2.1) are studied
in Maccheroni et al. [17, 18]. In the special case ¢ = 0, (2.1) reduces to a multi-prior
conditional expectation

min Egl|u(X) | Fl; 2.2

min Eqlu(X) | ] 22)
see Gilboa and Schmeidler [13] for an axiomatization in the unconditional case and Epstein
and Schneider [9] for the conditional and dynamic case. If Q consists of only one element
Q, (2.2) is simply a conditional expected utility

Egu(X) | F] .

For u(x) = z, the mapping Uy in (2.1) has the translation property (T), and —U; is
a convex monetary risk measure; see Follmer and Schied [10, 11] for the unconditional
case and Cheridito et al. [4, 5] for the conditional and dynamic case. If u(x) = = and
¢ =0, then —U; is a coherent risk measure; see Artzner et al. [1], Delbaen [6, 7] for the
unconditional case and Artzner et al. [2], Delbaen [8], Riedel [22], Roorda et al. [23] for
conditional and dynamic coherent risk measures.

2.2 Incremental utilities

If at time ¢, our agent is already holding a portfolio with time 7" payoff V' € L(Fr) when
considering another payoff X € L(Fr), the question is how Uy (X 4+ V') compares to U(V).
We call V' the agent’s endowment and define

Definition 2.3 The incremental utility with respect to a utility function Uy at time t and
endowment V € L(Fr) is given by

UV(X)=U(V+X)-U(V), XeL(Fr). (2.3)

Clearly, if U; has any of the properties (LP), (SM), (C), (T), (LS), (CQC), (CC), then so
does UY . Moreover, U (0) = 0, and Uy induces the same conditional preference order on
L(Fr) as Us.

2.3 Certainty equivalents

Definition 2.4 Let U; be a utility function at time t. The certainty equivalent CY (X)
of X € L(Fr) with respect to Uy and endowment V. € L(Fr) is defined as the unique
m € L(F;) that satisfies

UY (m) = UY (X).

Note that G} (X) always exists and is unique because U} has the properties (SM) and

(©).

Proposition 2.5 For every utility function Uy at time t and V € L(Fr), the correspond-
ing certainty equivalent C) has the following properties:



1) For all X,Y € L(Fr): UY(X) > UY(Y) & CV(X)>CY(Y).
2) CY satisfies (LP), (SM), (C) and C) (m) =m for all m € L(F;).

(1)
(2)
(3) If U, satisfies (LS), then so does C) .
(4) If U; satisfies (CQC), then so does C) .
(5) If Uy satisfies (T), then UY = C) .

(6)

6) For all X,Y,W € L(Fr):
Y X)>cY(y) &« CV(V-W+X)>CV(V -W+Y).

(7) If CY satisfies (T) for some V € L(Fr), then C}V satisfies (T) for all W € L(Fr).
(8) If C) satisfies (CC), then it also satisfies (T).
Proof. (1)—(5) are obvious. (6) can be derived from (1) and the definition of U as follows:

CV(X)>C/ (V)= UY(X)>UY (V) U(V+X)>Ul(V+Y)
e UVv-w+X)>UMV-W+X)eCVV-W+X)>CV(V-W+X).

To show (7), let W, X € L(Fr)and m € L(F;). It follows from C}V (X) = CV (C}V (X))
and (6) that CY/ (W =V + X) =C)/ (W -V + CV(X)). If C) satisfies (T), then

CYW—-V+X+m)=CY(W-V+X)+m
= YW -V+CVXN+m=C/W-V+C¥(X)+m),

which by (6) and (2) implies O}V (X +m) = CV (CV (X) +m) = CV (X) + m.
As for (8), assume that C} satisfies (CC). Then, for all X € L(Fr), m € L(F;) and
A e (0,1),

CY (X +m) > Y (f) +(1-NcY <1_mA> =) (f) +m.

Since C} has the continuity property (C), we can let A tend towards 1 to conclude Y (X+
m) > CY (X)-+m. This also shows CY (X +m) > CY (X)+m for X = X +m and m = —m,
and (8) is proved. O

Properties (1) and (2) show that C} is a utility function at time ¢ that induces the same
conditional preference order on L(Fr) as U} . Since C)(0) = 0, it follows from (LP) that

CY(14X) =1,C) (X) forall X € L(F;) and A € F;.

Properties (6) and (7) will be needed in the proof of the main result, Theorem 3.4, below.



2.4 Indifference prices

Definition 2.6 The indifference bid price by (X) of X € L(Fr) with respect to a utility
function Uy at time t and endowment V € L(Fr) is the unique m € L(F;) such that

UY(X —m)=0. (2.4)

by (X) exists and is unique because U} satisfies (SM), (C) and U} (0) = 0. The defining
equality (2.4) means
UiV + X = b (X)) = U (V)

in other words, b} (X) is the maximal price that an agent with utility function U; and
endowment V' can pay for X at time ¢t without loosing utility. The indifference ask price
at time ¢ corresponding to Uy and endowment V € L(Fr) is given by a} (X) = —b) (—X).
It satisfies

UV — X 4+ a) (X)) =Uy(V)

and is the minimal price for which the agent can sell X at time ¢ without loosing utility.

Proposition 2.7 Let by be the indifference price and C) the certainty equivalent with
respect to a utility function U, at time t and endowment V € L(Fr). Then b/ has the
following properties:

(1) b satisfies (LP), (SM), (C), (T) and b/ (m) = m for all m € L(F;).
(2) If Uy satisfies (LS), then so does by .

(3) If U; satisfies (CQC), then b} satisfies (CC) and a) > b) .

(4) If Uy satisfies (T), then UY = C) = b} .

(5) If CY satisfies (T), then C) = b} .

(6) For all X € L(Fr): bY (X) = —CYT¥(=X) and o) (X)=CY"X(X).

Proof. The proof of (1), (2), (4) and (5) is straightforward. The first part of (3) follows
from the fact that

UY(AX + (1= MY = A/ (X) — (1= by (V)
> min {U (X = b (X)), U (Y = b/ (V) } =0
for all X,Y € L(Fr) and A € L(F;) such that 0 < X\ < 1. To see that a) > b, note
that 0 = b} (0) > 3b}(X) + b/ (—X), and therefore, a} (X) > b} (X). To show (6), we
fix X € L(Fr). b/ (X) satisfies C) (X — b} (X)) = CY(0). By (6) of Proposition 2.5,
this is equivalent to —b) (X) = C/ ¥ (=b/ (X)) = CY/ ¥ (=X), which proves b} (X) =
—CY/ T (=X). Since CY (=X + a} (X)) = €Y (0), it follows from (6) of Proposition 2.5
that o) (X) = C) X (a) (X)) = ¢/ ¥ (X). O
As for certainty equivalents, the local property (LP) for b} takes the particular form

by (14X) =14b)(X) forall X € L(Fr) and A € F;.



3 Time-consistency and recursiveness

Definition 3.1 A dynamic utility function is a family (Ut)fzo of utility functions at times
t=0,...,T. We call a dynamic utility function (Uy)L_, time-consistent if for all X,Y €
L(Fr) andt <T —1,

Ut+1(X) Z Ut+1(Y) zmplzes Ut(X) Z Ut(Y) (31)

If (U;)L, is not time-consistent, then there exist X,Y € L(Fr) and ¢t < T — 1 such that
Uir1(X) > Up1(Y) everywhere on Q, but Up(X) < Uy(Y) on at least one Fi-atom AF.
This means that at time ¢, in the event Af, the agent prefers Y to X while s/he knows
that at time t 4+ 1, s/he will weakly prefer X to Y in every state of the world.

Dynamic consistency conditions equal or similar to (3.1) have been studied in various
contexts; see for instance, Cheridito et al. [4] and the references therein.

In the following lemma we give equivalent conditions for time-consistency of a dynamic
utility function.

Lemma 3.2 Let (U;)E be a dynamic utility function with certainty equivalents (CY)L,
V e L(Fr). Then for fired 0 < s <t < T, the following are equivalent:

(1) & (2):

First, assume (1) and let X,Y,V € L(Fr) such that UY (X) > U} (Y). This is equivalent
to Uy(V + X) > U(V +Y). Hence, it follows from (1) that Us(V + X) > Us(V +Y),
which is equivalent to UY (X) > UY (V). This proves (1) = (2). (1) follows from (2) since
Uy and Us induce the same preference orders as U and U?, respectively.

(2) & (4):

Assume (2) and let X,V € L(Fr). By definition of C}, one has UY (X) = U (CY (X)).
Hence, it follows from (2) that UY (X) = UY (C) (X)), and therefore, CY (X) = CY (CY (X)).
This shows (2) = (4). If (4) holds and U} (X) > UY(Y) for some X,Y,V € L(Fr), then
CY(X) > CY(Y) and therefore, CY(X) = CY(C)Y (X)) > CY(CY(Y)) = CY(Y). This
shows UY (X) > UY(Y) and hence, (4) = (2).

(1) < (3) follows like (2) < (4), and the proof is complete. O

Lemma 3.2 allows us to prove the following uniqueness result for time-consistent utility
functions.



Proposition 3.3 Let (U;)L, and (U], be two dynamic utility functions and V. €
L(Fr). Denote by (CHE, and (C’tv)gzo the certainty equivalents corresponding to (U)E,,
(U, and V. Assume that C§ = CY. Then CY =C) for all1 <t <T.

Proof. Fix 1 < ¢ < T and X € L(Fy). Denote A = {Ct‘/(X) > C’t‘/(X)} € F; and observe
that ) . }
CY (1aCY (X)) = CF (1aX) = CF (1aX) = C (147 (X)) -

This implies that A is empty. Otherwise, it would follow from (SM) that CJ (14CY (X)) >
cy (1AC'2/(X)). Analogously, it follows that the set {CtV(X) < C’tV(X)} € F; is empty,
and the proposition is proved. U

We call a sequence of functions f; : L(Fr) — L(F;),t =0,...,T, recursive if fsof; = fs
for all s < t. The next theorem shows that a dynamic utility function leads to recursive
indifference prices if an only if the corresponding certainty equivalents have the translation
property (T). The precise statement is as follows. The proof is given in the Appendix.

Theorem 3.4 Let (U;)L, be a time-consistent dynamic utility function.

(1) IfC? has the translation property (T) for everyt =1,...,T, then (b} )] is recursive
for all V € L(Fr).

(2) If Uy is loss sensitive and (b)) is recursive for all V € L(Fr), then CY satisfies
(T) for eacht=1,...,T and all V € L(Fr).

Remarks 3.5

1. In part (2) of Theorem 3.4 we do not obtain that CY" has the translation property. For
instance, if T = 1, then for every dynamic utility function (U;){_, and V € L(F}), the
corresponding indifference bid prices trivially satisfy b} (b} (X)) = b (X) for X € L(Fy).
Hence, (b")}_, is recursive even if the certainty equivalent C does not have the translation
property (T).

2. Part (2) of Theorem 3.4 does not hold if the filtration is not strongly refining. If,
for example, T' = 2, Fy = F; and Uy = Uy, then for every V € L(F3), bg = bY and
consequently, by (bY (X)) = by (X) for all X € L(F,). Since one also has b} (bY (X)) =
bY (X)), (b))?2_, is recursive. But again, the corresponding certainty equivalents CY = C}
do not necessarily satisfy (T).

Examples 3.6

1. Dynamic utility functions with the translation property

Let (U;)L, be a time-consistent sequence of utility functions with the translation property
(T). Then the normalized utility functions (UP)L, also satisfy (T), and it follows from
(5) of Proposition 2.5 that UP = C?. Hence, by part (1) of Theorem 3.4, (U;)L, induces
recursive indifference prices.



It is shown in Follmer and Schied [10] that every concave function U : L(Fr) — R
with the properties (M) and (T) has a representation of the form
U(X) = min {Eg[X] + ¢(Q)} (3.2)
QeQ
for a non-empty set of probability measures Q on €2 and a function ¢: Q@ — R.

If (Uy)l, is a dynamic utility function such that all U; satisfy (T) and (CC), then it
follows from Theorem 3.23 of Cheridito et al. [4] that it can be represented as

Ut(X) = Qnélélt {EQ[X | ft] + Ct(Q)} , X € L(FT), t=20,...,T,

for non-empty subsets Q, of strictly positive probability measures on €2 and a sequence of
functions ¢; from Q; to L(F;). Necessary and sufficient conditions for time-consistency in
terms of the sequence (O, ct)]_, can be found in Cheridito et al. [4, 5].

A specific example of a time-consistent dynamic utility function with the property (T)
is the dynamic entropic utility function

1
Ui(X) := —;logEﬂ»[e_'yX | R, X€L(Fr),t=0,...,T, (3.3)

for a constant v > 0. It gives the same preferences as conditional expected exponential
utility Eple X | F]. A generalized version of (3.3) is discussed in Example 5.6 of Cherid-
ito et al. [4].

2. Dynamic expected utility

Let Q be a fixed strictly positive probability measure on €2 and u a strictly increasing,
continuous function from R to R. Define

Uy(X) = Eglu(X) | A, X €L(Fr),t=0,...,T.

It follows from the tower property of the conditional expectation that (U)l_, is time-
consistent. If lim,_,_ o, u(x) = —oo, then all U; are loss sensitive. Hence, it follows from
Theorem 3.4 that the indifference bid prices (b})L, induced by (U;)L, are recursive for
all Ve L(Fr) if and only if the certainty equivalents

CYX)=ut (Bgu(X) | F]), XeL(Fr),t=1,...,T,

have the translation property (T). It is well-known that this is exactly the case when u
has constant absolute risk aversion, that is, either

u(zr) = a+br foraceRandb>0,
u(zx) = a—0be ™ fora€Randb,y>0, or
u(zr) = a+0be’ fora€Randb,y>0,
where the last case is ruled out by the condition lim, . u(x) = —oo. A related result

was obtained by Gerber [12] in Example 5.e of Section 5.4, where the iterativity of the
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premium principle of zero utility is discussed.

3. Dynamic multi-prior expected utility

Let (U;)L, be a dynamic utility function given by

U(X) = (glelgE@[u(X) | 7], X eL(Fr),t=0,...,T,

for a non-empty closed convex set Q of strictly positive probability measures and a strictly
increasing, concave function v from R to R. Necessary and sufficient conditions on the set
Q for (U;)L_, to be time-consistent have been studied in Epstein and Schneider [9], Artzner
et al. [2], Delbaen [8], Riedel [22], Roorda et al. [23]. Let us assume that these conditions
are satisfied and lim, . u(z) = —oo. Then (U;)L, is a time-consistent sequence of
loss sensitive utility functions. By Theorem 3.4, the corresponding indifference prices are
recursive if and only if the certainty equivalents

CHUX)=ut (&%E@[u(){) | ft]> , XeL(Fr),t=1,...,T,
have the translation property (T). This is equivalent to the fact that for all ¢t € {1,...,T}
and m € L(F),

min Eg[u(X) | 7| and minEglu(X +m) | F
min Bolu(X) | ] and  minEqfu(X +m) | 7
induce the same conditional preference on L(Fr). This is the case if and only if for all
m € R, the shifted function u™(.) := u(m + .) is an affine transformation of u, which is
true if and only if u has constant absolute risk aversion.

4 The case of a financial market

Until now the only investment opportunity available to our agent has been to invest in the
money market account. In the following we introduce a more general financial market and
adapt the definition of indifference prices accordingly. We show that if the agent has a
time-consistent utility function whose certainty equivalents have the translation property
(T), then indifference prices remain recursive.

To allow for frictions and constraints, we model trading gains attainable over the time
interval [t — 1,¢] by a general set M; of Fy-measurable random variables containing 0 and
satisfying the following property:

14X +14Y e M, forall X, Y e M; and A€ Fi_q. (4.1)
We set UT = Up,

U(X) = sup U(X+Z) for XeL(Fr)andt<T -1
zZeMip1++Mrp

11



and say condition (A) holds if for every t < T — 1 and all X € L(Fr), there exist unique
Ziy1 € Myyi, ..., Zp € My depending ||.||co-continuously on X such that Ut(X) =
U (X + Ziy1+ -+ Z7). The following lemma shows that for a dynamic utility function
(U;)L, and a financial market (M;)?_, satisfying condition (A), (U;)L_, is again a dynamic
utility function.

Lemma 4.1 Let (Up)l, be a dynamic utility function and (ML, a financial market
such that condition (A) holds. Then U; has the properties (LP), (SM), (C) for all t =
0,....T.

Proof. Since UT = Uy, it is enough to show the claim for ¢t < T — 1. Ut inherits the
local property (LP) from U;. To show that U; satisfies (SM), consider X € L(Fr), € > 0,
w € 2 and let AF be the Fj-atom containing w. By condition (A), there exists Z €
M1 + -+ + M such that ﬁt(X) =U; (X + Z), and one obtains

U(X +elyyy) > U(X +elyyy +2) > U(X +Z) =Uy(X) on Af.

To prove (C), choose a sequence (X"),ecn in L(Fr) converging to some X € L(Fr) with
respect to ||.|/co. Then, by condition (A), there exist Z™ € My;q + - -+ + My converging
to Z € Myp1 + -+ + My with respect to ||.|[ss such that U;(X™) = Up(X™ + Z") and
Uy(X) = Uy(X + Z). Hence, if follows from the continuity of U; that Uy(X™) — Uy(X).0

We now adapt the definition of indifference prices to the case where there exists a
financial market.

Definition 4.2 Let (U;)L, be a time-consistent dynamic utility function, V € L(Fr) and
(ML, a financial market satisfying condition (A). Let Zy € My, 1 <t < T, such that

Us(V) = Uog(V + Zy 4 -+ + Z7). The utility indifference bid price bY (X) of X € L(F;)
with respect to (Uy)_g, V and (My)L; is the unique m € L(F;) such that

UV+Zi++Z+X—m)=UV+Z1+-+2Z). (4.2)

In (4.2) we assume that the agent has endowment V' at time 0 and starts trading
according to Z1, ..., Zr to maximize utility at time 7. But then at time ¢ s/he is offered
the payoff X and has to decide whether to buy it at price m and adapt the trading strategy
after time ¢ or reject and continue trading as planned.

The following corollary extends part (1) of Theorem 3.4 to the case of a financial
market.

Corollary 4.3 Let (U)L, be a time-consistent dynamic utility function and (M)l a
financial market such that condition (A) holds. Assume C? has the translation property
(T) for everyt=1,...,T. Then for all V € L(Fr) andt=0,...,T,

U(V 4+ X —bY (X)) = U(V), (4.3)

and (by )L is recursive.
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Proof. By Lemma 4.1, (Ut)z;o is a dynamic utility function, and C'? inherits the translation
property (T) from C? for all t = 1,...,T. As a consequence one has (4.3) for every
t=1,...,T, and for t = 0, (4.3) is equal to the defining equation (4.2). To complete the
proof, it is enough to show that (U;)L_, is time-consistent. It then follows from Theorem
3.4 and (4.3) that (b))T_, is recursive. To show the time-consistency of (U;)7_, let s < ¢
and X,Y € L(Fr) such that U;(X) > Uy(Y). Then there exists a ZX € My 1 +---+ Mg
such that Uy (X +Z%X) > Uy(Y + Z?) for every Z2 € Myy1+- - -+ M. Since the preference
order induced by Uy is translation-invariant, one has Uy(X + Z' + ZX) > Uy(Y + Z' + Z?)
for all Z! € Mgyq1 + - + My, and therefore, by time-consistency, Uy(X + Z + Z¥X) >
Us(Y + Z' + Z?). This shows that Uy(X) > U,(Y), and the corollary is proved. O

A Appendix: Proof of Theorem 3.4

In the whole appendix, (U;)L_, is a dynamic utility function. C} and b} denote the
certainty equivalent and indifference bid price corresponding to U; and endowment V' &€
L(Fr).

Proof of Theorem 3.4.1.
Let V € L(Fr). It follows from the time-consistency of (U;)L_, and Lemma 3.2 that
(CYYE, is recursive. By (7) of Proposition 2.5, C} satisfies (T) for all t = 1,...,T.
Hence, it follows from (5) of Proposition 2.7 that C})" = b} for all t = 1,...,T. This shows
that (b)), is recursive. It remains to prove that

by (b (X)) = by (X) forall X € L(Fr). (A1)
From C} = b} and C} = C} o C} one obtains
CY (X = BY (6 (X)) = CY (CY (X — B (CY (X)) = CY (€Y (X) — B (CV (X)) =0,
which shows (A.1) and concludes the proof. O

Our proof of Theorem 3.4.2 is based on a characterization of time-consistency of dy-
namic utility functions in terms of indifference sets. This extends results on the decompo-
sition property of acceptance sets of monetary risk measures in Delbaen [8] and Cheridito
et al. [4].

For 0 <s<t<TandV € L(Fr), we introduce the indifference set

1), = {X e L(R) : UY(X) =0} .
It follows from the definitions of U} and C? that
I, ={X € L(R) : U(V+X)=U,(V)} = {X € L(FR) : CAV+ X) =C2(V)} .

Thus, IX , consists of all payoffs X € L(F;) that leave an agent with endowment V' indif-
ferent at time s. Also, it is clear that

I}, ={X e L(FR): C{(X) =0} = {X € L(F) : b (X) =0} .

13



The local property (LP) of U} translates into the following property for ZY:
(LP’) Local property: 14X +14.Y € I;{t for all X,Y € IXt and A € F;.

Proposition A.1 For all 0 < s <t < T, the following are equivalent:
(1) CYUX) = CYUCY(X)) for all X € L(Fr)
(2) CY(X) = CY(CY (X)) for all V, X € L(Fr)

(3) TVp = Uyer, (Y + IX;Y) for all V € L(F,)
(4) ZVr = Uyezy, (Y +Z7) for alV € L(Fp)

Proof. We show (1) = (2) = (4) = (3) = (1). (1) = (2) is part of Lemma 3.2.
(2) = (4): Fix V € L(Fr). We fust prove ZV; 5 Uy ezv, (Y n IX;Y), Let Y € 7V, and
AS IX;Y. Since 7

G/ (Z)=0=C"(0),

it follows from (6) of Proposition 2.5 that
CY(Y +2)=0CY(Y).
So (2) implies
Cl(Y +2)=C(CY (Y +2)) =C/(CY (V) =C/(Y) =0,

which shows that Y + Z € I;/T.
To show IXT - UYeIVt (Y —i—I;/:,T Y), we choose X € IXT and decompose it into
X=Y+ZforY=0CY(X)and Z =X — CY(X). Since

Cy(Cf (X)) =l (x) =0,
Y = CY(X) is in Z);. Moreover, by (6) of Proposition 2.5, it follows from

CY (X) = ¢/ (¢ (X))

that
oy - el () = 6T ey (x) - e (x)) =0,
which shows that Z = X — C}Y(X) is in I:/;CX(X) = IX’FY'
(4) = (3) is trivial.
(3) = (1):

Let X € L(Fr) and write
X-C%CYX(X)=Y+2Z

14



for
Y =CY(X)-C%CY(X)) and Z =X —-CY(X).

By (6) of Proposition 2.5, it follows from
CU(C)(X)) = CUCIC)(X))) and  CY(X) = C(CP(X))
that
CSCS(C?(X))(Y) _ CSCS(C?(X))(O) —0 and C’tC?(X)(Z) _ C’tC?(X)(O) —0,

and therefore,

Y ez G and 2 e 10,

X)), which shows that

. . C’O CO
(3) implies Y + Z = X — CY(CP(X)) € To5 !
CSCS(C?(X))(X o CS(C?(X))) =0 = CSC‘?(C’?(X))(O) ’

and therefore, by (6) of Proposition 2.5, C9(X) = CY(CY(CY(X))) = CY(CY(X)).

Corollary A.2 Fiz V € L(Fr) and 0 < s <t <T. Then the following are equivalent:

(1) For all X,Y € L(Fr): b} (X) > b/ (Y) implies bY (X) > bY (V)
(2) BY(X) =bY (b} (X)) for all X € L(Fr)
(3) IXT = IXt + IXT

O

Proof. For fixed V € L(Fr) and r € {s,t}, U, := bY is a utility function at time 7 which
is equal to its own certainty equivalent. Therefore, the equivalence of (1) and (2) follows

directly from the equivalence of (1) and (3) in Lemma 3.2. Furthermore, one has
0= {X € L(Fr): U,(X) = 0} YA
and since bY satisfies (T),

o= {X € L(Fp) : Up(X + W) = UT(W)} =10 forall W € L(F).

(A.2)

(A.3)

It follows from the equivalence of (1) and (3) in Proposition A.1 that (2) is equivalent to

= |J W +I) forall W e L(F,).
Yvezlh,

By (A.3), this reduces to ) ) )
IS,T = Ig,t + I?,T )
which by (A.2), is equivalent to (3).
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Corollary A.3 Assume that (U;)L_, is time-consistent and (b)), recursive for all V €

L(Fr). Then
=1,

forallV e L(Fr),t=1,...,T, and Y EItV_Lt.

Proof. Fix V € L(Fr) and Y € I}/ | ,.

i) We first show IX;Y C IXT:
Assume to the contrary that there exists a Z in It‘,/ ; Y \ZXT. Then, at least one of the
sets A := {b/ (Z) > 0} or B := {b}(Z) < 0} is non-empty. Let us assume A is. The case
where B is non-empty works completely analogously. Since IX ;f ¥ has the local property
(LP’), 147 is still in IX;Y. On the other hand, one has

by (14Z) =14b) (Z) >0 on A. (A.4)
By Proposition A.1, Y + 147 € le,Tv and by Corollary A.2, ItKl,T = Itv—l,t ""IXT' But
Y +14Z = (Y + b (142)) + (14Z — b} (142))

is the unique decomposition of Y + 147 into the sum of two random variables such that
the first one is in L(F;) and the second one in IX 7 Therefore, Y + b} (14Z) must belong

to 7). 17~ But together with (A.4), this contradicts the strict monotonicity (SM) of uy,.
This shows ItV;Y C ).

ii) 7V Cc I/

Since Y is in It‘il’t, we have
Ctv—l(o) =0= Ctv—1(Y) )
which by (6) of Proposition 2.5 is equivalent to
G (=Y) = ¢/ (0) =0.
This shows that —Y is in Z,~ 41'}; So it follows from i) that

V S V4Y-Y V4y
Lir =11 CI,r -

Proof of Theorem 3.4.2.
We fix V, X € L(Fr), t € {1,...,T} and show that

CY(X +m)=CY(X)+m (A.5)

for all m € L(F).
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i) In a first step we show (A.5) for m € Itv_‘*i)f

By (6) of Proposition 2.5, it follows from
oY (cf (X)) = Y (X)

that
Cy (e (X) - X) =y (0) =0.

Hence, C’tV(X) - Xe IX;X. By Corollary A.3, C’tV(X) - Xe IX;X+m7 or equivalently,
CYHA™(CY (X) = X) =0=C/F™(0),
which by (6) of Proposition 2.5 shows that
Y (X)+m=cY (Y (X)+m)=CY (X +m).

ii) We now show (A.5) for all m € L (F;) :=={Z € L(F): Z > 0}:
Every m € L1 (F;) can be written as m = ZQL my1 4k, for the atoms Al AN of Fy

and non-negative real numbers myq,...,my,. For every k, we set Af := F,_1(AF)\ AF,
where F;_1(AF) denotes the F;_j-atom that contains AF. By assumption, the filtration is
strongly refining. Therefore, A¥ is non-empty. UY ™ satisfies (M), (C) and (LS) (that it
satisfies (LS) follows from the fact that U; does). Therefore, there exist n; € R such that
(UARES (myl gr + gl z1) = 0. Hence,

Y, = mklAf + nklgf € Itv——’l—,)t( .
Now, since C} satisfies (LP), one obtains from i) that

N N
V(X +m)=0cY <X+ka1A§> =Y 1 (X +Yy)
k=1 k=1

Ny N
=Y 1 (CY(X) +Y3) = G (X) + Y mpl g = G (X) +m.
k=1 k=1
iii) Finally, we show (A.5) for general m € L(F;):
For m < 0, it follows from ii) that
CY(X)=CY(X +m—m)=C/ (X +m)—m,

and therefore,

CY (X +m)=CY(X)+m. (A.6)
For general m € L(F), denote m™* := max(m,0) and m~ := —min(m,0). Then, by ii)
and (A.6),
CY(X+m) = C/X+mT—m7)=C/(X —m™)+m"

= V(X)+mt—m =C/(X)+m.
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