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1. Introduction

The theory of expected utility is of fundamental importance in finance and economy. Introduced by
Bernoulli [2], the expected utility represents the level of satisfaction of a financial agent acting in a risky
environment. In their seminal Theory of Games and Economic Behavior, von Neumann and Morgenstern
[32] have provided an axiomatic foundation for decision making under risk based on rational principles;
and by the work of Savage [31], under these axioms preferences can be modeled as expected utility.
However, the axioms of von Neumann and Morgenstern have been much criticized by empirical studies
such as the well known Allais paradox and Ellsberg paradox. On the other hand, expected utility does
not capture uncertainty in the underlying probabilistic model. Many alternative approaches have been
suggested to model decision beyond expected utility. A few examples include the concepts of capacity and
weighted expected utility and, more recently, the recursive utility and the g-expectation. Following this
trend, we consider in the present work the portfolio optimization of an agent whose utility is modeled by
the maximal subsolution of a nonlinear backward stochastic differential equation (BSDE). Our principal
aim is to give sufficient, and necessary conditions of existence of an optimal portfolio in this framework.

Amongst the numerous attempts that have been made in the literature to study portfolio optimization
under nonlinear utility, the work of El Karoui et al. [17] on the optimization of stochastic differential
utility is especially related to ours. This class of utility functions were introduced by Duffie and Epstein
[14] and can be seen as solutions of nonlinear BSDEs. In a non-Markovian model, El Karoui et al. [17]
prove existence of an optimal trading strategy and an optimal consumption policy and characterize the
optimal wealth process and the utility as solutions of a forward-backward system. They assume that
the generator of the BSDE satisfies a linear growth condition and is continuously differentiable in all
variables, so that the utility itself is differentiable and satisfies a comparison principle. Their results are
based on BSDE theory: Notably, the existence result follows from a penalization method which consists
in approaching the problem by a sequence of penalized problems that can be solved, and then obtain the
solution by compactness arguments.

*We thank Victor Nzengang for fruitful discussions
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The first contribution of the present paper is to give conditions that guarantee the existence of an op-
timal trading strategy for an agent whose utility is given as the maximal subsolution of a BSDE. We
consider a non-Markovian incomplete market model where the agent also has a random terminal endow-
ment, and the utility is modeled by a BSDE whose generator is convex, positive, lower semicontinuous
and satisfies a normalization condition. The technique of the proof, inspired from Drapeau et al. [12],
rests on localization arguments and compactness principles. We do not impose any artificial integrability
with respect to the historical probability measure on the wealth process. Hence, the central idea here
is to introduce an auxiliary function under which the image of the terminal conditions will be uniformly
integrable in the set of subsolutions. To this end, we require the drift to satisfy a suitable integrability con-
dition. This uniform integrability allows for the construction of a localizing sequence of stopping times
that makes the value processes of the admissible subsolutions local submartingales. Thus, compactness
results for sequences of martingales, see Delbaen and Schachermayer [7], and sequences of increasing
finite variation processes can be used locally in time, and the candidate solutions obtained by almost sure
convergence of the sequence of stopping times to the time horizon. The verification follows from Fatou’s
lemma and join convexity of the generator.

Analogous to the case of recursive utility studied by El Karoui et al. [17], there is an intrinsic link
between the optimal wealth process and its utility: They can be seen as a maximal subsolution of a
forward-backward system.

We also address the question of characterization of an optimal trading strategy. In the optimal stochastic
control literature, such a characterization is usually a consequence of the stochastic maximum principle.
One introduces a perturbation of the optimal diffusion and, by It6’s formula, obtains at the limit a vari-
ational equation which enables to characterize the optimal control, see for instance Peng [26] and Horst
et al. [20]. This characterization follows from the fact that the expectation operator is linear, a property
that our operator does not enjoy. The idea to get around this difficulty is to use the duality of BSDEs
studied by Drapeau et al. [13], and transform the original control problem into a robust control problem
with non-zero penalty term. Provided that the robust control problem admits a saddle point, the problem
can be linearized and the maximum principle applies. The proof of the existence of a saddle point fol-
lows from the existence of an optimal trading strategy and a weak compactness argument introduced by
Delbaen et al. [9] which is achieved under a growth condition on the generator of the BSDE.

The theory of BSDE duality fits quite well to our setting. It shows for instance that our maximization
problem is nothing but the maximization of recursive utilities under model uncertainty. And because our
generator depends on the value process, the uncertainty here also encompasses the uncertainty about the
time value of money, see El Karoui and Ravanelli [16] and Drapeau et al. [13]. It also enables us to write
and solve the dual problem and characterize its solution in terms of solutions of a BSDE, and shows that
the dual optimizer is, in fact, the optimal probabilistic model.

Before presenting the structure of our work, let us give further references of related works. Using
a convex duality approach, the expected utility maximization problem was studied by Kramkov and
Schachermayer [24]. They give precise conditions on the utility function for a solution to exist. Cvi-
tani¢ et al. [4] have extended their results to the non-zero random endowment case. A fully probabilistic
method to study the problem has been investigated by Hu et al. [21]. For exponential utility, they charac-
terize the value function and the optimal strategy of the problem with random endowment as the solution
of a quadratic BSDE. Beyond the exponential utility case, Horst et al. [20] show that the problem can
be solved via forward backward systems. Robust expected utilities have been considered by Bordigoni
et al. [3] and Faidi et al. [18]. The latter authors consider a problem with non-zero penalty term and prove
existence of and optimal model. @ksendal and Sulem [25] show that the robust control problem can be
treated as a stochastic differential game, a consideration that is also implicitly used in the present paper.

The next section of the paper is dedicated to the setting of the probabilistic framework of our study and
introduces the market model. Section 3 studies the primal problem: We prove existence of an optimal
strategy and stability of the utility operator. The third section deals with the dual problem. Notably, we
prove existence of a dual optimizer and characterize the dual and primal optimizers by means of BSDE



solutions. In the last section, we draw the link between duality of BSDEs and the general theory of convex
duality. We gather in an appendix some proofs that are classical in the theory of convex BSDEs but still
need to be adapted to our setting for completeness.

2. Setup and Market Model

Let T' € (0,00) be a fixed time horizon, and let (€2, F, (F¢)c[0,], ) be a filtered probability space.
The filtration (F) is generated by a d-dimensional Brownian motion W and satisfies the usual assump-
tions of completeness and right-continuity, with Fr = F. Statements concerning random variables or
stochastic processes are understood in the P-almost sure or the P ® dt-almost sure sense, respectively.
Indistinguishable processes are identified. When we make a statement without any precision regarding
the probability measure, then we are referring to the probability measure P. Thus, by “M is a martingale”
we mean “M is a P-martingale”.

We write LY for the space of F-measurable random variables endowed with the topology of conver-
gence in probability with respect to the measure P. By & := S(R) we denote the set of adapted processes
with values in R which are cadlag. For p € [1, 0], the space LP(Q2, F, P) is denoted by LP and for a
different measure Q we write L?(Q) for LP (€2, F, Q). The space L, is the space of positive random vari-
ables belonging to LP. We further denote by LP := LP(P) the set of predictable processes Z with values
in R1*4, endowed with the norm || Z|| ;, := Ep[(fOT 1 Zs||? ds)P/2]"/?. From [27], for every Z € LP
the process ( fot Zs dW)ieqo,1) is well defined and by means of Burkholder-Davis-Gundy’s inequality, it
is a continuous martingale. By £ we denote the set of predictable processes valued in R**¢ such that
there exits a localizing sequence of stopping times (7") with Z1jg » € L, foralln € N. For Z € L,
the stochastic process ( fg Zy AWy )selo,1) is @ well defined continuous local martingale. Furthermore, for
adequate integrands a and Z we write [ ads and [ Z dW for ([ as ds)iepo,r) and (fy Zu dW.)ieo 1,
respectively. The running maximum of a process X is denoted by X = sup,co | Xs|- Given a se-
quence (x,,) in some convex set, a sequence (Z,,) is said to be in the asymptotic convex hull of (z,,) if
Ty € conv{z™ 2"t ...} forall n.

In the financial market, there are available for trading n stocks, n < d, with price dynamics

dS; = Si(uydt +ofdWy), i=1,...,n,

such that p* and o are predictable processes valued in R and R¢, respectively. Let us denote by o the
n x d matrix with row vectors o, the matrix' oo’ is assumed to be of full rank, so that the market price
of risk 6 takes the form 6, = o}(0y0}) " s, t € [0, T). For the rest of the paper, we make the following
standing assumption concerning 6:

* There exist constants p > 1 and Cy > 0 such that for all stopping times 0 < 7 < T, one has

(¢ (foaw) se (foan) )" 17] <o »

where ([ 6 dW) denotes the stochastic exponential of [ @ dW. This is the so-called Muckenhoupt A,
condition. Under this assumption, by [23, Theorem 2.4], f 0 dW is a BMO martingale, and therefore
% = &(— [ 0 dW)r defines a probability measure ) equivalent to P. This type of drift conditions are
well-known, especially in the context of expected utility maximization, see for instance Delbaen et al.
[8]. Let x > 0 be a fixed initial capital. A trading strategy is a predictable d-dimensional process 7 such

E
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that 7o € £(Q) and X™ > 0, where the wealth process X ™ is given by

t
X7 :x—i—/wsas(es ds+dW,), te[0,T]. 2.1)

0

We denote by II the set of trading strategies. For every m € II, X™ is a positive (Q-local martingale
and thus a (Q-supermartingale. In particular, the market is free of arbitrage opportunities. The principal
objective of this paper is to study the utility maximization from the terminal wealth of an agent who has
a non-trivial endowment ¢ and whose utility is modeled by a BSDE.

The generator we consider for the BSDEs is a jointly measurable function g : Qx [0, T] xR xR X4 —
R U {400}, where © x [0,T] is endowed with the predictable o-algebra. Furthermore, a generator g is
said to be

(CoNV) convex, if (y, z) — g(y, z) is convex,
(Lsc) lower semicontinuous, if (y, z) — g(y, z) is lower semicontinuous,
(NOR) normalized, if g(y,0) = 0 forally € R,
(Pos) positive, if g > 0.
Given a random variable H € L°, a subsolution of the BSDE with generator g and terminal condition H
is a pair (Y, Z) of processes satisfying
t t
Vot [V Zydu~ [ ZodW,<¥e Yr<H 22)

forall0 < s <t <T.Letu:R; — R be acontinuous concave, strictly increasing function such that

there exists C' > 0, |u(x)|” ’ < C(1 + |z|) for every x > 0, with p introduced in the condition (A) and
such that L — u™(E[u(L)]) is concave on {L € LY. : E[u(L)] < +oo}. Examples of such a function
include u(x) = 2" with rp? < 1, and u(x) = — exp(—7rz) with r > 0, see [11, Section 3].
A value process Y € S is said to be admissible if the process u(Y") is a submartingale. We consider
the operator
EY(H) = sup {Yo : (Y, Z) € A*(H, g)}

with
A% (H,g) :={(Y,Z) € § x L : Y admissible and (2.2) holds} ,
the set of admissible subsolutions with respect to u. The reader will notice that the operator £ (-) depends

on . Similar to [12] the operator £J(-) is a nonlinear utility function. In particular, it is monotone,
concave but not necessarily cash-additive. We study the investment problem

V(z) := sup EJ (€ + XT). (2.3)
mell

More precisely, we would like to give conditions of existence of a pair (Y, Z) along with a trading strategy
7 € I such that (Y, Z) € A“({ + X7, g) and for any other trading strategy 7 € II one has

Yo =V(z) = &£+ XT) > E(§+ XT).

Henceforth, the_fugcti_on 14 wi_ll be referred to as the value function of the optimization problem (2.3),
and the triple (X,Y, Z) with X = X™, a maximal subsolution.



Example 2.1. 1. Certainty equivalent: Let X be an Fr-measurable random variable such that u(X) is
integrable. The certainty equivalent Cy(X) of X is defined as C;(X) := u™! (E[u(X) | F]), t € [0,T).
Consider the utility maximization problem

V(z) = sup Co(XT +&). 2.4

well

The martingale representation theorem yields a process N € £ such that
Eu(X)|F] = Eu(X)] + /Nu dw,, forallt e [0,T].

Applying It6’s formula to V; = ! (E[u(X) | F;]), we have

1 w'(v)
2 (u'(¥2))?
Ny, the pair (Y, Z) solves the BSDE

dY, = —— N, dW, — IN,|? d

u(Y)

Hence, putting Z; = ,(Y)

T

1 U//(Yu) 2

Yi=X+ - Zy|® du— | Zy dW,. 2.5

t + 5 / (Vo) | Zu|” du / (2.5)
t t

For u(z) = z", r € (0,1), the generator of the BSDE (2.5) is given by g(y,2) = %(r — 1) 2% /y
and satisfies the conditions (CONV), (LsC), (NOR) and (P0s) on (0, +oc) x R?. By definition, we
have £J(X) > Cy(X). In addition, the admissibility condition implies u(&J (X)) < E [u(E4(X))].
Therefore, £J(X) < Cy(X). Thus, the utility maximization problem (2.4) can be rewritten as V (z) =
Supen £ (XF +€).

2. g-expectation: Let u be a utility function and ¢ a function defined on R x R? and satisfying (LSC),
(NOR) and (POS) such that for every m € II the BSDE with terminal condition (X7 + &) and generator
g has a unique solution (Y™, Z™) € § x L. Denote by &;[u(XT + &) | F4] := Y, the g-expectation of
u(X7T + €). The operator £,[-] is a nonlinear expectation which coincides with the classical expectation
Ep[-] when g = 0. Consider the utility maximization problem

V(z) = sup u (Eglu(é + XT) | Fo)) -

We further assume w to be twice continuously differentiable and that v’ is bounded away from zero. For
every m € II, we have

T T
Y7 = u(X5 +€) +/g Y, Z" du—/Z;rqu. (2.6)
i [
Applying It6’s formula to Y;™ := w1 (Y;"), we obtain
O 1 T\ T, (N ]_’LL s ST
AV = —{ ———g(u(V7), ZFd (V7)) — ‘Z dt + 27 dw, 2.7
' (Y/) 2 u/(
with ZF = Z7 /u'(Y7") and Y7 = X7 + £. For u(z) = —exp( z), 7 > 0and g(y,2) = |2],

the generator of the above BSDE takes the form g(y,z) = |z| + £(1 — r)r? |z)* and it satisfies the



properties (CONV), (LsC), (NOR) and (POS). Since g is positive, Y™ is a submartingale and we have
EYXF +&) 2 Y5 = u ' (Y]) = u (& (w(XF + &) | Fo)). In addition, the admissibility condition
implies u(EJ(XT + €)) < Eu(EX(XF + €))] < E[u(XF + £)] by monotonicity of u. Since g is
positive, taking expectation of both sides of (2.6) yields £, (u(XT +&) | Fo) > E[u(XF +¢)]. Therefore,
ENXF4+6) <u? (Eg(u(XF + &) | Fo)). Thus, the utility maximization problem (2.4) can be rewritten
as V(x) = sup,en &5 (XT + €). O

3. Maximal Subsolutions

3.1. Existence Results

In this section we give sufficient conditions of existence of an optimal trading strategy to Problem (2.3).
In order to simplify the presentation, let us introduce the set

A(z) :={(X,Y, Z) : X satisfies (2.1) for some 7 € T and (Y, Z) € A“(£ + X1,9)}.
The function V' (z) can be written as
V(w) = sup{Yo : (X,Y, 2) € A(x)}.

If g satisfies (NOR) and £ > 0, the set A(z) is nonempty, and contains an element with positive value
process. The triplet (X©, Y9 Z0), with Z0 = 0, Y’ = X% = z and with associated trading strategy
7 = 0 is an element of A(x). Indeed, the pair (Y, Z°) satisfies (2.2), and we have Y2 =z <z + ¢ =
& + X2 Moreover, for all (X,Y, Z) € A(x) the cadlag process Y can jump only up, since by taking the
limit as s tends to ¢— in Equation (2.2) we have Y; > Y;_, for all ¢ € [0, T|. Before stating our existence
result, let us prove the following lemmas.

Lemma 3.1. Assume & € LY (Q, Fr, Q). Then there exists a constant C' > 0 such that for all (X,Y, Z) €
A(x) withY > 0, we have

Eflu(§ + Xr)[ ] <C and u(Yy) < E[u(§+ X7)| F] t€[0,T].

Proof. Let (X,Y, Z) be in A(z), and ¢ the Holder conjugate of p. We first prove the L” boundedness of
u(€ + Xr). Using Holder’s inequality, we estimate as follows:

1

Ellu(¢ + X7)I"] = Eq [S(fedW)T

ule+ Xo)P]

Q=

< 50| (gramys ) | Bellute + Xol" 1.

Since there exists a positive constant C' such that

u(€+ Xr)[P < C(1+ €+ Xo),
we have

Elju(é + X7)"] < CV/PE [5 (/0dW>T (W)q} : Eqll + &+ X7]7.

Thus, since ¢ — 1 = ]ﬁ, it follows from the Muckenhoupt A, condition and the ()-supermartingale
property of X, that

E[lu(¢ + X7)["] < CYPC, (1 + Eqle] + 2)7,



hence the first estimate.

For the second estimate, first notice that u(§ + Xr) is integrable, and since w is increasing and (Y, Z)
satisfies Equation (2.2), we have u(Yr) < u(§ + X ). Since the value process Y is admissible, we have
w(Yy) < Efu(Yr) | Fi] < E[u(€ + Xr) | F] forall t € [0,T]. O

The previous lemma gives two a priori estimates for subsolutions of Equation (2.2). In particular, it
shows that the family of random variables u(§ + X ), when (X, Y, Z) runs through A(z), is uniformly
integrable.

Remark 3.2. a) Due to the admissibility condition and the previous lemma, it holds V' (z) € R for every
x > 0. In fact, for any (X, Y, Z) € A(x), since (z,z,0) € A, we can assume Yy > z. By admissibility,

u(Yo) < Elu(Yr)] < Efu(§ + Xr)].
Lemma 3.1 and Jensen’s inequality give

u(Yo)” < Efju(§ + Xp)["] < C.

b) If a subsolution (X,Y, Z) € A(x) is such that log(Y") is a submartingale, then since Yy > x, we have
Ellog(Y;)] > log(x) > 0 forall ¢t € [0,T]. Hence, Y; = 0 with probability zero. Therefore, the function
u = log can be used to defined admissibility of subsolutions. ¢

The next lemma describes the set of subsolutions.

Lemma 3.3. If g satisfies (CONV), then the set A(x) is convex.
Proof. See Appendix A. (]

The following existence theorem is the first main result of this paper.

Theorem 3.4. Assume that the generator g satisfies (CONV), (LscC), (NOR) and (POS); and that the
random endowment £ belongs to LS°. Then there exists a trading strategy @ € 11 with associated wealth

process X and a pair (Y, Z) € A“(€ + Xr, g) such that Yo = V (z).

Proof. Let ((X™, Y™, Z™)) be a sequence in A(x) such that Y 1 V(z). The proof goes in several steps.
We start by making some transformations on the maximizing sequence ((X™, Y™, Z™)).

Step 1 Preliminary transformations. The sequence ((X™, Y™, Z™)) can be considered to be such that for
alln € N,YJ* > zand Y™ > X™. In fact, since the set A(z) contains the triple (z, z,0), by definition
of V(z) it holds V(x) > x. Hence, we can assume without loss of generality that Y] > «, for all n. For
each n € N, define the stopping time 6" by

Mi=inf{t >0:Y," < X[} AT,

and put

Y" .= Ynl[ov(;n) + Y57L1[5n7T]; Z" = Zn1[076n]

and

X" .= an[o’én] + XgLnl[5n’T].



The triple (X”, Y”, Z") belongs to A(z). In fact, for all s,t € [0,7] with 0 < s < ¢t < T, on the set
{s < ™ <t} we have

t t

v / GV, 27 du — / Zmaw,

5" 5" t
:YS”+/gu(Yu”,Z;‘)du—/Z;lqu—k/gu(ng,O) du
s s on
<Y =Y.

On the sets {s > 6™} and {t < ¢™} the proof is the same. Now for the forward process, let ¢ € [0, T'.
On the set {0" < t}, putting 7™ := 7" 1}y 501, We have

o t t
Xr=XL =x+ / X rlo, dWS + / 0dWe =z + / X"ino, dWS.
0 on 0

On {t < 0™} there is nothing to prove. In order to show that the terminal condition is satisfied, notice
that on the set {6™ < T} it holds Ysh = X§.. This is because Y;* > x, X" is continuous and Y™ only
jumps upward. Thus, . R

Yr =Y =X5h < X5 +6= X7 +¢€

and on the set {” = T'} it holds
YR =Yp<t+Xp=£+Xp

In addition, for all n € N, 7" is a trading strategy and u(f/") is a P-submartingale. In fact, for all
0 < s <t <T,due to the admissibility of Y, we have

Eu(Y)") = u(Y]) | Fo] = Eu(Y{tysnyn,) — w(Y) | Fo] > 0.
Hence Y™ is admissible. Therefore, we have
(X", Y™, 2™) C Alx)

with Y"1 V(z) and for all t € [0,77, X < Y. In the sequel of the proof we shall simply write
(X™ Y™ Zm) for (X™, Y™, Z™), for every n € N.

Step 2 An estimate for the value process. Now we provide a bound on the value process that will be a
key ingredient for the localization in the subsequent step. Since (X7) is a sequence of positive random
variables, by [6, Lemma Al.1] there exists a sequence denoted (X7) in the asymptotic convex hull of
(X7) and an Fp-measurable random variable X such that

lim X=X Q-as.

n—oo
Let (X™) be the sequence in the asymptotic convex hull associated to (X7%). For each n € N the process
X" is positive and inherits the ()-supermartingale property of X", that is, Eo[X7] < x. Hence, it
follows from Fatou’s lemma that

x > liminf Eg[X7}] > Eg[liminf X}] = Eg[X].

n—oo n—oo



By continuity of the function u and Q-almost sure convergence of (X7) it follows that (u(¢ + X2))
converges to u(§ + X) Q-a.s., and therefore P-a.s. by equivalence of measures. Moreover, due to
Lemmas 3.3 and 3.1, the family (u(€ + X2)),, is uniformly integrable. Therefore, we can conclude using
the dominated convergence theorem that

lim w(é + X3) = u(é + X) in L% (3.1)

n—o0
Foralln € Nand t € [0, T] define
M := E[u(§é + X2) | F] and M, := E[u(¢é + X)| F).

We denote by ( (X", Y", Z ")) the sequence in the asymptotic convex hull of ((X™,Y™, Z™)) associated
o (X%}). By Lemma 3.3, (X", Y™, Z")) C A(x), and Lemma 3.1 leads to

w(YY) < M < (M™% forallt € [0,T],

which implies, since u ™! is increasing, that Y7r < umH(M™)%). Thus, (Y™)5 < u~'((M™)%); recall
that Y" > X[' > 0. Using again the fact that uil is increasing and the 1nequahtles

(M")p < (M =M.+ M) < (M"—M)7+ My
we finally have

(V") <u™H(M" = M)y + Mj).

Step 3 Local bound for the control process. Here we obtain an estimate that will enable us to use a
compactness argument for the space £'. That estimate stems from the fact that Y™ can be shown to be
a local submartingale. We start by introducing a localization of the value processes. Since the sequence
(MZ) converges in L', for a given k € N we may, and do, choose a subsequence (M™*),, such that

—n

2
E[M}Y* — Myp|] < = neN (3.2)

Let ((X™, Y™k, Znk)), be the subsequence of ((X™, Y™, Z™)),, associated to (M"*),,. Now, intro-
duce the sequence of stopping times

Tk:inf{tZ() (Ykyr >k, forsomenEN}
Let us show that (7%) is in fact a localizing sequence.
Plrh=T]=P [(Y” Byr <k, foralln € N}

P [ut(M™*F — M)y + Mj) < k, foralln € N|
=1-—P[(M™* — M) + Mj > u(k), for some n € N]|
>1—P[{(M™" —M)3 > 1, forsome n € N} U {(M.)5 > u(k) — 1}]
=1—P[(M™* - M)% > 1, forsome n € N] — P[(M.)5 > u(k) — 1]
>1-> P[(M™ -~ M); > 1] — P[(M)7 > u(k) — 1)]

>1-YF [|M;v’f —MT\] _ w (3.3)
1 E[(M)7]
e O P
k — oo,



where we used Markov’s inequality to obtain (3.3). Therefore (7) is a localizing sequence.

Letn,k € N, forall t € [0,7], Y/&fk is integrable. It follows from Jensen’s inequality, since uwlis

convex, that forall 0 < s <t < T,
tATE

E [Y{;’fk |fs} —E [ufl ou(YR) |fs}

> y! (E [u(?;;fk) \]-'SD . (3.4)

On the set {7% < s} it holds E[u(f/fk’k) | Fs] u(}}ﬂ’k), and recalling that u(Y"™*) is a submartingale,
on the set {7, > s} it holds E [u(fft’}\fk) | Fs] > u(f/s"Afk) by the optional sampling theorem. As u~! is
increasing, (3.4) leads to

BV ] 2 (u (V00)) = Yok
Hence for all n € N, Vb7 .= f/’;fk is a submartingale and E[f’:ﬁck | F] is a martingale. By Doob-

Meyer decomposition, see [27, Theorem 3.3.13], the cadlag submartingale y k" admits the unique
decomposition

on,k on,k in.k T,k

thk =Y+ AMTk + N t € [0,T], 3.5

tATR?

where A% is an increasing predictable process starting at 0 and Nkt isa local martingale. More-
over, by Equation (2.2) and Lemma 3.3 there exists an increasing cadlag process K™* with K )

such that
t

t
fftn’k = ?On’k + /gu()}u"’k, Z;Lk) du + f(t"’k — /Zﬁk dW,;
0 0
where f g(?"’k, Z”’k) du + K™* is increasing, since ¢ fulfills (P0OS), and is predictable. In addi-
tion f Z™* dW is a local martingale. By uniqueness of Doob-Meyer decomposition the processes
— [ Z™*1yy ;1) dW and Nk as well as [ oYk, ZmE) 1 g du + K™k and AnF are in-
distinguishable. Then, from Equation (3.5) and f/,;”’k > 0 we have forall t € [0,T]

tATE
7n.k _ vnk o,k in.k
/ Zyt AWy, =Yy — Y;:/\Tk + At/\rk
0
< V(z)+ AN, (3.6)

where the last inequality comes from the fact that (YJ""),, increases to V(z). On the other hand, since
(Y™k ZmF) satisfies (2.2) and g satisfies (POS),

k k

tAT tAT
/ Zykdw, > Vg — vk 4+ / gV, ZF) du
0 0
> Y% (3.7)

> _E[Y/.:Z)k | —Ft/\T"']v

where the last inequality comes from the fact that Ykt isa submartingale. Therefore, [ Zmk Lio,rr) dW
is a supermartingale, as a local martingale bounded from below by the martingale — F [f/ﬂk | F ark]-

10



Hence, the inequalities (3.6) and (3.7) above lead to

k

tAT
[ zraw < v+ |7k ]+ A
0
which implies
/ ZmF aw, <V(x)+k+ A%E
0 TATE

- - - N ok .
The random variable A:L;Ck is bounded in L', since we have AZ,;k = YO"’k — Y;L’k + /5 Zmk qW,, with
(f’on’k)n increasing; [ Z n’k].[oﬂ.k] dW a P-supermartingale and )7:2’]“ bounded. Hence, by Burkholder-
Davis-Gundy’s inequality, (Z n’kl[o’,,.k] )n is bounded in £1.

Step 4 Construction of the candidates Z and Y. Now we are ready to construct the candidates maximiz-
ers for the control and the value processes. These constructions are based on compactness principles for
the spaces £! and L!. Since (Z”7k1[077k])n is £! bounded, there exists, by means of [7, Theorem A], a
sequence again denoted (Z n’kl[oﬂ.k] )n in the asymptotic convex hull of (Z n7k1[o77.k])" which converges
in £! along a localizing sequence (0"%),,, and therefore P ® dt-a.s., to a process Z*. We obtain Z by
implementing a diagonalization procedure such as in step 7 of the proof of [12, Theorem 4.1]: For another
k" > k, we can find a subsequence (Z”’k/)n such that (Zn’k/1[077_k/]1[070.717k/])n converges to a process

Z¥ in £ and P ® dt-as. By the same method, we can define the process Z by

():0; Z ZZ 1(,,.k 1.7k],

and put Z" = Z™" and ™" = ¢". Hence (Zn1[077ﬂ,]1[070-n,]) converges to Z in £ and P ® dt-ass.,
but we also have (Z" Lio,-#1 110, Uk])n converges to Z* for all k. Thus, by Burkholder-Davis-Gundy’s
inequality,

tATF AGF tATR AR
Z? dWy — / Z,dW,, forallt, P-a.s. and for each k.
0 0

Taking the limit as £ — oo we have, for all t,

t t
/ / P-as. (3.8)
0 0

Let (Y™) be a sequence in the asymptotic convex hull of (Y™) corresponding to (Z"). For all t € [0, T

k-
and k£ € N, we have Y;m-k = YO + Ath — fot/\T Zy dW,. The sequence (A%A «) is bounded in

L' as a consequence of the L'-boundedness of (A% Ark) . Therefore, by Helly’s theorem, we can find
a subsequence in the asymptotic convex hull of (A™ S )y, still denoted (A”Jk)n such that, for & fixed,
(At L.k )n converges to Agppr forall t € [0,T], P-a.s. and such that A™ is an increasing positive

integrable process with AO = 0. In particular, (A%) converges to A P-as. Letting £ go to infinity,
(Aypr )i converges to Ay, forall t € [0,T), P-a.s. Therefore we put

k—o00 n—00

t
Y, := lim lim Y/\ L =V(e)+ A — / € [0,7). (3.9)
0

11



and for all ¢ € [0,T), define

t
Y, = lim }N/S:V(x)—&— lim AS—/Zuqu

st s€eQ st s€Q
0

and Yp := YT. We claim that - ~
Y=Y PQdtas. (3.10)

This is because the jumps of Y and Y coincide with the jumps of A, and being increasing, the latter

process has countably many jumps.

Step 5 Construction of the candidate X. Recall that since g satisfies (CONV), by Lemma 3.3 for all
n € N the triple (X", Y™, Z™), element of the asymptotic convex hull of ((X",Y™, Z")), is in A(z);
and from Step I we have 0 < X' < Y. Moreover, for each n € N the process X™ admits the

representation
t

xr :x+/ﬂgdW§,

te[0,T]
0
for some predictable process 7" € L£1(Q). Hence for all ¢ € [0, T, for all n € N, we have
t
/ﬁg dWe| = ‘X’f - x’ < |V + 2,
0
which implies, taking (7™*),, to be the subsequence corresponding to (M™*),,, recall (3.2),
/ﬁg»’“ dw@ < (YR e tr<k+a. (3.11)
0 TATE
Therefore, by Burkholder-Davis-Gundy’s inequality (ﬂn’kl[oﬂ.k])n is bounded in £1(Q). With this local
L£'(Q) bound at hand, we can use similar arguments as in Step 4 to obtain a process  such that

k k

tAT tAT
/ pAwe — / 7, WS  forall t, Q-a.s. and for each k (3.12)
0 0
and
t t
/ AW e — / 7, dWQ forallt € [0,T], Q-as.
0 0
Put
¢
Xt:x+/z7udI/VuQ. (3.13)
0

Step 6 Verification. It follows from the definition of Y that Yy > V/(z); let us verify that (X,Y, 2)
actually belongs to A(x). We start by showing that X is a wealth process. From X" >0foralln € R,
follows X > 0. Since oo’ is of full rank, we can find a predictable process 7 such that 70 = .
Hence, from (3.11) and (3.12), o1}y .+) € £}(Q) for all k € N and therefore 7o € £(Q) and dX; =

12



Tu0u(0udu + dW,). Next let us show that (Y, Z) € A“(¢ + X7, g). To that end, we use an argument
from [12] . By (3.10), there exists a set B C Q x [0, T with P®dt(B¢) = 0 such that Y; (w) = Y;(w) for
all (w,t) € B. Then, there exists aset D C {w : (w,t) € B, for some t} with P(D) = 1 such that for
allw € D the set I(w) := {t € [0,T] : (w,t) € B} is a set of Lebesgue measure T and Y;(w) = Y;(w)
for all ¢ € I(w). Denote by A, n < ¢ < A", the convex weights of the convex combination 7", Let
s,t € I, s <t,where I; s and t depend on w € D. Using subsequently Fatou’s lemma and (CONV) we
are led to

tATE

< lim liminf [ Y%, + / gu(}}f7231[0,,,n](u))du— / ZmdW,

k—oco n—oo
SATk sATE

AR tATk tATR

< lim liminf » A7 Y/\Tk + / 9u(Y), Z}) du — / Zi, dW,
k—oc0 m—oo i—n

SATF sATE
An
< lim liminf AL Y/\Tk = hm liminf Y,
k—oo n—oo 4 k—oo n—oo
= lim Y« =Y, =Y. (3.14)
k—oo

If s or ¢ are not in I, then there exist two sequences (sy,) and (¢,,) in I such that s, | s, t,, | t and
sn < ty. Equation (3.14) holds for each s,,, t,,. Namely,

ty tn

YSn +/g(}7uvZu)du_/Zuqu S }_/;S,,L

Sn Sn

holds for all n € N. Since Y is right continuous and the integrals are continuous, taking the limit as n
tends to infinity yields the desired result for s and ¢. Therefore, the pair (Y, Z /) satisfies the inequality
(2.2) with terminal condition H = & 4+ X7 since for all n € N, Y < £ + X%; and (Y;?) and (X}
converges P-a.s. to Y7 and X, respectively. Now let us show that Y is admissible and is a cadlag
process. Due to Lemmas 3.1 and 3.3 and positivity of u we have for all n € Nand ¢ € [0, T

w(ie) < Blu (e 53) 7]
B [u(e+ X3 | ],

where we used Jensen’s inequality. Taking expectation on both sides leads to E[u(Y;*)?] < E[u(¢ +
X2)P] < C. Hence, the family (u(Y;")),, is uniformly integrable, for all ¢ € [0,77]. Since for all n
the process Y™ is admissible, we have u(f/é”) < E[u(fft") | Fs], 0 < s <t < T. Taking the limit as
n goes to infinity, we obtain by means of continuity of « and dominated convergence theorem u(}}g) <
E[u(Y;)| Fe, ie. u(Y) is a submartingale. The continuity property of the function u and definition of ¥’
imply

u(Yy) = lim w(Yy),

sTt,s€Q
therefore by [22, Proposition 1.3.14], u(Y)isa cadlag submartingale, and Y is thus cadlag as well. Hence
(X,Y,Z) € A(z) and consequently V (z) = Yp, which ends the proof. O
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Remarks 3.5. a) Unlike in [12] and [19] where minir{lal supersolutions of BSDE:s are studied, we cannot
guarantee that the stochastic integral of the process Z is a supermartingale even for a bounded terminal
condition &. This is due to the fact that the random variable X may not be integrable.

b) In the above result, the assumption £ € L (€, Fr, Q) can be replaced by £ € L2 (Q, Fr, P). This
would cost a stronger integrability condition on the process 6. Indeed, if the martingale £(— [ 6 dW)
satisfies the reverse Holder inequality R, that is, there is a positive constance C' such that for all stopping
1
2

times 7 < 7' it holds
2
& (—/auqu> yfT] <Ce (—/9uqu> 7
T T

then by [10, Proposition 3] we have Eq[¢] = E[E(— [; 0u dW,)r€] < CE[¢?] and therefore the first
estimate of Lemma 3.1 remains valid. ¢

E

We finish this section with a direct consequence of Theorem 3.4 and its proof. Namely, existence of a
maximal subsolution of a decoupled controlled FBSDE:

Corollary 3.6. Assume that the generator g satisfies (CONV), (Lsc), (NOR) and (P0OS); and { € L.
Then the system

{Y; <Y~ [T gV, Zu) du+ [! Z, dW,, Y <&+ X7 515

XT :a:—f—fg?ruau(ﬁudu—k aw,), well
admits a maximal subsolution. That is, there exists a control m* € Il and a triple (X ~Y* Z *) satisfying

(3.15) with u (Y'*) being a submartingale such that for any control w € 11 and any processes (X™,Y, Z)
satisfying (3.15) with uw(Y') a submartingale, we have Y > Y.

Proof. This follows from Theorem 3.4. ]

3.2. Stability Results

In this section we assess the stability of maximal subsolutions with respect to the terminal condition and
the generator. We will show that maximal subsolutions have a monotone stability with respect to both
data. These stability results, already proved in [12] for minimal supersolution, will enable us to obtain a
robust representation of the operator £J.

Proposition 3.7. Assume that the generator g satisfies (CONV), (LscC), (NOR) and (POS). Let (") C
L. If (") decreases pointwise to a random variable &, then £J () = lim, oo £J (£™).

Proof. See Appendix A. O

Proposition 3.8. Let { € LY be a terminal condition, and (g™) be a sequence of generators decreasing
pointwise to g. Assume that each function satisfies (CONV), (Lsc), (NOR) and (POS). Then (&) =

limy, o0 & (€).
Proof. See Appendix A. ]

4. Representation and Characterization
In the previous section we obtained existence of optimal trading strategies of our control problem. This
was a rather abstract result, and only gave us little information on how one could compute such an

optimizer or how it depends on the other parameters. The point of this section is to find a characterization
of the optimal controls of Problem (2.3).
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4.1. Robust Representation

We consider the set

T
D := ( B : 8 predictable and /|ﬁu| du < 0o
0

Forany 8 € D and q € £, we define, for 0 < s <t < T

T T
1 ¢
= exp /qu AW, — 3 / ||qu||2 du and nyt = JoBudu oy [0,T7.
0 0

Q1
P

V‘Ve alS() deﬁne the set
dP

For any admissible trading strategy 7 € TI, the associated wealth process is given by d X[ = w04 (0 dt+
dWh), with XJ = zand X™ > 0. Let 0 < s < ¢t < T, and consider the functional

E\(H) :==esssup{Y;: (Y,Z) € A"(H,g)}, HeL'(FR).

Recall that A" (H, g) is the set of subsolutions (Y, Z) € S; x L of the BSDE with terminal condition H
and generator g such that u(Y") is a submartingale. In particular, £ (H) = £§ ,.(H) forall H € L°(Fr).
Let 7 <  be two stopping times valued in [0, T']. For any 7 € II, define

Ory(m)i={r" e : 7'}, ) =Tl }
and

Yo(X7) = esssup &4 (XF +¢), @.1)
€Oy, (m)

where § € L° is the random endowment. We define the convex conjugate g* of the generator g by

g (B,q):= sup {By+qz—g(y,2)}, BeR,geR™
yER, ,zERC

Consider the condition
(ADM) g(y,2) > —1/2||2]* v (y) /u'(y) on Ry x R
The following theorem gives a robust representation of S&T.

Theorem 4.1. Assume that the generator g satisfies (CONV), (LsC), (NOR), (POS) and (ADM). Then,
for every m € 1l and any stopping time 0 < 7 < T, the following robust representation holds:

&, (XD) = nt Eo DY)+ [ D)ugiBua)du| . mell  @2)
’ (B,9)€EDxQ ’ ’
0

For the proof of the theorem we need the following lemma.

Lemma 4.2. Assume H € L*>. Let f be a function satisfying (ADM) and such that the BSDE with
terminal condition H and generator f has a solution (Y, Z) € S x L! satisfying Y > c for some ¢ > 0.
Then, u(Y) is a submartingale.
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Proof. By It6’s formula it holds

t t

w(Y;) = u(Yp) +/ <u’(Yu)f(Yu, Zy) + ;u”(Yu)ZZ) du — /u/(Yu)Zu dW,, 4.3)
0

for all t € [0, T]. Therefore since Y > 0, due to (ADM) we have v/ (Y3,) f (Yu, Zu) + %u”(Yu)Zﬁ >0 so
that the second term of the right hand side in (4.3) defines an increasing process. Thus, as H € L°° and
Y > ¢, u(Y) is a submartingale. In other words, (Y, Z) is an admissible subsolution of the BSDE with
terminal condition H and generator f. (]

Proof (proof of Theorem 4.1). Let 7 < T be a stopping time. For every 7 € Il and (8,q) € D x Q,
if A“(Y-(XT),q) # 0,1let (Y,Z) € A“(Y,(XT),g). There exists a cadlag increasing process K with
Ky = 0suchthaton {t < 7},

t t
Yt:n+/gu(Yu,Zu)du—/Zuqu+Kt—Ks, 0<s<t

S S

Define the localizing sequence of stopping times (o) by
t
oy i=1inf{t>0: /Dg,uZuqu >n s AT.
0

Applying It6’s formula to Dgth and Girsanov’s theorem such as in [16], we have

tAop,
Yy < Ega D{imanYMgn + / Dg,ug;i(ﬁu, qu)du|, foralln € Nandt € [0,T].
0

Since ¢ satisfies (NOR) the function g* is positive. Using the fact that (o,,) is a localizing sequence, there
is n large enough such that 7 < o,; and since Y; < Y, (X7) and DFis positive, we have

Yo < Egu | DG, Yo(XE) + [ DfugiPura) du
0
Therefore,

&L (Y (X)) < inf  Bge |Dj Yo(XT)+ / DY 9 (Bu, qu) du| . (4.4)
(B,9)€EDXQ
0

If A“(Y,(XT),g) =0, (4.4) is obvious.
On the other hand, for each k € N and 7 € II we define H*(7) := Y, (XT) A k, which is a bounded
F,-random variable. Defining for every n € N the function g” on R, x R% by

W)= s {Bytaz— g (B} Vs W) P /),
[BI<n;llgll<n

the sequence (¢™) converges pointwise to g as a consequence of the Fenchel-Moreau theorem. In addition,
for each n € N the function g™ satisfies the quadratic growth condition

9"(4,2) < Cull+ [yl +|2*), yeR, z€RY, Cp>0.
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Fixing n € N, for every k € N there exists (Y™, Z™*) € § x L£! solution of the BSDE with terminal
condition H k(?‘(‘) and driver ¢g”, see for instance [5]. It follows from [16] that there exist predictable
processes (3", ¢") satisfying |3"| < C,, and [ ¢" dW € BMO such that on {t < 7}

Ytn,k = Egan Dﬁ H*(r /DO w90 (B, an) du ] Fi|, P-as., 4.5)

where g™* is the convex conjugate of g”. In particular, since g satisfies (NOR), we have Sy—g*(83,q) <0
for all 3, ¢ so that g™ also satisfies (NOR). Thus, it holds g™* > 0, and from (z, = O) € A(z) it follows

H*(7) > x, which yields Y;""* > Egan [Dﬂ z] > 0. Since g"(y, z) > —3u”(y ) 1211 /4 (), it follows
from Lemma 4.2 that u(Y™*) is a submartingale. That is, (Y™, Z™*) is an admissible subsolution of

the BSDE with generator g" and terminal condition H* (7). Therefore, £ ! (H%(m)) > Yon’k. Taking
the limit as k goes to infinity, it follows from the monotone stability of Proposition 3.7 and the monotone
convergence theorem that

gé]‘f'( (Xﬂ)) 2 EQq DO TY Xﬂ— /DO ugu ( Z?qg) du foralln € N.
Since (8™, ¢™) € D x Q for each n, we have

&9 (Y, (XT inf  Egd | DS Y, (XT) /D s Q) du
o,r( (X)) > (8.4)eDx 0 Q 0,7 Ougu *(Bus qu)

Using g* < g™* for all n € N and then taking the limit as n goes to infinity, the monotone stability of
Proposition 3.8 yields the second inequality, which concludes the proof. [

Proposition 4.3. Under the assumptions of Theorem 4.1, for any [0, T|-valued stopping time T, it holds

V(x) = su inf  FEga DTYXTr /DuuuaudU. 46
) e (Ba)eDxg 9|70 0.u9u(Bus qu) (4.6)

Proof. We have

V(z )—Slelggo (Y=(X7))- 4.7)

In fact,

sup & (Y- (XT)) = sup & , ( esssup &7 (X,}r/ +§)>

well well 7' €BOg, ()

=sup sup Eg_T (X%l + 5) =V(x),
€l /€O, ()

where we used monotonicity and flow property of the operators 5§,t(-), 0<s <t < T, seell2,
Proposition 3.6]. By Theorem 4.1 the proof is done. O
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4.2. Existence of a Saddle Point

Considering the dual representation of 55’77 derived in Theorem 4.1, a pair (3,¢) € D x Q is said to be a
subgradient of £f _ at Y, (XT) if

€9 (V+(XT)) = Fqu | DEY,(X7) / Df 12 (Bur ) du

In the case where the generator only depends on z, equivalence between existence of a subgradient of
a monetary utility function and quadratic growth of the driver g was proved by Delbaen et al. [9]. The
following result uses their compactness argument. We will also need the conditions

(QG) quadratic growth: g : R x R? — R U {4+oc} and Vi > 0 there exists C > 0: g(y,z) <
C(1+ |yl + ]z forall y € R: |y| > 7 and z € R

Theorem 4.4. Assume that g satisfies (ADM), (CONV), (LSC), (QG), (NOR) and (POS). Then, £ admits
a local subgradient: For any [0, T]-valued stopping time T and any w € 1I, 5(?,7 admits a subgradient
(q7,87) € D x Qat Y- (XT).

Proof. Let € 1I be fixed for the rest of the proof. Let > 0 in (QG). Due to Theorem 4.1, we have

d%, Df €K

where

. JaQ 1
K= {dP (5,)€D><Q}QL.

For every k > 0 the set

dQ?

Fr=1"ap

—%-Dj, €K : Eq /DO I (Bus qu) du| <k (4.8)

is convex, see [13]. Let us show that it is o(L', L>)-compact. Let (3,q) € R x R? be given. By
definition, we have

g (B,q) = sup {By+qz—g(y 2)}

yER,z€R4

> sup {By+qz—g(y,2)}
ly|>n,z€R4

> sw {By+az-C+y+HP)}
ly|=n,z€R?

> sup {By — Oy} +bllql” - C,
[y|>n

with b = ;5. If | 3] > C, then let n € N be big enough such that y := n3 satisfies |y| > 7. Then,
sup {—By — Clyl} = n B[ (18] - C),

ly|=n

so that g* (3, q) = oco. Therefore, we can restrict ourselves to (5, q) € D x Q with |3| < C. Hence, we
can find a positive constant a such that

g*(8,q) > aB+bq|* - C. (4.9)
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Since 3 is bounded, Dy, = e~ /o' # 9" is bounded as well. Thus multiplying both sides of (4.9) by Dj ,
and integrating with respect to Q7 ® dt lead to

/D0ug ﬂmQu)dU > Ay +A2EQ(1 /Hqu” du| ,

where A; and A, are positive constants which do not depend on 3 and g. Arguing similar to the proof of
[9, Theorem 2.2], we can find a positive constant ¢ such that

dQ1

d})D([)jTEIC EQq /DOugu ﬂanu)du <k

Q7 4 dQ?  dQ
{dPDOT ICE{dP dP] c}

and therefore, we can conclude using the de la Vallée Poussin theorem that the left hand side in the above

inclusion is L!- uniformly integrable. We take a maximizing sequence (% Q Dﬁ - )n for the functional

&J+(Y-(XT)). Since Y;(XT) is positive, it follows that the sequence EQq [y Dgugu( " qr) dul)y,
admits a subsequence which is bounded from above. Therefore, the previous step shows that the sequence
(45

Dg ) is uniformly integrable. In addition, applying a compactness argument of Komlos type, we

can find a sequence denoted (M) in the asymptotic convex hull of (%D&T)n which converges P-a.s.

to the limit My € Lg_. The sequence (MZ’Z) is as well uniformly integrable and therefore converges to
Mpy in L'. By the arguments used in the proof of [13 Theorem 3.10], it is possible to show that for

all n € N there exist ¢" and 5" such that M}L = dQ DB and, up to other convex combinations, the
sequences (¢") and (3") converge P ® dt-a.s. to some g7 and 37, respectively and My = qu Dg TT
Since |3"| < C for all n, it holds | 37| < C. By Fatou’s lemma and convexity, we have

SgT( +(XT)) = liminf Eggn DgT (XT) /DOug " qn) du

n—oo

~n

dQ
> F |liminf
> imin 1P

n—oo

DgTY Xﬂ- /DOug BZ,@Z)CZU
Lower-semicontinuity of ¢g* yields
&V, (X7) = Equ | DIYo(X7) + [ DELg" (.a7) du

Since |37| < C and Mt € L', we have 87 € Dand ¢" € Q. O

Corollary 4.5. Under the assumptions of Theorem 4.4, for any optimal strategy ©* € 11 and any [0, T'-
valued stopping time T one has

V(x) =€, (YT(X:* )) . (4.10)
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In addition, Problem (2.3) admits a local saddle point in the sense that, there exists (87,q") € D x Q
satisfying

V(x):EQqT DOTY /DOugu uaqz—L)du

- lnf bqu D YX’T D, uvudu
(B.)eDx0nen @ 0,7 / Ouguﬁ qu)

Proof. By definition of Y, (X7 ), monotonicity and the flow property of £7

st’

0<s<t<T, wehave

EgvT(YT(Xf*))—SgyT< esssup &7 (X§+§)>

TEBg,~(m*)

= Sup EO,T (X7 +&) = V()
TEO, - (7*)

since 7 € O, (7*). Thus, Equation (4.10) is a consequence of Equation (4.7).
It follows from Theorem 4.4 and Equation (4.10) that there exists (87, ¢") € D x Q such that

T

V() = Eqar | Dy Y+ (X7 )+/D§;g:;( T qn) du (4.11)
0

and for every m € Il exists (3(r), ¢(7)) € D x Q such that

€9 (Vo(XT)) = Equn | DETY,(XT) / D) g2 (Bu (), gu () du

Thus, taking the supremum with respect to 7 on both sides yields

&, (Y2(XE)) = sup Egun | DY (X7) / D) g2 (Bu), gu(m)) du
mTE

> inf sup Eqa | Dy, Y, (XT)+ [ Df . qu) du
(B’q)EDXQﬂGE Q 0,7 / Ougu ﬂu q )

Since we always have inf sup > sup inf, it follows that

su inf EqDYX7T Df o (Bus qu) du
neg(ﬁ,q)erQ Q@ 0,7 / 0,u9 (Bu» qu)

:EQ“T DOTY /D()ugu uvqg)du

= inf squDYX7r /D " (Bu» qu) du
(ﬁq)GDXQﬂeg @ 0¥l 0 B 0u)

The proof is complete. U
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Remark 4.6. 1f g defined on the space R x R? satisfies (ADM), (CONV), (NOR), (POS) and (QG), then one
can take 7 = T in Equation (4.1), that is Y, (X7) = X7 + &, and work on the whole time interval [0, T']
in the proof of Theorem 4.4 and the subsequent corollary. The main reason for working with stopping
times is to allow for generators that satisfy the conditions (CONV), (NOR) and (P0OS) only on a subset
I x R?, where I C R, is an open interval as in the following example. ¢

Example 4.7 (Certainty equivalent). Let us come back to the certainty equivalent example of Section
2. For u(z) = log(z), Equation (2.5) becomes

1 T|Z |2 T
Yt:X_i/ Y. du—i—/Zuqu, te[0,T].
t t

The generator g(y, z) = % |,z|2 /y satisfies (LsC), (CONV), (NOR) and (POS) on (0, 00) x R¢ and it can
be extended on R, x R to a generator satisfying the same conditions by putting
‘2

z

i ify >0
9(y,2) =40 ifz=0
+o0o ify=0,2#0.

Hence, Theorem 3.4 ensures the existence of an optimal trading strategy 7* € II. However, if we consider
the function on R ; X R?, we can not guarantee, with our method, that the set I'; defined in (4.8) is weakly
compact and therefore that the problem admits a saddle point. A way around is to introduce a stopping
time 0 < 7 < T and work locally on [0, 7] as follows: Let 7* € II be an optimal strategy and put
Y o= u Y (Eu(X7 + £) | F]). Since z > 0, there exists m € N such that z > L. Define the stopping
time 7 by

. 1
7'::inf{7§ZO:Xt7r S}/\T.
m

We can restrict the study to subsolutions (Y, Z) € A"(XT + &) satisfying Y > X7, for all ¢t € [0, 7.
Hence, with BSDE duality we have Y, > X7,, > L Applying martingale representation theorem
and Itd’s formula such as in Example 2.1, we can find a process Z™ € £! such that

Y7 =yr /gu(yg*,zg*)dw/zg* dW, on{t<rt}.

Since the set {Y, : (X,Y,Z) € A(x)} is upward directed, using the arguments of Theorem 3.4 we can
find a strategy 7 € II such that

YA (XT) = esssup E-p(XF +6) =Y =ELp(X] +€)
7"/6@0,7(7"*)

with 7 € O, - (7*), i.e. Tl = 7 1}, and 7 € II. Moreover, since O¢ ,(7*) = Og - (7), we have
VA(XT) =Y (XF). By Y/, > X[\, = X[\, > £ >0, we also get

Y :Yf—/gu(Yuﬁ,ZZ)du—i-/ZZqu
0 0
~vX9) - [ g7z du [ 25w,
0 0
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For almost every (w,t) such that ¢ < 7(w) the function g is differentiable at (Y™ (w), Z] (w)) and it
admits a unique subgradient (5;(w), ¢:(w)) given by

_ 772
Gt = = and f; = 12/

Y7 BT ZaE on {t <7}

Since Y5, > 1/m and Z™ € L', it follows that (3,7) € D x Q and we have g,(Y;", Z[) = Y[ +

Gt ZT — g5 (B, @¢)- Thus, using the arguments leading to Equation 4.5, one has

T

Yy = Eqi | Df Y- (XT) + / 9 (Bus Gu) dut | - (4.12)
0

But since for every (8, q) € D x Q it holds

T

Y§ < Equ | DL, Y.(XT) + / 0 (Burqu) dut | |

. 0 i
it follows,
i = inf Eqq DB Y, XT +/ u us Qu du
0 ™ (ggepxo @ 0,-Yr(X7) 9o (Bus Gu)
0
=&, (Y- (XT)) (4.13)

where the second equality above follows from the representation theorem 4.1. By the identity Y, (X7 " ) =
Y, (XT), one has 537( (XT)) = &Y, +(X7")), so that it follows from the equations (4.12) and
(4.13) that &7 (Y, (X7 ™)) admits the subgradient ({3, 7). Therefore, the utility maximization problem
V(x) = sup,er Co(XT + &) can be written as a robust control problem admitting a local saddle point in
the sense of Corollary 4.5. In fact,

T

inf  sup Eqgs | DS _Y.(XT +/ (B qu) du
(B,9)EDXQ rrell ? 0 (*7) ) 9l )

T

< sup Ega DOTY (X™) + /gZ(Bu,ciu)du
well
0

<& (YA (XT)) = Eqa D@TYT(X:*H/QZ(BMU)@
0

T

< lnf E 4 D,B YT Xﬂ* +/ y us Yu du
T (B,9EDXQ Q 0,7 (X7) G (Bus qu)
0

< su inf EqDﬂYXW"'/*mudu
weg(ﬁq)EDxQ Q 0. Yr(X7) (Busqu)

< inf sup E D'B (X —|—/ s Gu
(ajobxo Suh Far | Dot 9u(Pu> @)

0
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To justify the second inequality above, notice that with the arguments leading to (4.4), we have

T
ELp(XT + &) < Eqa | D, p(XT +§) +/g (Bus @u) du | Fy

Therefore,

T

buIl')IEQq Do YA(XT) + /g:(BU7‘ju)du
TE
0

T

= sup Ega DOBT esssup 5' (X%T"/ +§)+/g;(5u,qu)du
mell LSICTI T( ) 0

T

SugEQq Lg‘l’g‘g,T(‘(% 5) /gZ(Buvqu) du
(S
0

T T
< Ega D EQq DET(XT-Ff +/g ﬁu,qu)du|}' +/gjj(5u,qu)du

L 0
B T

SEQ‘f D (XT+€ +/g /Bu7QU
L 0

T

< V() = Equ | DY, (XT) + / 0 (Bur ) dut | 0
0

4.3. Characterization

We conclude this section by providing a characterization of an optimal trading strategy and a correspond-
ing optimal model in the framework of the stochastic maximum principle. It dates back to the work of
Bismut in the 1970s. The maximum principle has been widely used in the context of expected utility max-
imization to characterize optimal strategies, see for instance Horst et al. [20]. Applying the perturbation
techniques yielding the stochastic maximum principle as developed by Peng [26] to the control problem
(2.3) as it is does not give much information on the optimal solution because of the nonlinearity of the
operator £J. This is where the dual representation for BSDEs becomes useful, in helping to linearize the
problem by transforming it into a robust control problem under a linear operator. In the following we
denote by dg*/da and dg* /Ob, when they exist, the derivative of the function g* : R x RY — R with
respect to the first and the second variable, respectively.
Since for every 7 € II the process X ™ is a positive (Q-martingale, we can write X7 as

¢
X[ =z+ / ouft X dW2 (4.14)

0
for some predictable process 7 satisfying {fOT louite|? du < 0o} = {X7T > 0}, see [23, Chapter 1]. The

next theorem gives a characterization of the optimal model (¢*, 5*) and of the process 7* associated to
the optimal strategy 7*.
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Theorem 4.8. Assume that the driver g is strictly convex, satisfies (ADM), (LSC), (NOR), (P0S), and
(QG). Further assume that § € LS°. Then, for every saddle point (7*, (3*,q*)) there exists a pair (p, k)
depending on 7*, 5* and q* such that p,0; + piqf + k¢ = 0 P ® dt -a.s. and which solves the BSDE

dpy = —(Oupy + pea; + ke)Trovdt + ke dW?' | pr=D, Q7 as.
Furthermore, g* is differentiable at (5*, q*) and satisfies

0 g
gt (5t» q)+Y,=0 and —%(ﬁ?,qi‘)Jth:O; P ®dt-as., (4.15)
where (Y, Z) solves the BSDE
dY, = g(Ye, Z) dt — Z,dW,, Yy = XE& +¢. (4.16)

Proof. By assumptions and Remark 4.6 the control problem admits a saddle point (7%, (5*, ¢*)), that is,

V(2) =Ega | Dy p(XF +6) /Dougu Bi,q;) du (4.17)

= inf sup Foq« | D Xr 4 /D , , du
(ByQ)E'DXQﬂ—GE Q OT( T € 0, gu Bu qu)

It follows from (4.17) that X7 is Q7 -integrable. Put

Y, = f Eoo |DP (X D’ mud‘ Cte0,T]
b= gesint B r(XT +6) + / w9 (Bus qu) du | Fy €[0T}

By [13, Corollary 4.3], for all ¢ € [0, T], we have

Yii= Eqr | Dir(XF +)+ [ DlLgi(6i.ai) du | 7
so that applying martingale representation theorem and It6’s formula, we can find a predictable process
Z such that (Y, Z) solves the linear BSDE
Yy = (BYi + 4} 7 — 7 (B} 47)) dt = ZodWs,  Yr = XT +¢&

Moreover, by [13, Theorem 4.6], for almost every (w, t), the subgradients Og(w, t, Y3, Z;) with respect to
(Y:, Z;) contain (5, ¢;). Hence, (Y, Z) also solves the BSDE (4.16).

Characterization of 7*: For any 7 € II define

thﬂ- :EQ‘Z* DtT(XT+£ /Dtugu B'uﬂqu)du ]: ’ te [O7T]
It follows from the saddle point property that

V(z)=sup YT =Y
mell
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Let w € II be a bounded strategy such that for every ¢ € (0,1), 7* 4+ em € II and let 7 be the process
associated to 7, see (4.14). Then, by optimality of 7*,

. 1 T tem T *
0= g% g (YO tem }/O ) = EQ‘I* I:Dg,TnT:| 5

where 7, := lim,_,q % - (X7r tem Xf) solves the SDE

dnt = Qt (ﬁfotnt —+ Xtﬂ*O'ﬂNTt) dt + (ﬁ':o’ﬂ’]t + XZT*O'tﬁ't> th
= Oét(et + q:) dt + (o7 thQ‘I , Mo = 0 Qq* -a.S
with oy = (7foyn: + X[ o47). In fact, this follows by applying the dominated convergence theorem
[27, Theorem 1V.32], since
t t ) t
X[ = 26 (7% + e7dW ), < wexp /fr;; dWw@ + /fru dW@| + 5 /(ﬁ;; + 7)) du |,
0 0 0

where dQ/dP = E(— [ 0dW)r. Let (p, k) be the solution of the linear BSDE with bounded terminal
condition

dpy = —(Oupr + 4} pr + k) Ff oy dt + ke dWE | pr = D§7T Q7 -as
which is known as the adjoint equation. Observe that since 3* € D, Dng is bounded. Applying Itd’s
formula to n;p; yields
t

mpe = / X7 7u0u(Pubu + Puls + ko) du+ / {nuku + pu(FEoun + X;;*aufru)} dWS" . (4.18)
0

Since we cannot ensure that the second term of the left hand side of Equation (4.18) is a true Q‘I*-
martingale, we introduce the following localization:

t
" i=1inf<{t>0: / Nk + Du (Tl 0w + X7, O'uﬂ'u)} dWﬁ?q* >np AT
0

Hence, taking expectation with respect to Q¢ " on both sides of (4.18), we have

“ [pranen] = Egae /Xfiruau(pu% + pug) + ky)du| . (4.19)

By definition of D, the family (DO T")n is dominated by the bounded random variable eJo (BL)™ du,

Moreover, for any § > 0 there exists € > 0 such that

Tn

* 1«
Nen < (X” ,Tem —XT)+ 6 < = X5 T 46
€ €
Because we can restrict ourselves to subsolutions (Y, Z) € A“(X7T + &) satisfying Y > X™, we can
further estimate 7,» by

T
1. -« 1
e S YL 40 < —Ege D (XF ™ 4 ¢) +/g (Bu> @) du | Fren | 46

Tn
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where the second inequality follows from the same arguments which led to Equation (4.4) in the proof of
Theorem 4.1. Hence,

T
1 oy — N
e O AR ROR RACAYALIIE N B
0

Since the right hand side above is Q4" -uniformly integrable, taking the limit in (4.19) and using dominated
convergence theorem and Fatou’s lemma give

T
0

recall that both p and 7 are Q7 -a.s. continuous processes. Arguing as above with —r instead of 7, we
have

T
Egq- /X;T*fruau(puﬁu + puq) + ky) du| =0.
0
Thus, since 7 was taken arbitrary, this leads to

Pl + prgf + ke =0 P ®dt-as,
since Q1" ~ P.

Characterization of $* and ¢*: The function g satisfies (LsC) and (8*,¢*) € 9g(Y, Z) imply that
(Y, Z) € 0g*(B*,q*), and since g is strictly convex, it holds dg*(5*,¢*) = {(Y, Z)} so that by [29,
Theorem 25.1], g* is differentiable at (5*, ¢*). Hence, 8* and ¢* are the points verifying

99" e« _ dg*
7%(Btv‘]t)+§/t*0 and 9%

B, q¢;)+Zy =0 PQdt-as. O

5. Link to Conjugate Duality

In this final section we show the inherent link between duality of BSDEs and the theory of conjugate
duality in optimization as presented, for instance, in Ekeland and Témam [15]. We will exploit the
general method of conjugate duality in convex optimization to study the problem at hands. In Proposition
5.2 below we write the dual problem to (2.3). The main result of this section, Theorem 5.3, shows that
even without the condition (QG) which enabled us to have weak compactness, the robust control problem
still satisfies a minimax property. Consider the probability measure Q = @Y introduced in Section 2.
Recall that H'(Q) is the set of Q-martingales X such that Eg [sup o, [X|;] < co. We introduce the
sets

C:={XF:mell}nH(Q), M:={M eBMO,,(Q): EqIMX7F] < zforall 7 € IT}
and Q:={qe L: dc% € M}. Let us define the perturbation function F' on C x C with values in R by
F(XT,H):=&(XT+&+H).

For all H € C we put

u(H) := sup F(XT, H).
mell
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The space BMO(Q) can be identified with the dual of the space H!(Q). We extent the function F to the
Banach space H'(Q) x H'(Q) by setting F'(XT, H) = —oo whenever H or X7, does not belong to C.
It holds u(0) = V(z), the value function of the primal control problem. Since £ is concave increasing,
the function w is as well concave increasing, and from u(0) = V' (x) < oo follows that u(H) < oo for all
H € C. Define the concave conjugate F* of F on BMO(Q) x BMO(Q) with values in R by

F*(M',M):= inf Eo [M'XF) + Eq [MH] — F(X%, H)}.
(/M) = inf | (B [M'XF] + Eq [MH) — F(XF, H)}

The function F™* is concave and upper semicontinuous. For each M’ € BMO(Q), put

M'):= inf —F*(M',M)}. 5.1
oM7) = inf o I (ML M)} (5.1)
For M’ = 0 Equation (5.1) is the dual problem, and the relation u(0) < v(0) follows as an immediate

consequence of the definition of F™*. Since the functional £ is increasing and £J(0) > —oco we have
u(0) > £§(0) > —oco. Hence v(0) > —oc.

Lemma 5.1. Assume that the driver g defined on R x R? satisfies (CONV), (LSC), (NOR) and (POS).
Then, the function F is o(H*(Q) x H'(Q), BMO(Q) x BMO(Q))-upper semicontinuous.
Proof. See Appendix A. (]

For any M € M, define by &£ the convex conjugate of £ relative to the dual pair (H'(Q), BMO(Q)).
It follows from [13, Remark 3.8] that for each M € M, there exists (3, q) € D x Q, with ¢ unique such
that M = Dy 7dQ/dP, and Dy . = E[M]. We put

& (Byq) == inf &5 (M).
{MeM:E[M)=D§ .}

Proposition 5.2. Assume that the driver g defined on R x R? satisfies (CONV), (LsC), (NOR) and
(POS). Further assume that § € LS. Then the dual problem to (2.3) is given by

_ x _ g |99 s _
v(0) = (B,q)lggxé {50 (B,9) Eq |: aP Do,T§:|} x (5.2)

and the primal problem

d
u(0) = sup inf _ Ega Dg’T @

T
—S(XF D3 95 (Bus au) d
X;EEC (B,q)EDXQ dP( T+§) +/ O,U,gu(ﬂ q ) U

Proof. For every M € L one has

F*(0,M) = inf Eqg[MH|-F(X1,H

(0, M) Heyl(lg),xg:ec{ ol } (X7, H)}
= inf EgM(H' — X7 —¢) — F(XJ,H — XT — .
H/e?-tll(rql)),x;ec{ Q [M( =& (XT 7=

In fact, {H' — XT — ¢ : X7 € C, H € HY(Q)} € H'(Q) and, reciprocally, for any H € H'(Q) we
canwritt H = H' — 2 — £ = H' — X2 — ¢ for some H' € H'(Q). Hence,

* _ ; N _ ed( g\ _ s
FrO0.M) = inf o 1FQ[MH] = E(H)} ;;SCEQ [M(X7 +&)]-
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It is clear that if there exists X7 € C such that Eg[M X7] > x, then F*(0, M) = —oo. Thus, the
supremum in Equation (5.1) can by restricted to M, and F*(0, M) takes the form

F*(0,M) = £ (M) — Eq [M¢] — x.
Therefore, the dual problem (5.1) to the control problem (2.3) is given by

0(0) = it {€5(M) - Bq[M¢]} -

. . dQ? 4 } }
= inf inf EX(M) — E D,
(8.9)€DxQ {M:E[M])=D} .} { 5 (M) @ [ dp % ré
. dQ? s
= f & - D, 53
(B,q)uel’DxQ{ 0(8,q) {dP OTﬁ]} (5.3)

Now, let us introduce the following Lagrangian L, which is such that —L is the H-conjugate of the
function F', i.e.
L(XF, M) = sup {F (X7, H) — Eq [MH]}.

HecC
It is well known in convex duality theory, see for instance [15], that the following hold:
Fr(M', M) = inf {Eq[M'XF] - L(XF, M)}
Xrec
and, since F is o(H'(Q) x H1(Q),BMO(Q) x BMO(Q))-upper semicontinuous, the Fenchel-Moreau
theorem and definition of L yield
F(XT, H)= inf {Eg[MH|+ L(X},M)}. 54
(X7, H) = inf {Fq[MH]+ L(XF,M)} (54)
In particular,

v(0)=Mll€134)?ygc{L(XT,M)} and u(O)Z;ypchgf {L(XT, M)}

Let m € Il and M € M. By definition of the Laplacian, we have
L(X7,M) = sup {F(X7,H)—Eqg[MH]}

HEH!(Q)

= sup {F(X7,H — X7 —§) - Eq[M(H' - X7 - )]}
HIEHI(Q)

= sup {EH(H') — Eq [MH']} + Eq [M(XF + )]
H'eH!(Q)

= Eq [M(X] +¢)] — & (M).
But by the proof of [13, Theorem 3.10], the function

Qmin : M — inf /Do wG (Bus qu) du
{BeD:E[M]=DZ

is convex and o(H!(Q), BMO(Q))-lower semicontinuous; that is, it is the minimal penalty function.
Hence, —E§ (M) = aumin(M) and therefore,

. . dQ
L(XF, M) = inf Eqe | Dy p—5(XF+€) /Do w9 (Bus qu) du
{B€D:E[M]=D] 1} ap
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In particular, this implies

u(0) = sup inf _FEqa Dp )

T
—<(XT DP. g% (Bu,qu) du | . O
X;EEC (ﬁ,q)E'DXQ O,TdP( T+£) +! O,ugu(ﬁ q ) U

Next, we show that the control problem (2.3) satisfies the minimax property even if we do not assume
any growth condition on the generator g. Notice that it does not ensure existence of a saddle point. We
refer to [1] for some similar results in robust utility maximization.

Theorem 5.3. Assume that the driver g satisfies (CONV), (LSC), (NOR) and (POS). Then, the value
functions of the primal problem and dual problem coincide. More precisely, it holds

inf sup {L(X7T, (8, = sup inf {L(XF, (B, .
2, s (LKE(3,0)) = swp i (ECF. (5,0))

Proof. The main argument of the proof is the Fenchel-Rockafellar theorem applied on the Banach space
H1(Q). By definition M = C*, the polar cone of C with respect to the dual pair (H*(Q),BMO(Q)).
Moreover, since C is a cone, M is the polar of C, i.e. M = C°. Consider the convex-indicator function

0 if HecC
6C(H):{oo if HeN(Q)\C.

We can rewrite u as

w(0) = sup {F(H.0)—bc(H)}.
HeH' (Q)

Since C is o(H'(Q), BMO(Q))-closed (see proof of Lemma 5.1), the function F'(-,0) — d¢(+) is concave
and o(H!(Q), BMO(Q))-upper semicontinuous. Hence, by [28, Corollary 1] we have

u(0) = Meérl\l/lfo(Q) {0¢(B8,q) — F*(0, M)} .

The function d¢ obeys the conjugacy relation 65 = d¢co = d a1, see [30, Section 11.E]. Thus,

w(O) = inf - {0(M) ~ F1(0.M)}

= jnf {=F*(0, M)} = v(0).

This concludes the proof. (]

A. Proofs of Intermediate Results

Proof (of Lemma 3.3). Let (X1, Y1, Z') and (X?2,Y?, Z?) be two elements of A(x); and A\, Az € (0,1)
such that \; + Ay = 1. Then, by joint convexity of g, (A1 Y + XY 2 X\ Z1 + Xy Z2) satisfies Equation
(2.2) and the terminal condition A1 Y} 4+ AoYZ < A1 X1 + Ao X2 + £ is also satisfied. In addition, since
w1 (E[u(-)]) is concave, for all 0 < s < t < T', we have
uHEuMY, 4+ XY | F]) = Mu” H(Elu(Y) | Fol) + Aeu™H (Blu(Y?) | Fo])
> v (Y1) + Aou (u(V2))
- )\15/51 + A2Y37
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where the second inequality comes from the facts that Y'! and Y2 are admissible and u~! increasing.
Hence because u is increasing, we have

Elu(MY! + XoY2) | Fo] > u(M Y+ Y3, O

which implies that MY+ AY? is admissible. Put X! = X™ and X2 = X7, The process X+
A2X? is a wealth process, since

t
MXE 4+ doX2=a+ /(Amﬁ + Xom2)o, AWE.
0

Proof (of Proposition 3.7). First notice that the operator £J(-) is increasing. Indeed, if & < ¢ then
A™(€,g) C A"(&, g), which implies £ (&) < &J(§). Since the sequence (£") C LS° is decreasing,
the limit £ belongs to L3°. By monotonicity, (£§(£™)) is a decreasing sequence, bounded from below
by £J(€). Thus, we can define Yy := lim, o EJ(£™) > £§(§). By monotonicity and the condition
(NOR), £§(&) > €(0) > —oo. Theorem 3.4 yields a maximal subsolution (Y™, Z") € A" (£, g) with
Yo = EJ (€M) for all n € N. We can use the method introduced in the proof of Theorem 3.4 to obtain a
pair (Y, Z) € A”(¢, g) with
Yo = lim EF(E") = Yo = E7(S)-

The sequence (Y{') is not increasing as in the proof of Theorem 3.4 but decreasing. Nevertheless we
can obtain an estimate such as that of (3.6) using Y < Y. Finally, &Y (&) is optimal. In fact, let
(Y, Z) € A"(&, g) be any subsolution. Since £ < £™ for all n € N, we have (Y, Z) € A"(£",¢g). Thus,
Yo < EJ(£™) for all n. Taking the limit as n tends to infinity, we conclude Yy < £F(€). O

Proof (of Proposition 3.8). Since (¢™) is increasing, (£ " (€)) is decreasing and bounded from below by
£4(€). Define Yy 1= lim,, 00 £ (€) > EJ(E). Yy is finite since EJ() < Yo < & (€). For all n, there
exists (Y, Z") € A"(&, g") such that £ ! (€) = Y. Then by the method introduced in the proof of
Theorem 3.4 we can obtain a candidate (Y, Z), maximal subsolution of the system with parameters g and
€. The verification that (Y, Z) is indeed an element of A" (&, g) relies on Fatou’s lemma and monotone
convergence theorem, since g" 1 g. See the proof of [12, Theorem 4.14] for similar arguments. The
subsolution (Y, Z) is maximal, since Y; = Y;. O

Proof (of Lemma 5.1). Let us first show that C is closed in H#!(Q). For any sequence (X7) C C converg-
ing to X in H'(Q), the process X; := Eqg[Xr | F;] defines a positive Q-martingale starting at x. By
martingale representation theorem, there exists v € £1(Q) such that X; = 2+ fot v, dAWE, but since oo’
is of full rank, we can find a predictable process 7 such that mo = v. Therefore, dX; = w01 (0, dt+dW5).
That is, X € C.

Now it suffices to show that the function F'is o(H!(Q) x H(Q),BMO(Q) x BMO(Q))-upper semi-
continuous on C x C because the extension to H!(Q) x H*(Q) would also be weakly upper semicontin-
uous. Hence, we need to show that for every ¢ > 0 the concave level set {(«,v) € C X C : F(w,7y) > ¢}
is closed in C x C. Let ¢ > 0 be fixed and let us show that {¢ € HY(Q) : £J(¢) > ¢} is H(Q)-
closed. Let (™) be a sequence converging in 7' (Q) to ¢ and such that £J(¢") > c for every n € N.
Put 7" := sup,,>, (™, n € N. The sequence (n") decreases to ¢ and by Proposition 3.7, (3 (n™))
converges to £J () and is decreasing. Hence, since £ (¢) = lim,, o &5 (n™) = inf,, £ (n™), it holds

g o g m
£3(6) = int &8 sup ™)
> ing sup £J(¢™) = limsup (™).
ne

m>n n—oo
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Now for every sequence (a",y™) C C x C converging to (a,7) € C x Cin H}(Q) x H'(Q) such that
F(a™,~™) > cfor every n € N one has

¢ <limsup F(a",~4") = limsup & (a” + 4™ +€)

n—oo n—oo

<Ela+v+E) =F(a,).

This concludes the proof. O
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