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Abstract. This paper provides versions of classical results from linear algebra, real analysis
and convex analysis in a free module of finite rank over the ring L° of measurable functions
on a o-finite measure space. We study the question whether a submodule is finitely gen-
erated and introduce the more general concepts of LY-affine sets, L0-convex sets, L%-convex
cones, LO%-hyperplanes and L%-halfspaces. We investigate orthogonal complements, orthogonal
decompositions and the existence of orthonormal bases. We also study L°-linear, L°-affine,
L°-convex and L°-sublinear functions and introduce notions of continuity, differentiability, di-
rectional derivatives and subgradients. We use a conditional version of the Bolzano—Weierstrass
theorem to show that conditional Cauchy sequences converge and give conditions under which
conditional optimization problems have optimal solutions. We prove results on the separation
of L%convex sets by L°-hyperplanes and study L-convex conjugate functions. We provide a
result on the existence of L-subgradients of L°-convex functions, prove a conditional version
of the Fenchel-Moreau theorem and study conditional inf-convolutions.
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1 Introduction

Let L° be the set of all real-valued measurable functions on a o-finite measure space (2, F, i), where two of
them are identified if they agree p-almost everywhere. The purpose of this paper is to study the set (L°)¢
of all d-dimensional vectors with components in L and functions f : (L°)? — L°. Its main motivation are
applications in the following two special cases:

e If u is a probability measure, the elements of L° are random variables, and subsets C' C (L°)? can
be understood as random sets in R?. A typical function f : (L°)% — L° would, for example, be a
mapping that conditionally on F, assigns to every random point X € (L°)¢ its Euclidean distance to

C.

e Let (2,3, u) be the product of a o-finite measure space (T, H,v) and a probability space (E, &, P). If
F is a sub-o-algebra of G, the elements of L? are stochastic processes (X;)ser on (E,E, P). A subset
C C (L% could, for instance, describe the set of admissible strategies in a stochastic control problem,

and an optimal strategy could be characterized as the conditional optimizer of an appropriate function
I (LYY — LO over C.

Unless 2 is the union of finitely many atoms, (L°)¢ is an infinite-dimensional vector space over R. But
conditioned on F, it is only d-dimensional. Or put differently, it is a free module of rank d over the ring
LY. This allows us to derive conditional analogs of classical results from linear algebra, real analysis and
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convex analysis that depend on the fact that R? is a finite-dimensional vector space. L°-modules have been
studied before; see, for instance, Filipovié et al. (2009), Kupper and Vogelpoth (2009), Guo (2010), Guo
(2011) and the references in these papers. But since we consider free modules of finite rank, we are able to
provide stronger results under weaker assumptions, and moreover, do not need Zorn’s lemma or the axiom
of choice. Our approach differs from standard measurable selection arguments in that we work modulo
null-sets with respect to the measure p and do not use w-wise arguments. This has the advantage that one
never leaves the world of measurable functions. But it only works in situations where a measure p is given,
and the quantities of interest do not depend on p-null sets.

The results in this paper are theoretical. But they have already been applied several times: in Cheridito
and Hu (2011), they were used to describe stochastic constraints and characterize optimal strategies in
a dynamic consumption and investment problem. In Cheridito and Stadje (2012) they guaranteed the
existence of a conditional subgradient. In Cheridito et al. (2012) they were applied to show existence and
uniqueness of economic equilibria in incomplete market models.

The structure of the paper is as follows: In Section 2 we investigate when an L°-submodule of (L%)? i
finitely generated. Then we study conditional orthogonality and introduce L°-affine sets, L°-convex sets
and L%-convex cones. It turns out that the notion of o-stability plays a crucial role. In Section 3 we
investigate almost everywhere converging sequences in (L°)? and the corresponding notion of closure. We
define L%-linear and LC-affine functions f : (L°)? — (L°)* and show that they are continuous with respect
to almost everywhere converging sequences. We also give a conditional version of the Bolzano—Weierstrass
theorem and show that conditional Cauchy sequences converge. Moreover, we define L-bounded sets and
give a condition for L°-convex sets to be L%-bounded. In Section 4 we study sequentially semicontinuous and
LP-convex functions f : (L°)% — L% and prove a result which guarantees that a conditional optimization
problem has an optimal solution. Section 5 is devoted to L°-open sets, interiors and relative interiors.
L-open sets form a topology, but they are not complements of sequentially closed sets. In Section 6 we
give strong, weak and proper separation results of L°-convex sets by L°-hyperplanes. Section 7 studies L°-
convex functions and introduces conditional notions of differentiability, directional derivatives, subgradients
and convex conjugation. We also provide results on the existence of conditional subgradients and give a
conditional version of the Fenchel-Moreau theorem. In Section 8 we study conditional inf-convolutions.

Notation. We assume () > 0 and define ;. := {A € F : u[A] > 0}. By L we denote the set of all
measurable functions X : Q@ — R U {£oo}, where two of them are identified if they agree a.e. (almost
everywhere). In particular, for XY € L, X =Y, X > Y and X > Y will be understood in the a.e.
sense. Analogously, for sets A, B € F, we write A = B if y[AAB] =0 and A C B if u[A\ B] = 0. The
set L0 := {X € L : |X| < oo} with the a.e. order is a lattice ordered ring, and every non-empty subset
C of L has a least upper bound and a greatest lower bound in L with respect to the a.e. order. We
follow the usual convention in measure theory and denote them by esssup C' and essinf C, respectively.
It is well-known (see for instance, Neveu, 1975) that there exist sequences (X,,) and (Y,,) in C such that
esssupC = sup,, X,, and essinf C' = inf, Y,,. Moreover, if C is directed upwards, (X,,) can be chosen
such that X,, 11 > X,, and if C is directed downwards, (Y,) can be chosen so that Y,;; < Y,. For
a set A € F, we denote by 14 the characterisitc function of A, that is, the function 14 : @ — {0,1}
which is 1 on A and 0 elsewhere. If A is a subset of F, we set esssup A := {esssupyc41a =1} € F
and essinf A := {essinfac 414 =1} € F. Futhermore, we use the notation LY := {X € L% : X > 0},
LYy, ={XeLl’:X>0},L:={XeL:X>-o00}, L:={X€L:X<+4o0} and N:={1,2,...}. By
N(F) we denote the set of all measurable functions N : & — N.

2 Algebraic structures and generating sets

We fix d € N and consider the set (L%)% := {(X : X1 e L}, On (L) we define the conditional
inner product and conditional 2—norm by

(X,Y): ZXYZ and || X|| = (X, X)"2.

=1

For every A € F, 14L° is a subring of L, and provided that u[A] > 0, 14(L°)? is a free 14 L°-module
of rank d generated by the base 14e;, i = 1,...,d, where e; is the i-th unit vector in R? C (L°)%. In
particular, (L°)? is a free L°-module of rank d.



Definition 2.1. We call a subset C of (LY)¢
o stable if 14X +14.Y € C for all X, Y € C and A € F;

o o-stable if Y, 14, X, € C for every sequence (Xp)nen in C and pairwise disjoint sets A, € F
satisfying Q@ = U, cn An;

o L0-conver if \X + (1-XNY eC forall X, Y € C and X € LY such that 0 < X < 1;
o an L-conver cone if it is L°-convexr and AX € C for all X € C and X € L(_)H_;

o LO-affine if \X + (1 = N)Y € C for all X,Y € C and X € L%;

o LO-linear (or an L°-submodule) if \X +Y € C for all X,Y € C and X € L°.

For an arbitrary subset C of (L°)? and A € F, we denote by sta(C), ssta(C), conva(C), ccone(C),
aff 4(C), lina(C) the smallest subset of 14(L°)¢ containing 14C that is stable, o-stable, L°-convex, an
LO-convex cone, L°-affine, or L°-linear, respectively. If A = Q, we just write st(C), sst(C), conv(C),
ccone(C), aff (C), lin(C) for these sets.

Remark 2.2. It can easily be checked that if C' is a non-empty subset of (L°)¢ and A € F, then

k k

sta(C {Z :keN,XneC,Ane]—',UAn:A,AmmAn:(Z)form;«én};
n=1 n=1

ssta(C {Z Aan:XneC,AneﬁUAH:A,AmmAnza)form;An};
neN neN

k k
conv4(C) = {ZAan theN, X, €C A, €14L, ) A, = 1A};
=1

k k
cconey (C) = {ZAan keN, X,eC, \, € lALg_, Z/\n S lAL?H_};
n=1

n=1

k
affA(C): MXn:keN, X, eC, )\nEIALO7Z/\n:1A}§

n=1

M- T

liIlA(O) =

MXn:keN, X, eC, \, € 1AL0}.
1

n

It follows that if C = {Xi,..., X} for finitely many X;,..., X, € (L°)% then the sets conv4(C),
cconey (C), aff 4(C), ling (C) are all o-stable.

Definition 2.3. Let A € F, and k € N. We call X1,...,X;, € (L°)? linearly independent on A if
14X1,..., 14X}, are linearly independent in the 1 4L°-module 14(L°)?, that is, (0,...,0) is the only vector
ALy .oy Ak) € 1a(LO)* satisfying

MX1+ -+ A X =0.

We say that Xi,..., Xy are orthogonal on A if 14(X;,X;) = 0 for i # j and orthonormal on A if in
addition, 14||X;|| = 1a, 1 <i < k. If X1,..., Xy are linearly independent on A and ling {X1,..., X3} =
14C for some subset C of (L)%, we call them a basis of C on A. If in addition, X, ..., X}, are orthogonal
or orthonormal on A, we say X1,..., Xy is an orthogonal or orthonormal basis of C on A, respectively.

Lemma 2.4. Let A € F and X1,..., Xy, Y € (L°)? for some k € N. Then there erxists a largest subset
B € F of A such that 1gY € ling {X1,..., Xx}.

Proof. The set
A:={BeF:BCAand 1Y €ling {X1,...,Xx}}

is directed upwards. So it contains an increasing sequence (By)nen such that B :=J,, B,, = esssup A. B
is the largest element of A. O



Proposition 2.5. Let A € F and k,l € N. Assume X1,..., X € (L°)¢ are linearly independent on A
and ling {X1,..., Xz} C ling {Y1,..., Y} for some Yi,...,Y; € (LY. Then k < 1. Moreover, if k = I,
then Y1,...,Y, are linearly independent on A and ling {X1,..., X} =ling {Y7,...,Y;}.

Proof. One can write 14X; = 22:1 AilaY; for some \; € L°. So there exists a o(1) € {1,...,1} such that
Ay = An{A,1) # 0} € Fy, and one obtains

ling, {X3,..., Xk} Cling, {Y1,..., Y1} =ling, {X1,Y7,..., Y1} \ {Yo(l)})'

In particular, if £ > 2, one must have [ > 2, and it follows inductively that there exist As,..., Ag € Fy
and an injection o : {1,...,k} — {1,...,1} such that for all s € {1,... k},

linAi {Xl,...,Xk} g linAi {Yl,...,}/l} = linAi({Xl,...,Xi,Yl,...,}/l} \ {Ya(1)7~-~aYa(i)})-

This shows that k£ <.
Now assume k = [ and Y7,...,Y; are not linearly independent on A. Then there exist B € F; and
j€{l,...,k} such that

linB {Xl, . ,X}C} Q linB {Yl, .. .,Yk} = linB({Yl, .. ,Yk} \ {}/;})7

a contradiction to the first part of the proposition. So if £k =1, Y1,...,Y; must be linearly independent
on A, and it remains to show that ling {Xy,..., X} = ling {Y1,...,Ys}. To do this, we assume that
ling {X1,..., X} C ling {Y1,...,Y%}. ThenY; ¢ ling {X1,..., X} for at least one j € {1,...,k}. By
Lemma 2.4, there exists a largest subset B € F of A such that 15Y; € ling {Xi,...,Xx}. The set
D:=A\Bisin Fi, and Xy, ..., X}, Y; are linearly independent on D. But then

HHD {X1; e 7Xk,ij} Q HHD {Yi, ce ,Yk,} 5
again contradicts the first part of the proposition, and the proof is complete. O

Corollary 2.6. Let A € F, and k,l € N. Assume X1,..., X} € (L°)? are linearly independent on A and
ling {X1,..., X3} =ling {Y1,...,Y;} for some Y1,...,Y; € (L°)? that are also linearly independent on A.
Then k =1<d, and if k =1 =d, one has ling {X1,..., Xz} =ling {Y1,..., 7} = 14(L°)%.

Proof. The corollary follows from Proposition 2.5 by noticing that
ling {X1,..., Xz} =ling {Y1,...,Y;} Cling(eq,...,eq) = 14(L%)%
O

Lemma 2.7. Let C be a non-empty o-stable subset of (L°)? and Xy,..., Xy € (L°)? for some k € N.
Then for given A € Fy, each of the collections

{B € F; : B C A and there exists a Y € C such that |[Y]| >0 on B} (2.1)
and
{B € F;+ : B C A and there exists Y € C such that X1,..., Xy, Y are linearly independent on B} (2.2)

is either empty or contains a largest set.

Proof. Let us denote the collection (2.1) by A; and (2.2) by As. Both are directed upwards. So if either
one of them is non-empty, it contains an increasing sequence of sets B,, with corresponding Y,, € C, n € N,
such that B :=J,, B, = esssup A;. Since C is o-stable,

Y = YllBIUBC + Z 1Bn\Bn_1Yn

n>2

belongs to C. In the first case one has ||Y]| > 0 on B, and in the second one, X,..., X, Y are linearly
independent on B. This proves the lemma. O



Theorem 2.8. Let C' be a o-stable subset of (L°)? containing an element X # 0. Then there ezist a
unique number k € {1,...,d}, unique pairwise disjoint sets Ao, ..., A € F and X1,..., Xy € C such that
the following hold:

(i) UL Ai = Q and p[A] > 0;
(iil) For alli € {1,...,k} satisfying u[A;] > 0, X1,...,X; is a basis of lin(C) on A;.

Proof. That k and the sets Ay, ..., Ay are unique follows from Corollary 2.6. To show the existence of A;
and X; satisfying (i)—(iii), we construct them inductively. Since C contains an element X # 0, it follows
from Lemma 2.7 that there exists a largest set By € F such that ||Y|| > 0 on B; for some Y € C. Choose
such a Y and call it X;. One must have 1pcC' = {0}. If there exist no B € F; and Y € C such that
X1,Y are linearly independent on B, one obtains from Lemma 2.4 that 15, Y € ling, {X;} for all Y € C,
and therefore, ling, (C') = ling, {X1}. So one can set k =1, Ay = Bf and A; = B;. On the other hand,
if there exists a B € F4 and Y € C such that X;,Y are linearly independent on B, Lemma 2.7 yields
a largest such set Bs with a corresponding X5 € C. If there exists no B € F; and Y € C such that
X1, X»,Y are linearly independent on B, then ling, (C) = ling, { X1, X2} and one can set k = 2, Ag = B.,
A; = By \ By and Ay = Bs. Otherwise, one continues like this until there is no B € F4 and Y € C such
that Xi,..., Xy, Y are linearly independent on B. Such a k must exist and k < d. Otherwise one would
have Xi,..., X441 € C that are linearly independent on some B € F,, a contradiction to Corollary 2.6.
One sets Ag = Bg, A = By \BQ, ceiy A1 = Br_4 \ By, Ar, = By. O

Corollary 2.9. Let C be a non-empty o-stable subset of (L°)? and A € F. Then aff s(C) and lina(C) are
again o-stable.

Proof. If 1,C = {0}, then aff 4(C) = ling(C) = {0}, and the corollary is clear. Otherwise, one obtains
from Theorem 2.8 that there exists a k € {1,...,d}, disjoint sets Ag,...,Ax € F and X;,..., X € C
such that Ufzo A; = A, 14,0 ={0} and for all ¢ € {1,...,k} satisfying u[4;] > 0, X1,...,X; is a basis of
linga (C) on A,. Now it can easily be verified that liny (C) is o-stable. To see that aff 4(C') is o-stable, one
picks an X € 14C. Then aff 4 (C) — X = lina(C — X) is o-stable. So aff 4(C) is o-stable too. O

Definition 2.10. The orthogonal complement of a non-empty subset C of (L°)? is given by
CH={Xe (LD (X,Y)=0 foralY € C}.
It is clear that Ct is an L°-linear subset of (L°)¢ satisfying
cnctc{o} and CCCHt
As a consequence of Theorem 2.8, one obtains the following corollary.

Corollary 2.11. Let C be a non-empty o-stable L°-linear subset of (L°)®. Then there exist unique pairwise
disjoint sets Aq,...,Aq € F satisfying U?:o A; = Q and an orthonormal basis X1,..., X4 of (L°)? on Q
such that 14,C = {0}, 14,C = 14,(L°)? and

14,C =ling, {X1,...,X;}, 14,C*t =ling, {Xiy1,...,Xa} for1<i<d-1.
In particular, C + C+ = (LYY, C N C*+ = {0} and C = C++.

Proof. The uniqueness of the sets Ay, ..., Aq follows from Corollary 2.6, and in the special case C' = {0},
one can choose A4g =0, A; =0, X; =¢;,i=1,...,d.

If C is different from {0}, it follows from Theorem 2.8 that there exist a unique number k € {1,...,d},
unique pairwise disjoint sets Ag,..., A € F and Yi,...,Yr € C such that Uf:o A; = Q, ulAg] > 0,
14,C = {0} and for all ¢ € {1,..., k} satisfying u[4;] >0, Y1,...,Y; is a basis of C' on A4;. Let us define

Y]
U1 = 1Alu...uAk||T1H S C



and
i—1

Zi
Zi :K_Z<}/717U]> U], UZ:lALUUAkm f0r2§z§k

j=1

Then for every i € {1,...,k} satisfying u[A4;] > 0, Uy,...,U; is an orthonormal basis of C' on A;. If
k = d, one obtains from Corollary 2.6 that 14,C = lina, {Uy,...,Us} = 14,(L°)% If k < d, we set
App1=-=A3=10,and 14,C = 14,(L°)? holds trivially. By Corollary 2.6 and Lemma 2.7, there exist
V,eC,i=1,...,d such that

1a, (L)% =ling, {V1,...,Vy}

and
1a, (L% =ling, {Uy, ..., U, Vigr ..., Va} foralli=1,....d—1.
Set v
Xy = 14,004,014 1ag o
1 Au--uagUr + AUHV1||
and
i—1 W
Wi=Vi=> (Vi X;) Xj,  Xi=1a,0-04,Ui + 1agu-04,_, ||Wf|| for 2 <i<d.
i=1 ’
Then X1, ..., X, are orthonormal on ) such that
14,C =ling, {X1,...,X;}, 14,0F =ling, {Xiy1,...,Xg} for1<i<d-—1.
It is clear that C' + C+ = (L°)4, C N C+ = {0} and C = C++. O

Corollary 2.12. Let C be a non-empty o-stable L°-linear subset of (L°)*. Then every X € (L°)? has a
unique decomposition X =Y + Z forY € C, Z € C*, and || Z|| < ||X — V|| for every V € C.

Proof. That X has a unique decomposition X =Y + Z, Y € C, Z € C+ is a consequence of Corollary
2.11. Moreover, if V € C, then

1ZIP < NZIP+ 1Y = VIP=1Z+Y = VI = [|IX = V|]°.

O

3 Converging sequences, sequential closures and sequential continuity

Definition 3.1. We call a subset C of (L°)? sequentially closed if it contains every X € (L°)¢ that is an
a.e. limit of a sequence (Xp,)nen in C. For an arbitrary subset C of (L°)? and A € Fi, we denote by
lim4 (C) the set consisting of all a.e. limits of sequences in 14C and by cla(C) the smallest sequentially
closed subset of 14(L°)¢ containing 14C. In the special case A = Q, we just write im(C) and cl(C),
respectively.

Proposition 3.2. For all subsets C of (L°)? and A € F, one has lima(C) = cl4(C).

Proof. Tt is clear that lim 4 (C) C cla(C). To show that the two sets are equal, it is enough to prove that
lim4(C) is sequentially closed. So let (X,)nen be a sequence in lim4(C) that converges a.e. to some
X € 14(L%)% Since (Q,F, ) is o-finite, there exists an increasing sequence A,, n € N, of measurable sets
such that (J,, A, = A and p[A,] < +o00. For every n there exists a sequence (Y;,)men in 14C converging
a.e. to X,,. Therefore,

plAn N {|Y — Xpn| > 1/n}] - 0 for m — oo,

and one can choose m,, € N such that

wu[Bp] <277 where B, = A, N{|Ym, — Xn| > 1/n}.

It follows from the Borel-Cantelli lemma that {ﬂkeN Unsk Bn| = 0, which implies V,,, — X a.e. for
n — 00. So X € limy4(C), and the proof is complete. O



Corollary 3.3. If C is a stable subset of (L°)¢ and A € F, then
hrnA(C) = 1A hm(C’) = CIA(C) = 1,401(0).
In particular, if C' is stable and sequentially closed, then so is 14C.

Proof. lim4(C) = 14 lim(C) is a consequence of the stability of C. Moreover, it follows from Proposition
3.2 that lim 4 (C) = cl4(C) and lim(C) = cl(C). This proves the corollary. O

Corollary 3.4. If C is a stable subset of (L°)? and A € F, then cla(C) is o-stable. Moreover, if C is
L°-convez, an L°-convex cone, L°-affine or L°-linear, then so is cla(C).

Proof. By Proposition 3.2, cl4(C) is equal to lim4(C). So for all X,Y € cla(C) there exist sequences
(X)) nen and (Y3, )nen in 14C such that X,, - X a.e. andY,, — Y a.e. Sinceforall B € F, 15X, +15.Y, €
14C and 15X, + 1Y, = 15X + 15.Y a.e., one obtains that 15X + 15:Y belongs to lim4(C) = cls(C).
This shows that cla(C) is stable. Since it is also sequentially closed, it must be o-stable. The rest of the
corollary follows similarly. O

Proposition 3.5. Every o-stable L°-affine subset C' of (L°)? is sequentially closed.

Proof. If C is empty, the corollary is trivial. Otherwise, choose X € C. Then D = C' — X is a o-stable
L linear subset of (L°)¢, and the corollary follows if we can show that D is sequentially closed. So let
(Y,)nen be a sequence in D converging a.e. to some Y € (L°)¢. By Corollary 2.11, there exist unique
pairwise disjoint sets Ao, ..., Ag € F satisfying U?:o A; = Q and an orthonormal basis X1, ..., Xy of (L0)?
on Q such that 14,D = {0} and 14,D = ling,{X1,...,X;} for 1 <4 < d. Define A\, and X in (L°)? by
N, = (Y, X;) and ¥ := (Y, X;). Since ¥,, = Y a.e., one has M, — X a.e. In particular, N = 0 on 4;
such that i < j. This shows that Y =37, M X; € D. O

The following example shows that L-affine subsets of (L°)? that are not o-stable need not be sequentially
closed.

Example 3.6. Let Q = N, 7 = 2% and p the counting measure. Set X,, = 1{nye1. Then
k
lin(X, :neN) = {anxn ckeN, A,..., A\ € LO}
n=1

is an LC-linear subset of (L°)¢ that is not o-stable, and Y = Z’;Zl X, is a sequence in lin(X,, : n € N)
that converges a.e. to >, v X, ¢ lin(X,, : n € N). Note that lin(X,, : n € N) is an L°-submodule of (L°)?
that is not finitely generated.

The next result is a conditional version of the Bolzano—Weierstrass theorem. It is already known (see
for instance, Lemma 2 in Kabanov and Stricker (2001) or Lemma 1.63 in Follmer and Schied (2004)). But
since it is important to some of our later results, we give a short proof. To state the result we need the
following definition.

Definition 3.7. We call a subset C of (L°)¢ L°-bounded if esssupxcc || X|| € L°.

Note that if (X, )nen is a sequence in (L°)? and N € N(F), Xy can be written as

Xy = Z Ly nep) X
neN

In particular, Xy is in (L°)%. Moreover, if all X,, belong to a o-stable subset C of (L°)4, then Xy is again
in C.

Theorem 3.8. (Conditional version of the Bolzano—Weierstrass theorem)
Let (Xp)nen be an L°-bounded sequence in (L°). Then there exists an X € (L°)? and a sequence (N )nen
in N(F) such that N1 > N, for alln € N and lim,,_,o Xn, = X a.e.



Proof. There exists a Y € LY such that |[X,|| < Y for all n € N. Therefore, the a.e. limit X' :=
lim, o0 inf,>p X! exists and is in LY. Define N(} :=0 and

Nl

(w):=min{m eN:m>N}_;(w) and X, (w) < X'(w) +1/n} e N(F), neN.

Then N}, ; > N} for all n € N and lim,,_,oc X5, = X! a.e. Now set ¥,? = X2,. Then there exists a se-
quence (M?2),en in N(F) such that M2, | > M2 forall n € N and lim, 00 Y72 —x2.— limy, o0 inf>n Y,2
a.e. N2 := N}, n €N, defines a sequence in N(F) satisfying N2, > NfL for all n € N, and one has
limy, o0 X%\ﬂ = B(i a.e. for i = 1,2. If one continues like this, one obtains X',..., X% € L% and a sequence
(Nn)nen in TIL\I(}') such that N, 41 > N, for all n € N and lim,, ,oo Xy, = X = (X!,..., X%) a.e. O

Corollary 3.9. Let (X,)nen be a sequence in a sequentially closed L°-bounded stable subset C' of (L°)<.
Then there exists an X € C and a sequence (Ny)nen in N(F) such that N,y1 > N, for all n € N and
lim, oo Xn, = X a.e.

Proof. Since (X, )nen is L%-bounded, it follows from Theorem 3.8 that there exists X € (L°)? and a
sequence (N, )nen in N(F) such that N, 1 > N, for all n € N and lim,, o, Xy, = X a.e. It remains to
show that X belongs to C. By Corollary 3.4 the subset C' is o-stable. Hence, Xy, belongs to C for all
n € N, which implies that X is in C' too. O

Corollary 3.10. Let C and D be non-empty sequentially closed stable subsets of (L°)? such that D is
L°-bounded. Then C + D is sequentially closed and stable.

Proof. That C+ D is stable is clear. To show that C'+ D is sequentially closed, choose a sequence (X,,)nen
in C and a sequence (Y;,)nen in D such that X,, +Y,, — Z a.e. for some Z € (L°)%. By Theorem 3.8, there
exists Y € D and a sequence (N, )nen in N(F) such that N1 > N, for all n € N and lim,, o Yy, =Y
a.e. It follows that lim, ..o Xn, = Z — Y a.e. Since C is and sequentially closed, Z — Y belongs to C.
Hence, Z is in C' + D. [

Another consequence of Theorem 3.8 is that conditional Cauchy sequences converge if they are defined
as follows:

Definition 3.11. We call a sequence (X, )nen in (L°)? L°-Cauchy if for every e € LY, there ezists an
Ny € N(F) such that || Xn, — Xn,|| < e for all Ny, No € N(F) satisfying N1, Na > Ny.

Theorem 3.12. Every L°-Cauchy sequence (X, )nen in (L°)¢ converges a.e. to some X € (L°)%.

Proof. Choose Ny € N(F) such that || Xy, — Xn,|| < 1 for all Ny, No € N(F) satisfying N1, Ny > Np.
Then
1Xall ST+ D Lmano} | Xml| € L°
meN

for all n € N. So it follows from Theorem 3.8 that there exist X € (L°)? and a sequence (N,,),en in N(F)
such that N, .1 > N, for all n € N and lim,, . Xy, = X a.e. But since (X,,)nen is L%-Cauchy, one has
lim, - X,, = X a.e. O

The following result gives necessary and sufficient conditions for a sequentially closed L°-convex subset
of (L°)? to be L°-bounded.

Theorem 3.13. Let C be a sequentially closed L°-convex subset of (L°)? containing 0. Then C is L°-
bounded if and only if for any X € C\ {0} there exists a k € N such that kX ¢ C.

Proof. Suppose that C is L°-bounded. Then for every 0 # X € C, there exists a k € N such that
p(||EX]| > esssupy¢q [|[Y]|] > 0, and therefore kX ¢ C.
Conversely, suppose that C is not L%-bounded. The sequence

A, :=esssup{B € F: || X|| > n on B for some X € C}, neNU{0},

is decreasing with limit A := (), A,,. One must have u[A] > 0, since otherwise, || X[| < > cynliac\ac } €

LY for all X € C. Since C is sequentially closed, L°-convex and therefore stable, it is o-stable. It follows
that there exists a sequence (X, )nen in C such that || X, || > n on A. Since the sequence Y,, = 14X, /|| Xy, |



is L-bounded, it follows from Theorem 3.8 that there exists Y € (L°)? and a sequence (N, )nen in N(F)
such that N,41 > N, and lim,, o, Yn, =Y a.e. Obviously, 14]|Y|| = 14, and in particular, Y # 0. Since
C is LP-convex, sequentially closed and contains 0, one has for all n > k,

k
EYny =140————X .
N = Lapg e €

But lim,, o kYN, = kY. So kY € C for all k € N. O

Definition 3.14. Let C be a non-empty subset of (L°)¢ and k € N. We call a function f : C — (L°)¥

o sequentially continuous at X € C if f(X,) — f(X) a.e. for every sequence (X, )nen in C converging
to X a.ce.;

o sequentially continuous if it is sequentially continuous at every X € C;

o LO-affine if fOX + (1= N)Y) = Af(X) + (1 =N f(Y) for all X,Y € (L°)¢ and X\ € L° such that
AX +(1-A\)Y € C;

o LO-linear if fAX +Y) = Af(X) + f(Y) for all X,Y € (L°)? and X € L° such that \X +Y € C.
e We define the conditional norm of f by ||f|| := esssupxcc, x| <1 [1F(X)]] € L.

Proposition 3.15. Let C be a non-empty o-stable L°-linear subset of (L°)?. Then ||f|| € LY. for every
LO-linear function f: C — (L°)*, k € N.

Proof. By Corollary 2.11, there exist unique pairwise disjoint sets Ag, ..., Aq € F satisfying U?:o A =Q

and an orthonormal basis X1, ..., X4 of (L%)% on Q such that 14,C = {0} and 14,C = lina, {X1,..., X;}

for 1 <i < d. For every X € C there exists a unique A € (L°)¢ such that X = 2?21 A;jX;. On the set Ay
. 1/2

one has f(X) =X =0, and on 4; for 1 <i <d, || X|| = (E;Zl A?) as well as

1/2 1/2

O =1 ALE < NI < [ o] [ I

; 1/2
Therefore, [|f]] < S0, La, (S IFX)IP) O
Corollary 3.16. Let C be a non-empty o-stable L°-affine subset of (L°)?. Then every L°-affine function
f:C = (L°F, k € N, is sequentially continuous.

Proof. Choose an Xog € C. Then D = C — X is a non-empty o-stable L%-linear subset of (L°)% and
g(X) = f(X+Xo)— f(Xo) is an L°-linear function on D. By Proposition 3.15, one has ||g|| € LY. Moreover,
(X)) = f) = llg(X =) < lgl] |IX = Y|, and it follows that f is sequentially continuous. O

Corollary 3.17. Let C be a non-empty sequentially closed subset of a non-empty o-stable L°-affine subset
D of (L°)4. Then for every injective L°-affine function f : D — (L°)*, k € N, f(C) is a sequentially closed
subset of (LO)F.

Proof. Pick an Xy € C. The corollary follows if we can show that f(C) — f(Xj) is sequentially closed.
So by replacing C' with C — Xy, D with D — X and f with f(X 4+ Xy) — f(Xp), one can assume that
Xo = 0, D is a o-stable L°-linear subset of (L°)? and f is injective L%-linear. By Corollary 3.16, f is
sequentially continuous. Therefore, f(D) is a non-empty o-stable L% linear subset of (L°)¥, and it follows
from Proposition 3.5 that it is sequentially closed. Since f=! : f(D) — D is again L-linear, it is also
sequentially continuous. So if (Y, )nen is a sequence in f(C) converging a.e. to some Y € (L°)* then
Y € f(D) and f~1(Y,,) is a sequence in C' converging a.e. to f~1(Y) € D. It follows that f~*(Y) € C and
Y = f(f (V) € F(O). 0

Lemma 3.18. Let C be a non-empty o-stable L°-linear subset of (L°)¢ and k € N. Then every L°-linear
function f: C — (L°)* has an L-linear extension F : (L°)¢ — (L°)* such that ||f|| = || F]|.

Proof. By Corollary 2.12, every X € (L°)¢ has a unique decomposition X =Y + Z such that Y € C and
Z € C*+. F(X) := f(Y) defines an L’-linear extension of f to (L°)? such that ||f|| = ||F]|- O



4 Conditional optimization

Definition 4.1. Let C be a non-empty subset of (L°)?. We call a function f: C — L

o sequentially Isc (lower semicontinuous) at X € C if f(X) < liminf, - f(X,) for every sequence
(Xn)nen in C with a.e. limit X;

o sequentially lsc if it is sequentially lsc at every X € C;
o sequentially usc (upper semicontinuous) at X € C if —f is sequentially lsc at X ;
o sequentially usc if it is sequentially usc at every X € C;
o sequentially continuous at X € C if it is sequentially lsc and usc at X;
o sequentially continuous if it is sequentially continuous at every X € C.
In the following definition +o0o — co is understood as +o0o and 0 - (+00) as 0.
Definition 4.2. Let f : C — L be a function on a non-empty subset C of (L°)%.

e [f C is stable, we call f stable if
JAAX +14Y) =14 f(X) 4+ 1ac f(Y)

forall XY € C and A € Fy;

o If C is LP-convex, we call f L°-convex if
FOX + (1 =NY) SA(X) + (1= f(Y)

for all X,Y € C and X\ € LY such that 0 < X\ < 1;

o If C is L'-convex, we call f strictly L°-convex if
JOX+A=NY)<Af(X)+ (1A =XNf(Y) ontheset {(X AAX+(1-NY)#£Y}
for all X,Y € C and \ € L° such that 0 < X\ < 1.

Lemma 4.3. Let f: C — L be an L°-conver function on an L°-convex subset C of (L°)¢. Then f is also
stable.

Proof. Let X, Y € C and A € F;. Denote Z = 14X + 14.Y. Then one has 1,f(Z) < 14f(X) and
1af(X) = 1af(1aZ + 14 X) < 14f(Z). This shows that 14f(Z) = 14f(X). Analogously, one obtains
1acf(Z) = 1ac f(Y) and therefore f(Z) = 1af(X) + Lacf(Y). O

Theorem 4.4. Let C be a sequentially closed stable subset of (L°)* and f : C — L a sequentially Isc stable
function. Assume there exists an Xg € C' such that the set

{(Xel: f(X) < f(Xo)}
is LO-bounded. Then there exists an X € C such that
F(X) = essinf f(X).

If C and f are LO-convex, then the set
{xec: 0=}
is LO-convex. If in addition, f is strictly L°-convez, then

{X €C: f(X)= f(X)} - {X}
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Proof. The set D := {X € C: f(X) < f(Xo)} is sequentially closed, stable and L°-bounded. It follows
that {f(X): X € D} is directed downwards. Therefore, there exists a sequence (X, )nen in D such that
f(X5) decreases a.e. to I :=essinfxep f(X). By Corollary 3.9, there exists a sequence (N,,)nen in N(F)
such that N,11 > N, for all n € N and lim,,_, X, = X a.e. for some X € D. Since Xy, belongs to D
and

FOXN) = Unmmp f(Xm) < (X)) for all n,

m>n
one obtains from the L%lower semicontinuity of f that

F(X) <liminf f(Xy,) < lim f(X,) = L.

n—0o0

This shows the first part of the theorem. That {X eC: f(X)= f(X)} is LY-convex if C' and f are L°-

convex, is clear. Finally, assume C is L°-convex and f strictly L°-convex. Then if there exists an X in C

such that f(X) = f(X), one has

f<x-gx> RRCIES 03

on the set {X #* X} It follows that pu[X # X] = 0. O

Corollary 4.5. Let C' and D be non-empty sequentially closed stable subsets of LY(F)4 such that D is
L°-bounded. Then there exist X € C and Y € D such that

| X =Y = essinf [|[X—Y] (4.1)
XeC,YeD

If in addition, C and D are L°-convez, then XY is unique.

Proof. By Corollary 3.10, the set E = C' — D is sequentially closed and stable. Moreover, Z — ||Z]] is a se-
quentially continuous L°-convex function from E to L?, and for every Z, € E, theset {Z € E : ||Z|| < || Zo|}
is L%-bounded. So one obtains from Theorem 4.4 that there exists a Z € E such that || Z|| = essinfzcg || Z]].
This shows that there exist X € C and Y € D satisfying (4.1). If C and D are LY-convex, then so is E,
and for every Z € E satistying ||Z|| = ||Z]|, one has (Z 4+ Z)/2 € E and ||(Z + Z)/2|| < ||Z]| on the set

{Z + Z} It follows that u[Z # Z] = 0, and the proof is complete. O

5 Interior, relative interior and L’-open sets
Definition 5.1. Let C be a non-empty subset of (L°)? and A € F,.
e For X € (L% and e € LY, we denote
BY(X) :={Y € 14(L%)?: 14]|]Y — X|[| < ¢} .
e The interior int4(C) of C on A consists of elements X € 14C for which there exists an € € L?H_
such that B§(X) C 14C. If A= Q, we just write int(C) for int 4(C).

o The relative interior 1ia(C) of C on A consists of elements X € 1,C for which there exists an
e € LY, such that B4(X)Naff 4(C) C14(C). If A =Q, we write ri(C) instead of ria(C).

o We say C is L°-open on A if 14C = intA(C). We call it L°-open if it is L°-open on §).

Note that one always has 14int(C) C int 4(C) but not necessarily the other way around. The collection
of all L°-open subsets of (L°)? forms a topology. It is studied in Filipovié¢ et al. (2009) and is related to
(e, M)-topologies on random locally convex modules (see Guo, 2010). We point out that sequentially closed
sets in (L°)? are different from complements of L°-open sets. But one has the following relation between
the two:

Lemma 5.2. Let C be a o-stable subset of (L°)?. Then cl(C) Nint(C¢) = ().
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Proof. Assume X € cl(C) Nint(C¢). By Proposition 3.2, there exists a sequence (X, )nen in C such that
X, — X a.e. On the other hand, there is an ¢ € LO++ such that Y € C¢ for every Y € (L°) satisfying
| X —Y]|| <e. N(w):=min{neN:|X,(w) - X(w)|| <e(w)} is an element of N(F), and since C is
o-stable, X belongs to C. But at the same time one has || Xy — X|| < ¢, implying Xy € C°. This yields
a contradiction. So cl(C) Nint(C¢) = 0. O

Lemma 5.3. Let C be a non-empty L°-conver subset of (L°), A € F, and \ € L° such that 0 < X\ < 1.
Then
AX + (1 =AY €inta(C) forall X €inta(C), Y € 14C (5.1)

and
AX + (1 =AY €ria(C) forall X €rig(C), Y € 14C. (5.2)

If in addition, C is o-stable, then (5.1) and (5.2) also hold forY € cls(C).
Proof. Let X € inta(C) and Y € 14C. There exists an € € L} | such that B (X) is contained in 14C. So
AX+A =AY+ Z=NX+Z/N)+(1-NY C14C

for all Z € B*(0). This shows (5.1).
To prove (5.2), we assume that X € 1ria(C) and Y € 14C. There exists an ¢ € L%, such that
B5(X)Naff4(C) C 14C. Choose Z € B$(0) such that

AX + (1= N)Y + Z € aff 4(O).
Then X + Z/X € aff 4(C), and therefore X + Z/\ € 14C. Tt follows that
AX + (1= NY +Z=ANX +Z/\) + (1 - \Y C14C.

This shows (5.2).

If C is o-stable, X € inty(C) and Y € cls(C), there exists an ¢ € LY such that B5(X) C 14C.
From Lemma 3.2 we know that there exists a sequence (Y, )nen in 14C converging a.e. to Y. N(w) :=
min{n € N: (1 — A(w))||]Y (w) — Yo (w)|| < Mw)e(w)} belongs to N(F), and Yy is an element of C satisfying
(1= N)||Y = Yn|| € Ae. So for Z € B)*(0), one has

(1)\)\)(Y—YN)+1Z) +(1=NYn €140,

)\X+(1—/\)Y+Z=/\<X+ X

which shows that AX + (1 — )Y € int4(C).
If X is in ria(C) instead of int4(C), there exists an ¢ € LY such that B3 (X) Naff4(C) C 14C. Let
Z € B)?(0) such that
AX + (1= N)Y + Z € aff o(C),
then
(1=X)

X
+ A

1
Y —-Yn)+ XZ € aff 4 (C).
Hence
1-=X

X
T

1
Y —-Yn)+ XZ € 14C,
and it follows that
(1-X

1
)\X+(1—)\)Y+Z:)\<X+ (Y—YN)—F)\Z)—&—(l—)\)YNelAC.

So AX + (1 — A\)Y €r1ia(C), and the proof is complete. O

Corollary 5.4. Let C be an L°-convex subset of (L°)? and A € Fy. Then inta(C) and ria(C) are again
LO-convez.

Proof. Since C is stable, it follows from Lemma 5.3 that for X, Y € int 4(C) and X € LY satisfying 0 < X < 1,
one has
A X+(1-NY = 1{)\>0}()\X +A=-NY)+ lp=nY € int4(C).

This shows that int4(C) is L%-convex. The same argument shows that ris(C) is L°-convex. O
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Definition 5.5. Let A € F,. We call a subset C of (L°)¢
o an L°-hyperplane on A if 1,C = {X €14(LY: (X, Z) = V}
e an L°-halfspace on A if 14.C = {X € 14(L°)*: (X, Z) >V}
for some V € 14L° and Z € 1,4(L°)? such that || Z|| > 0 on A.

Lemma 5.6. A subset C of (L°)¢ is an L°-hyperplane on A € F if and only if there exist Xo € 14(L°)¢
and an orthonormal basis X1, ..., Xq of (L°)? on A such that

d—1
1AC:{XO+Z)\iXi:)\i61ALO}. (5.3)

i=1

Similarly, C is an L°-halfspace on A € F if and only if there exist Xo € 14(L°)? and an orthonormal
basis X1,...,Xq of (L°)% on A such that

d
14C = {XQ—FZ/\iXiZ/\iElALO,)\dZO}. (5.4)
i=1
Proof. 1f 14C is of the form (5.3), then 14C = {X € 14(L%)%: (X, X4) = (X0, X4)}. Now assume that
14C = {X € 14(L°)*: (X, Z) =V} for some V € 14L° and Z € 14(L°)? such that ||Z|| > 0 on
A. By Corollary 2.11, there exists an orthonormal basis X1i,..., X4 of (L°)? on A such that 1,72+ =
ling {X1,...,X4-1} and X4 = 14Z/||Z||. Choose Xy € 14(L°)? such that (Xo,Z) = V. Then 14C is
of the form (5.3). That C is an LC-halfspace on A € F, if and only if 14C is of the form (5.4) follows
similarly. O

Lemma 5.7. Let C be a o-stable L°-convex subset of (L°)? and A € F. Then inta(C) # 0 if and only if
aff 4 (C) = 14(L%)4.

Proof. Let us first assume that X, € int4(C). Then 0 € int4(C — Xj), and it follows that
aff 4(C) = aff 4 (C — Xo) + Xo = lina(C — Xo) + Xo = 14(L%)? + Xo = 14(L%)%
On the other hand, if aff 4 (C') = 14(L°)?, choose Xy € 14C. Then
ling (C — Xo) = aff 4 (C — Xo) = aff s (C) — X = 14(L%)%.

So it follows from Theorem 2.8 that there exist Xi,..., Xy in 14C such that X; — Xo,i=1,...,d, form a

basis of (L) on A. Set
d

X 1
X::d—HZXi.

=0

It follows from Corollary 2.11 and Lemma 5.6 that for every i = 0, ..., d, there exist V; € L° and Z; € (L°)¢
such that for all j # 4,

<XZ> >V, = (X;,Z;) on A.
This shows that X € int4 {X € 14(L%*: (X, Z;) > V;} for all i, which implies X €int4(C) since
d

ﬂ {X €14(L%)* 1 (X, Z;) > Vi} = conva {Xp, ..., Xa} C 14C.
=0
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6 Separation by L°-hyperplanes

In this section we prove results on the separation of two L°-convex sets in (L°)? by an L°-hyperplane.
As a corollary we obtain a version of the Hahn—Banach extension theorem. Hahn—Banach extension and
separation results have been proved in more general modules; see e.g., Filipovié¢ et al. (2009), Guo (2010)
and the references therein. However, due to the special form of (L), we here are able to derive analogs
of results that hold in R? but not in infinite-dimensional vector spaces. Moreover, we do not need Zorn’s
lemma or the axiom of choice.

Theorem 6.1. (Strong separation)
Let C and D be non-empty L°-convex subsets of (L°)¢. Then there exists Z € (L°)® such that

inf (X, Z) > Y,Z 6.1
essinf (X, Z) esYsesgp< ) (6.1)

if and only if 0 ¢ cla(C — D) for all A € Fy.

Proof. Let us first assume that there exists an A € F. such that 0 € cl4(C — D). From Proposition 3.2
we know that cls(C' — D) = limu(C' — D). So there exists a sequence (X, )nen in 14(C — D) such that
X,, — 0 a.e. It follows that there can exist no Z € (L°)? satisfying (6.1).

Now assume 0 ¢ cla(C — D) for all A € F,. It follows from Corollary 3.4 that cI(C — D) is L°-convex.
So one obtains from Corollary 4.5 that there exists a Z € cl(C — D) such that

IZI? < 1A =NZ +AW|* = || Z]* + 20 (Z. W = Z) + N*|W — Z]|?

for all W € cl(C — D) and A € LY such that 0 < A < 1. Division by 2\ and sending A to 0 yields
(W, Z) > || Z||?>. In particular,
(W,2Z) > ||1Z||* forall WeC - D,

and therefore,
essinf (X, Z) > esssup (Y, Z) + || Z||%.
Xelc (X, 2) YbeD v.2) +112]]

It remains to show that ||Z]| > 0. But if this were not the case, the set A = {Z = 0} would belong to F
and 147 = 0. However, by assumption and Corollary 3.3, one has 0 ¢ cla(C — D) = 14¢l(C — D) for all
A € F4, a contradiction. O

Corollary 6.2. Let C and D be non-empty sequentially closed L°-convex subsets of (L°)?® such that D is
LO-bounded and 14C is disjoint from 14D for all A € Fy. Then there exists a Z € (L°)? such that

ssinf (X, Z) > esssup (Y, Z) .
essinf (X, Z) ebySgbgp( )

Proof. C — D is a non-empty L°-convex set, which by Corollary 3.10 is sequentially closed. It follows from
the assumptions that 0 ¢ 14(C — D) for all A € F,, and we know from Corollary 3.3 that 14(C — D) =
cla(C — D). So the corollary is a consequence of Theorem 6.1. O

Lemma 6.3. Let C be a non-empty o-stable L°-convex cone in (L)% such that 14C # 14(L°)? for all
A€ Fy. Then there exists a Z € (L°)? such that

[|IZ]| >0 and essinf(X,Z) > 0. (6.2)
XeC

Proof. If C = {0}, the lemma is clear. Otherwise one obtains from Theorem 2.8 that there exist A € F
and X1,...,X4_1 € C such that ling (C) = lina(L°)? and linac(C) C linge {X1,..., Xq_1}. By Corollary
2.11, there exists W € linge {X1,...,X4_1}" such that |[W|| > 0 on A°. If u[A] = 0, then Z = W
satisfies (6.2), and the proof is complete. If u[A] > 0, one notes that since C' is an L%-convex cone,
one has aff 4(C) = ling(C) = 14(L%%. Tt follows from Lemma 5.7 that there exists a Y € ints(C).
Then 15Y € intp(C) for every subset B € F; of A. But this implies that —15Y cannot be in clg(C).
Otherwise it would follow from Lemma 5.3 that 0 belongs to intg(C), implying that 13C = 15(L")? and
contradicting the assumptions. So Theorem 6.1 applied to 14C and {—Y} viewed as subsets of 14(L°)?
yields a V € 1,4(L°)? such that

essinf (X, V) > (-Y,V) on A.

Xelal

Since C is an L%-convex cone, Z = 14V + 14.W satisfies condition (6.2). O
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Theorem 6.4. (Weak separation)
Let C and D be non-empty o-stable L°-convex subsets of (L°)?. Then there exists a Z € (L°)¢ such that

[|1Z]] >0 and essinf(X,Z) > esssup (Y, Z) (6.3)
Xel YeD

if and only if 0 ¢ int 4 (C — D) for all A € F.

Proof. If there is an A € F such that 0 € int4(C — D), there can exist no Z € (L°)¢ such that (6.3) holds.
Hence, (6.3) implies 0 ¢ int4(C — D) for all A € F.

To show the converse implication, assume that 0 ¢ int 4(C' — D) for all A € F. Clearly, C — D is o-stable
and L%-convex. Therefore, one has ccone(C' — D) = {AX : A€ LY, X € C — D}, from which it can be
seen that ccone(C — D) is o-stable and satisfies 1 sccone(C — D) # 14(L°)? for all A € F,. So one obtains
from Lemma 6.3 that there exists a Z € (L°)? such that

[1Z]| >0 and essinf(X,Z) > 0.
X€E

This implies (6.3). O

Corollary 6.5. Let C and D be two non-empty o-stable L°-convex subsets of (L°)¢ such that 14C is
disjoint from 14D for all A € Fy and D is L°-open. Then there exists a Z € (L°)? such that

eg{selgf (X,Zy>(Y,Z) forallY €D.

Proof. Tt follows from Theorem 6.4 that there exists a Z € (L°)¢ such that

[|Z]] >0 and essinf(X,Z) > esssup(V,Z),
XeC vebD

and since D is L%open, one has

esssup(V,Z) >(Y,Z) forallY € D.
veD

O

As another consequence of Theorem 6.4 we obtain a conditional version of the Hahn—-Banach extension
theorem.

Corollary 6.6. (Conditional version of the Hahn—Banach extension theorem)

Let f: (L% — LY be an L°-convex function such that f(AX) = Af(X) for all A € LY and g: E — L° an
LO-linear mapping on a o-stable L°-linear subset E of (L°)? such that g(X) < f(X) for all X € E. Then
there exists an L°-linear extension h : (L°)% — L° of g such that h(X) < f(X) for all X € (L°)%.

Proof. Note that
C={(X,V)e(L)"xL°: f(X) <V} and D:={(Y,g(Y)):Y € E}

are L'-convex sets in (L) x L°. By Lemma 4.3, f and g are stable. It follows that C and D are o-
stable. Moreover, since C — D is an L%-convex cone and 14(0,—1) ¢ 14(C — D) for all A € F, one
has (0,0) ¢ int4(C — D) for all A € F,. So one obtains from Theorem 6.4 that there exists a pair
(Z,W) € (L°)? x L° such that

[|Z|| +|W]>0 and essinf {(X,Z)+VW} >esssup{(Y,Z) 4+ g(Y)W}. (6.4)
(X,V)eC Y€EE

It follows that W > 0. By multiplying (Z, W) with 1/W, one can assume that W = 1. Since F and g are
LO-linear, the esssup in (6.4) must be zero, and it follows that g(Y) = (Y, —Z) for all Y € E. Moreover,
f(X)>(X,—Z) for all X € (L%)%. So h(X) := (X, —Z) is the desired extension of g to (L°)%. O
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Theorem 6.7. (Proper separation)
Let C' and D be two non-empty o-stable L°-convex subsets of (L°)?. Then there exists a Z € (L°)¢ such
that

inf (X, Z) > Y,Z d X, Z) > essinf (Y, Z 6.5
essinf { >_eSYS€SBp< ) an eS;ESgM ) > essinf (Y, Z) (6.5)

if and only if 0 ¢ ria(C — D) for all A € F.
Proof. Denote E = aff(C' — D). By Corollary 2.9, 14FE is for all A € F, o-stable, and therefore, by
Proposition 3.5, sequentially closed.

If there exists an A € Fy such that 0 € ria(C — D), 14E is L%-linear and there exists an e € L% | such
that BA(0) N 14E C 14(C — D). Suppose there exists Z € (L°)? satisfying (6.5). Then

(X,Z) >0 for all X € cly(C — D) (6.6)

and
(X,Z) > 0on A for some X € 14(C — D). (6.7)

One obtains from Corollary 2.12 that Z = Z; + Z5 for some Z; € 14F and Z, € (14E)*. It follows from
(6.6) that Z; = 0. But this contradicts (6.7). So (6.5) implies that 0 ¢ ris(C — D) for all A € Fj.

Now assume 0 ¢ ria(C — D) for all A € F,. Since E is o-stable, there exists a largest B € F such that
0€1pE. If u[B] =0, one has 0 ¢ 14F for all A € F,, and it follows from Corollary 6.2 that there exists a
Z € (L% such that essinfxep (X, Z) > 0, which implies (6.5). If u[B] > 0, denote A := Q\ B. The same
argument as before yields a Zy € 14(L°)¢ satisfying (6.6)—(6.7). On the other hand, 15 F is L°-linear. So
it follows from Corollary 2.11 that there exist disjoint sets By, ..., By € F satisfying U?:l B; = B and an
orthonormal basis X1,..., X4 of (L°)? on B such that 15, F = ling,{X1,...,X;} for all i = 1,...,d. For
everyi €Z:={j=1,...,d: u[B;] > 0} one can apply Theorem 6.4 in the L°-linear subset 15, F to obtain
a Z; € 1p,E such that

[|1Zi]| >0on B; and essinf (X, Z;) > esssup (Y, Z;).
Xel YeD

Since 0 ¢ rig(C — D) for all A € F, one has

esssup (X, Z;) > essinf (Y, Z;) on B;.
XeC YeD

If one sets Z = 14Zo + U;c7 1B, Zi, one obtains (6.5), and the proof is complete. O

7 Properties of L’-convex functions
Definition 7.1. Consider a function f : (L°)? — L and an X, € (L°)%.
o We callY € (L°)?% an L°-subgradient of f at X if
f(Xo) € L’ and f(Xo+ X)— f(Xo) > (X,Y) forall X € (L°)%.
By 0f(Xo) we denote the set of all L°-subgradients of f at Xo.
o If f(Xo) € LY and for some X € (L°)? the limit

f(Xo; X) = Jim 7 [f(Xo + X/n) — f(Xo)]

exists a.e. (+0o and —oo are allowed as limits), we call it L°-directional derivative of f at X in the
direction X.

o We say f is LO-differentiable at X if f(Xo) € L° and there exists a Y € (L°)¢ such that

J(Xo+ X5) — f(Xo) — (Xn,Y)

— 0 a.e.
|1 Xl

for every sequence (X, )nen in (L°)? satisfying X,, — 0 a.e. and ||X,|| > 0 for all n € N. If such a
Y exists, we call it the L°-derivative of f at Xo and denote it by V f(Xo).
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The L°-convex conjugate f* : (L°)¢ — L is given by

1Y) = esssup {(X,Y) — f(X)}.
Xe(Lo)d

If f is LO-convex, we set
dom f == {X € (L) f(X) < +oo}.

By convf we denote the largest L°-convex function below f and by convf the largest sequentially lsc
LO-convex function below f.

If f is L°-convex and satisfies f(AX) = Af(X) for all X € LY, and X € (L°)?, we call f L°-sublinear.
e For every pair (Y,Z) € (L°) x LY we denote by f¥'Z the function from (L°)¢ to L° given by
Y2 (X)) =(X,Y)+ Z.

Theorem 7.2. Let f: (L°)* — L be an L°-convex function and X, € int(dom f) such that f(X,) € L°.
Then f(X) € L for all X € (L°)? and f is sequentially continuous on int(dom f).

Proof. Since Xy € int(dom f), there exists an ¢ € L, such that V := max; f(Xo + €e;) < +oo. By
L-convexity, one has f(X) <V for all X € Xy + U, where

d
U:= {XG (L% X7 <g}.

i=1

Assume that there exist X € (L°)¢ and A € F, such that f(X) = —oo on A. Then one can choose a

Z € Xo+U and a A € L such that 0 < A < 1 and Xo = AX + (1 — \)Z. It follows that f(X,) <

A (X)+ (1 =N f(Z) = —oo on A. But this contradicts the assumptions. So f(X) € L for all X € (L°)%.
Now pick an X € U and a A\ € L such that 0 < A < 1. Then

J(Xo+AX) = FA(Xo + X) + (1= \)Xo) < Af(Xo+ X) + (1 - \) f(Xo),
and therefore,
f(Xo +AX) = f(Xo) < A[f(Xo + X) — f(Xo)] < AV — f(Xo))-
On the other hand,
1

A

So

A
F(Xo) < T35 (Xo +AX) + 5 (X = X),

which gives
f(Xo) = f(Xo + AX) < A[f(Xo — X) = f(Xo)] < AV — f(X0)).

Hence, we have shown that
lf(X) = f(Xo)| <AV — f(Xo)) forall X € X+ \U.

Let (X,)nen be a sequence in (L°)? converging a.e. to Xo. For every k € N, the sets

Ak = () {Xn — X0 € U/k}

n>m
are increasing in m with Um21 Ak = Q. By Lemma 4.3, f is stable. Therefore,
If(Xn) — f(X0)| < (V — f(Xo))/k forallm>m on AF

and one obtains

v U N U &) = f(Xo)l > (V = £(X0)/k}| =0.

k>1m>1n>m

So f(X,) — f(Xo) a.e., and the theorem follows. O
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As an immediate consequence of Theorem 7.2 one obtains the following
Corollary 7.3. An L°-convex function f : (L°)? — L is sequentially continuous on int(dom f).

Theorem 7.4. Let f: (L°)? — L be an L°-convex function and Xo € ri(dom f). Then 0f(Xo) # 0. In
particular, if f(X) € L° for all X € (L°)?, then 0f(Xo) # 0 for all X € (L°)%.

Proof. By Lemma 4.3, f is stable. Therefore,
C:={(X,V)e (L)' xL°: f(X) <V}

is an L%-convex, o-stable subset of (L°)? x LY. Since (X, f(Xo) + 1) is in C, one has (0,0) ¢ 1is(C —
(Xo, f(Xo)) for all A € F,. So it follows from Theorem 6.7 that there exists (Y, Z) € (L) x L such that

(g}(s%réfcﬁX Y)Y+ VZY > (Xo,Y) + f(X0)Z (7.1)
and

esssup {(X,Y)+VZ} > (Xo,Y) + f(X0)Z. (7.2)

(X, V)eC

(7.1) implies that Z > 0. Now assume there exists an A € F, such that 142 = 0. Then since Xy €
ri(dom f), (7.2) contradicts (7.1). So one must have Z > 0, and by multiplying (Y, Z) with 1/Z, one can
assume Z = 1. It follows from (7.1) that

essinf {{XY) + F(X)} = (Xo, V) + [(Xo),

which shows that —Y is an L°-subgradient of f at Xp. O
Lemma 7.5. Let f,g: (L°)? — L be functions such that f > g. Then the following hold:

(i) f* is sequentially lsc and L°-conver;

(ii) f*(Y) > (X,Y) — f(X) for all X,Y € (L°)%;

(iii) Y € 9f(X) if and only if f(X) € L° and f*(V) = (X,Y) — f(X);

(iv) f*<g* and f** > g**

(V) f =/ and f* = f*.
Proof. To prove (i) let (Y;,)nen be a sequence in (L°)¢ converging a.e. to some Y € (L°)%. Then

liminf f*(Y,) = sup inf esssup {(X,Y,)— f(X)}

n—00 m>1n=m Xe(Lo)d
> esssup sup inf {{X,Y,)— f(X)}
Xe(L0)d m>1 n>m

= esssup {(X,Y) — f(X)} = (V).
Xe(LY)d

Hence, f* is sequentially Isc. To show that it is L%-convex, choose Y, Z € (L°)¢ and A € L° such that
0 <A< 1. Then, A\f*(Y)+ (1 =N f*(2) > (X, \Y + (1 = \)Z) — f(X) for all X € (L°)% and therefore,
AMY)+ A =XNf(Z) > f*(A\Y + (1 — \)Z). (ii) is immediate from the definition of f*. Now assume
that f(X) € L. For any X’ € (L°)?, f(X') — f(X) > (X' — X,Y) is equivalent to (X,Y) — f(X) >
(X",Y) — f(X’). This shows (iii). (iv) is clear. From (ii) one obtains that f(X) > (X,Y) — f*(Y") for all
X,Y € (L°)?. So f > f**. The same inequality applied to f* gives f* > f***. On the other hand, we
know from (iv) that f* < f***. This proves (v). O

Lemma 7.6. Let f: (L°)? — L be a sequentially Isc L°-convex function. Then one has for all X € (L°)?,

FX) =esssup { V7 (X): (V,Z2) € (L°) x LO, f > fV7}.
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Proof. Note that the set
A:={A€ F: there exists an X € (L%)? such that 1, f(X) € L°}

is directed upwards. Therefore, there exists an increasing sequence A,, in A with corresponding X,,, n € N,
such that A, T A := esssup A a.e. Set

XO = 1A1UACX1 + Z 1A,L\A7L,1Xn-
n>2

By Lemma 4.3, f is stable. Hence, f(Xy) < 400 on A, and f(X) = +oo on A° for all X € (L°)%. The
lemma can be proved on A and A€ separately, and on A€ it is obvious. Therefore, we can assume A = .
Then dom f # @, and it follows that

C:={(X,V) cdom f x L°: f(X) <V}

is a non-empty sequentially closed L°-convex subset of (L%)? x L°. Choose a pair (U, W) € (L°)? x L° such
that 14(U, W) & 14C for all A € F,. By Corollary 6.2, there exists (Y, Z) € (L°)¢ x L° such that

I'= inf {{X,V)+VZ}>(UY)+WZ.
(X,V)eC

It follows that Z > 0. On the set B := {Z > 0} one can multiply (Y, Z) with 1/Z and assume Z = 1. Then
one obtains that on B,

f(X)> fY(X) forall X € (L°)¢ and f~Y1(U) > W.

On B¢ one has A :=1—(U,Y) > 0. Pick a U’ € dom f. Since 14(U’, f(U')—1) ¢ 14C for all A € F, one
obtains from Corollary 6.2 that there exists a pair (Y’, Z’) € (L°)¢ x LY such that

1=t {((XY) 4 V2> UL + (0 - )Z.

Since U’ € dom f, one must have Z’' > 0. By multiplying with 1/Z’, one can assume Z' = 1. Now choose
adc leL(jr such that

1
5> X(WJr (U, Y'Y —1')" on B°
and set Y := §Y +Y’. Then, on B¢,

I" = inf (X, Y'Y+ V)>6I+T' =0A+6UY)+I > (UY")+W.
(X,V)eC

So on B¢, one has
FX) > Y (X) forall X € (L9 and 7Y (U) > WL
Now define (Y, 1) :=1p(=Y, 1)+ 15:(=Y",I"). Then
F(X) > fYUX) forall X € (L)% and YL (U) > W
This proves the lemma. O

Theorem 7.7. (Conditional version of the Fenchel-Moreau theorem)
Let f: (L% — L be a function such that convf takes values in L. Then convf = f**. In particular, if f
is sequentially lsc and LO-convex, then f = f**.

Proof. We know from Lemma 7.5 that f** is a sequentially lsc L°-convex minorant of f. So convf > f**.
On the other hand, it follows from Lemma 7.6 that

convf =esssup { f77(X) : (Y, 2) € (L°)" x LY, convf > 7},

and it can easily be checked that (fY'Z)** = f¥+Z for all (Y, Z) € (L°)? x L°. So one obtains from Lemma
7.5 that f** > (f¥%)** = f¥'Z for every pair (Y, Z) € (L°)? x L? satistying f > f¥*?. This shows that
¥ > convf. O
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Lemma 7.8. Let f: (L°)? — L be an L°-convex function and Xo € (L°)? such that f(Xo) € L°. Then
f'(Xo; X) exists for all X € (L°)?, f'(Xo,0) = 0 and f'(Xo;.) is L°-sublinear. Moreover, df(Xo) = 9g(0),
where g(X) := f'(Xo; X).

Proof. Tt follows from L°-convexity that for every X € (L°)?, n[f(Xo + X/n) — f(Xo)] is decreasing in n.
This implies that f'(X¢; X) exists. f'(Xo;0) = 0is clear. That f/(Xo;.) is L-sublinear and 0f(X,) = dg(0)
are straightforward to check. O

Lemma 7.9. Let f: (L°)? — L be a sequentially lsc L°-sublinear function. If there exists an Xy € (L°)¢
such that f(Xo) € L°, then 8f(0) # 0 and f(X) = esssupycpy() (X,Y) for all X € (L°)*. In particular,
£(0) =0.

Proof. By Theorem 7.7, one has f = f**. This implies that the set
C:={Y e (L") (X,Y) < f(X) for all X € (L°)?}

is non-empty and f(X) = esssupy <o (X,Y). It follows that f(0) = 0 and 0f(0) = C. This proves the
lemma. O

Theorem 7.10. Let f : (L°)? — L be an L°-convex function. Assume there exist Xo € (L°)? and V € LY
such that f(Xo) € L° and

f(Xo+X) > f(Xo) = V||X]|| forall X € (L)% (7.3)
Then there exists a Y € 0f(Xg) such that ||Y]| < V.

Proof. Denote g(X) := f(Xo; X). Then h = convg is a sequentially lsc L°-sublinear function which by
(7.3), satisfies
h(X) > —V||X|| forall X e (L%% (7.4)

It follows that h(0) = 0 and 0h(0) C 9g(0) = Of(Xp). Since Jh(0) and
BY(0):={Y € (LO: ||| <V}

are L%-convex and sequentially closed, they are both o-stable. Therefore, there exists a largest set A € F
such that 140h(0) N 14BY(0) is non-empty. Assume that A° € F,. Then, if one restricts attention to A°
and assumes 2 = A, the sets Oh(0) and BY (0) satisfy the assumptions of Corollary 6.2. So there exists a
Z € (L%)% such that
—V||Z|| = essinf (Y,Z) > esssup (Y, Z).
YeBY(0) Y €8h(0)

But by Lemma 7.9, one has h(Z) = esssupycgp() (Y, Z), and one obtains a contradiction to (7.4). It
follows that A = 2, which proves the theorem. O

Theorem 7.11. Let f : (L°)? — L be an L°-convex function and Xo in (L°)® such that f(X,) € L.
Assume that 0f(Xo) = {Y'} for some Y € (L°). Then f is L°-differentiable at Xo with Vf(Xo) =Y.

Proof. By Lemma 7.8, one has dg(0) = {Y'} for the L%sublinear function g(X) := f/(X¢; X). It follows
that
9°(Z) = Lzpyy(to0) and g™ (X) =(X,Y). (7.5)

Set
A:={A€F: there exists an X € (L") such that g(X) = +oo on A}.

By Lemma 4.3, g is stable. Therefore, there exists a sequence (A, )nen in A with corresponding X, such
that A,, T A := esssup.A. The element

Xo = 1,04 X1 + Z Lana, . Xn
n>2

satisfies g(Xo) = +00 on A. We want to show that u[A] = 0. So let us assume p[A] > 0. If one replaces
with A, one has 0 ¢ 1z(dom g — Xo) for all B € F,. By Theorem 6.4, there exists a Z € (L°)¢ such that

Z||>0 and inf (X.2) > (Xy.2).
I[Z]| >0 an §2§$ﬁ9<’>—<0’>
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Define the sequentially lsc L°-convex function & : (L°)? — L as follows:
h(X) = (X, Y) 1ix,2y>(%0.2)) + 00L(x,2)< (0,2}

Then g > h and h(X) = +oc for all X € (L0)? satisfying (X, Z) < (Xo, Z). It follows that convg(X) = 400
for all X € (L°)? satisfying (X, Z) < (Xo,Z). Moreover, since Y € 9g(0), g fulfills the assumptions of
Theorem 7.7, and one obtains convg = ¢g**, contradicting (7.5). So one must have u[A] = 0, or in other
words, g(X) € L° for all X € (L°)%. Tt follows from Theorem 7.2 that g is sequentially continuous, and
therefore, g(X) = ¢**(X) = (X,Y) for all X € (L°)%.

Now let (X,,)nen be a sequence in (L°)¢ such that X,, — 0 a.e. and ||X,|| > 0 for all n. Denote
|1 Xnll1 == Z?:l |X¢| and notice that there exists a constant ¢ > 0 such that || X,[|; < ¢||X,]|| for all n.
Since g(X) = (X,Y), one has for all i = 1,...,d,

f(Xo £ [|Xal1e:) — f(Xo)

— Y ae.
1 Xnll1
Therefore,
f(Xo + Xn) — f(Xo) = (Xa, V) f(Xo+ Xn) — f(Xo) — (X, V)
|1 Xl - 1 Xnlly
| X { (Xo + || X |[1sign(X )e:) — f(Xo) . iy
—sign(X;)Y* s -0 ae.
Z 1 Xnll1 1 Xnll1
O
8 Inf-convolution
Definition 8.1. We define the inf-convolution of finitely many functions f; : (LY =L, j=1,...,n, by
O f5(X) = essinf XZfJ
Lemma 8.2. If f;, j =1,...,n, are L°-convex functions from (L°)? to L, then Ly f5 ds LO-convex too.

Proof. Denote f =7, f;. Choose X,Y € (L%)* and V,W € L such that f(X) <V and f(Y) < W. Let
ee LY, and X € LY such that 0 < A\ < 1. By Lemma 4.3, the functions f; are stable. Therefore, the

family {ZJ fi(X5) 022, X5 = X} is directed downwards. So there exist sequences XJ’»C7 k € N, such that
> Xy =X and > [i(XF) decreases to f(X) a.e. It follows that the sets A := {Z] fi(XF) < V+E}
increase to €2 as k — oco. So for every j =1,...,n,

Xj = Z 1Ak\Ak_1Xf’ Where AO = @
k>1

defines an element in (L°)¢ such that E 1 X; =X and Z? 1 f(X;) £V + €. Analogously, there exist
Yj6(Lo)d7j:1,...,n,suchthatz Y—Yandzj 1 JY5) S W4e Set Z; = AX; + (1 - N)Y;.
Then Z := Z;.lzl Z;j =AX+(1-A)Y and

£(2) <> S Z + (1 =NfY) <AV +H (1 =W +e.
j=1 J=1
It follows that f(Z) < Af(X)+ (1 =N f(Y). O
Lemma 8.3. Let f;: (L°) — L, j =1,...,n, be L°-convex functions and denote f = U7 fj. Assume

f(Xo) = ZJ 1 [i(X5) < 400 for some X; € (LO) summing up to Xo. If Xy € int(dom fy), then f(X) € L
for all X € (L°)¢, X, € int(dom f) and f is sequentially continuous on int(dom f).
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Proof. By definition of f, one has
F(Xo+X) = f(Xo) < AX1+X)+ D S Z = fi(X1+X) - fi(Xy)
Jj=2 J=1

for all X € (L°)¢. This shows that X, € int(dom f). Since f(Xg) = Z _, [i(X;) € LY, the rest of the
lemma follows from Theorem 7.2. O

Lemma 8.4. Consider functions f; : (L°)* — L, j =1,...,n, and denote f = Oy fj. Assume f(Xo) =
Z] L Fi(X;) < 400 for some X; € (L°)4 summing up to Xo. Then 0f(Xo) = ﬂ?zl of;(X;).

Proof. Assume Y € 0f(X,) and X € (L°)4. Then

n

AL+ X) = A1) = A+ X)+ ) X5) =Y F(X5) = f(Xo+ X) — f(Xo) > (X,Y).

Jj=2 Jj=1

Hence Y € 9f1(X1), and by symmetry, 9f(Xo) € (j—; 0f;(X;). On the other hand, if Y € (j_, 9f;(X;)
and X € (L)%, choose Z; such that 37_, Z; = Xo + X. Then

> Sl Z (Z; = X;,Y) = fi(X;)+(X,Y).

j=1 j=1 j=1
So f(Xo+ X) — f(Xo) > (X,Y), and the lemma follows. O
Lemma 8.5. Let f; : (L) — L, j =1,...,n, be L°-convex functions and denote f = 0%y fj. Assume

f(Xo) = 32, f(X;) < 400 for some X; € (LO) summing up to Xo and f1 is L°- dzﬁerentzable at Xi.
Then f is L°-differentiable at Xo with V f(Xo) = Vf1(X1).

Proof. One has

f(Xo+X) = f(Xo) < fi(Xa + X) + Z = [i(X1+X) - f1(Xy)
J:2 J=1

for all X € (L°)?. It follows that the LO-directional derivative g(X) := f(Xo; X) satisfies
9(X) < fi(X1; X) = (X, Vf1(X1))

for all X € (L°)?. But by Lemma 8.2, f is L’-convex. It follows that g is L%-sublinear, and therefore,
g9(X) = (X,Vf1(X1)). This implies that df(Xo) = 9g(0) = {Vf1(X1)}. Now the lemma follows from
Theorem 7.11. |

Lemma 8.6. Consider functions f; : (L°) — L, j = 1,...,n. Then (D?Zlfj)* = 2?21 f, where the
sum is understood to be —oo if at least one of the terms is —oo.

Proof.

(@)= f5)" (V) = esssup {(X, ) = Oj, f5(X)} = esssuy sup Z{ HXDY = 1),
Tyeeey X j=1 j=1
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