Asymptotically stable dynamic risk assessments
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Summary: In this paper we study asymptotically stable risk assessments (or equivalently risk
measures) which have the property that an unacceptable position cannot become acceptable by
adding a huge cash-flow far in the future. Under an additional continuity assumption, these risk
assessments are exactly those which have a a robust representation in terms of test probabilities that
are supported on a finite time interval. For time-consistent risk assessments we give conditions on
their generators which guarantee asymptotic stability.

1 Introduction

The starting point of this paper is the investigation of risk assessments which are not
influenced by statements like: “Far in the future I shall be extremely rich”. For such
risk assessments negative values in the near future cannot be compensated by extremely
positive values far away. We call such assessments asymptotically stable.

Risk assessments (or equivalently risk measures) have been widely studied since the
lighthouse paper [3] of Artzner et al. in 1999; see also [7] and [8]. Our focus is on risk
assessments of stochastic processes; see for instance [1], [2], [4], [5], [6], [10], [11], [13],
[14]. Since we are interested in an asymptotic concept we consider risk assessments for
discrete time stochastic processes with an infinite time horizon. In the first main result
of this paper we characterize asymptotic stable risk assessments under the additional
assumption of local continuity from below by a robust representation. It turns out that
the test probabilities of this representation are exactly the so-called local probabilities
whose support is restricted to a finite time interval. This is equivalent to the fact that the
acceptance set of the risk assessment is closed in the weak topology induced by local test
probabilities.

The main concept of this paper is asymptotic stability which is defined in terms of
the acceptance set of the risk assessment: If a position modeled as a stochastic process X
is not acceptable, then there exists a time horizon T" such that X (g 7y + N7 ) is still
not acceptable regardless of the size of the future position N. In that sense, asymptotic
stable risk assessments may be regarded as immune against extremely high values in the
far future.

Using the property of time-consistency, we show in the second part of the paper how
risk assessments can be constructed by composing a sequence of generators. We provide
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a condition on the generators such that the resulting risk assessment is asymptotically
stable, and discuss several examples.

The structure of this paper is as follows. In Section 2 we give the main notation
and definitions. The robust representation of asymptotically stable risk assessments is
presented in the Section 3. In Section 4 we construct dynamic risk assessments which
are asymptotically safe and finally give some examples in Section 5.

2 Preliminaries

Let (2, F, (Ft)ten, P) be a filtered probability space. Denote by L? (resp. L¥) the space
of all F-measurable (resp. JF;-measurable) random variables with finite pth moment if
p € [1,00), and which are essentially bounded if p = oo, and where two of them are
identified if they agree P-almost surely. Let R be the space of all adapted processes
X : Q@ x N — Rsuch that X* := sup,cy | X¢| € L. On R> we work with the partial
order X > Y whenever X; > Y, forall¢t € N.

Definition 2.1 A concave risk assessment on R*>° is a function ¢ : R — R which
satisfies

(i) $(0) =0,
(ii) (X +ml} o)) = ¢(X) +m forallm € R,
(iii) ¢(X) > ¢(Y') whenever X > Y,

(iv) AX + (1= AN)Y) > Ap(X) + (1 = N)p(Y) forall X € (0,1),

forall XY € R*°.
If in addition to (i) — (iv), ¢ is positively homogeneous, i.e. p(A\X) = Ad(X) for all
A > 0 then ¢ is called coherent risk assessment.

The acceptance set of a risk assessment ¢ is defined as C := {X € R : ¢(X) > 0}.
In line with [5] for two stopping times 7 and 6 such that 0 < 7 < 6 < oo we define the
projection 7, g : R — R by

7T.,-’9(X)t = ]I{Tgt}Xt/\Gv t € N.

Definition 2.2 A risk assessment ¢ : R*™ — R is locally continuous from below, if for
every sequence (X™) in R and X € R*> such that X" < X" and X' — X,
P-almost surely for all t € N, one has

¢ (mo,r(X™)) = ¢ (m0,7(X))
forall T € N.

Let A" be the space of all adapted processes a : 2 x N — R such that Y ien |Aay €
L', where Aa; := a; — a;_, with the convention ag := 0. Further, denote by A"!°° the
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set of those a € A' which are eventually constant, that is a; = ap for all t > T for some
T € N. The linear spaces R> and A! are in duality by the dual pairing

Z XtAat

teN

(X,a) :=E

Note that for a € A1°¢ one has (X, a) := 23:1 E [X;:Aay] for some T' € N.
For any time horizon T" € N we define the subspaces

,R’S?T = WoyTROO and .A(lJ}T = 7T0,TA1. (21)

Finally, let A’ denote the set of those a € A' which satisfy a; < a;4; forallt € N,
and A} the set of those a € AL for which E [}, Aa;] = 1. Similarly, we define

Ao = AVloc 0 AL Elements of A} are referred to as local test probabilities.

3 Asymptotically stable risk assessments

The focus of this paper is to characterize risk assessments on R which have the desired
property that an unacceptable position cannot become acceptable by adding a huge cash-
flow far in the future.

Definition 3.1 A concave risk assessment ¢ on R*° is called asymptotically stable if for
each X € R with X ¢ C there exists a time horizon T € N such that

X7y + N7 o) ¢C
forall N € N.

Although asymptotically stable risk assessments neglect asymptotic benefits, they may
take into account asymptotic losses. Asymptotic stability can be characterized as follows:

Proposition 3.2 For a concave risk assessment ¢ on R™> the following are equivalent:
(i) ¢ is asymptotically stable
(ii) X € Cifffor everyt € N there exists N € N such that X W ) + N1 o) € C

(iii) For every X € R, 4(X) := supyen [QS(XI[(M) + N o)) — (b(X)] — 0as
t — o0.

Proof: We only show that (¢) and (i47) are equivalent, the equivalence between (i) and
(t4) is obvious. To that end, suppose that (¢) holds, but sup,cy7:(X) > ¢ for some
e > 0. By (ii) of Definition 2.1 we may assume that ¢(X) = —¢/2 so that X ¢ C.
Hence, for any ¢ € N one has

;u% A(X Mo,y + N o)) = 7e(X) + (X)) >
€

N ™
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so that X (g4 + N} oy € C forall ¢t € N and sufficiently large N € N. Hence (i)
implies X € C, which is a contradiction, so that (7i¢) has to hold.
Conversely, suppose that (¢ii) holds and X ¢ C. Since

sup ¢(XUgp) + N1y o)) = 1(X) + #(X), forallt €N,
NEN

¢(X) < 0and 74(X) — 0, it follows that sup yey (X Mg 1)) + Ny o)) < O for
some t large enough. Hence X 1 ;) + N4, o) ¢ C forall N € N, which shows (i).
O

In a next step we give the robust representation of asymptotically stable concave risk
assessments. The general representation theory provides formulas of the form

H(X) = inﬁ{{(X, a) — ¢*(a)}, forall X € R™, (3.1)
ac
where the *dual set’ o7 is a convex set of linear forms on /R and the conjugate function
¢* is given by

o*(a) := Xiergoo {{X,a) — (X))} = )I(Igc (X,a), forallae o, (3.2)

and takes values in [—o0, 0]. The second equality in (3.2) follows from

inf (X,a) > inf {(X —6(X),a)} 2 inf {(X—o(X),a)} > inf (X',a)

because X — ¢(X) € C.

In our context, the robust representation of ¢ is given in the following theorem which
is our main result in the static case. It characterizes the property of asymptotical stabil-
ity for risk assessments which are locally continuous from below in terms of local test
probabilities.

Theorem 3.3 Let ¢ : R>™° — R be a concave risk assessment which is locally continu-
ous from below. The following statements are equivalent:

(i) ¢ is asymptotically stable
(i) The acceptance set C is J(ROO, Al’loc)—clmed
(iii) ¢ is U(R‘X’, AUOC) -upper semicontinuous
(iv) ¢ has a robust representation with local test probabilities:

o(X)= inf {(X,a)—0¢%(a)}, forall X € R™® (3.3)

11
ac Ay °c

(v) For any sequence (X™) and X in R* such that sup,,cy |X}'| € L™ and X" —
X P-almost surely for all t € N, one has ¢(X) > limsup,,_, ., ¢(X™).
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Proof: (i) = (ii): We have to show that
XeC <« (X,a)—¢*(a)>0 forallae A" (3.4)

That the left hand side implies the right hand side follows directly from the definition of
¢*. The converse implication is shown in the following six steps.

Step 1: Suppose X ¢ C. By (ii) of Definition 2.1 there exists ¢ € (0,1] such that
X + ¢ ¢ C. Since ¢ is asymptotically stable there exists ¢ € N such that

(X +&)Tgs) + (N + Do) ¢ C forall N € N. (3.5)

Step 2: Here we make a deviation to use the duality between L>°(€', ') and the set
M (Y, F') of finitely additive measures on some measurable space (€, F'). We follow
(11, [2], [S], or [11].
Set O := Q x N, F' := ¢ {F, x {n} :neN}, u’(B) := 3,5, 27"P(B},) where
Bj, ={w e Q: (w,n) € B} for B e F'. i’ is a probability measure on (', 7).
Further, let M the set of positive finitely additive measures 1 on (€', F') with (') =
1and u(B x {n}) = 0 for all B € F,, with P[B] = 0. Identifying X € R*> with
X'(w,n) = Xp(w) € LY, F') and writing (X, p) instead of (X', ), we get for
@' (X') = ¢(X) the representation (see [12])

¢(X) = ¢'(X') = min {(X, u) — ¢ (u)}-

HEMy

where again ¢ (1) := infxec (X', u) takes values in [—o0, 0].
Now the statement (3.5) implies the existence of a sequence (1) in ./\/l{ with

(X +e)Mgp + (N + Do)y, by — ¢ (uN) <0 foralNeN.  (3.6)

Since ¢ (V) < 0, it follows that

X oo
(Maxt,00), 1Y) < ”]QTRTH and 0> ¢™*(u") > —||X||ge forall N € N.
3.7)
Step 3: Next we show that the sequence (V) satisfies:
Vn>0,VYB,€F, ,B. /Q for k= oo 3 Ny, kg €N, such that
(Ip,,pN)>1—mnforall N > Ny and k > ko. (3.8)

Letn > 0 and B, € F' be an increasing sequence of subsets of Q' with B, * ' for
Kk — 00. By (3.7) there exists Ny € N such that <]IQ><[t7oo),ﬂN> < nforall N > Njy.
Fix M € Nsuch that M > || X ||z /7. By the local continuity from below of ¢ we get

lim inf {(MTg,_,uV) — ¢ (uV)}

K—00 N> N
> lim inf {<M(]IBHQQ><(O,t) + ]ISZX[t,m))7NN> - ¢/*(MN)} — Mn

K—00 N>Nj

> lim ¢'(M(Ip,nox0.4) + Toxjieo))) — Mn

K— 00

= lim ¢ (M(Ip.nax{1}s---> Ip.noxqi—1}> Do, ---)) — Mn

K— 00

P(MUg,00)) — Mn = M(1 —n).
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With the second inequality in (3.7), it follows that

> 1 . NN > 1y >1—
1> lim inf (Ip,,u") 21— | Xlg= /M 2121

This shows (3.8).
Step 4: In this step we prove

V7 >0,36>0and N €N, sothat VD € F' with sup <11D,NN/> )

0<N'<N

implies (Ip, u™) < nforall M € N. (3.9)

Assume that (3.9) does not hold. Then there exists 7 > 0 such that for all §y = 1/ onN
there exists Dy € F' with SUPo< N'<N <]IDN,MN/> < n/2N, but <HDN7NM> >n
for some M € N. We set B,, := '\ Uys, Dy such that z°(B,) > 1 — 2n/2" or

B.. / )V for k — oco. (Here we use the fact that 10 is o-additive, while u” are only
finitely additive for for N' > 1). By (3.8) there exist Ny, ko € N such that (15, u*) >
1—mn/2forall M > Ny and k > kg. Now for ' = max(Ny, ko) we find not only

SUPg< N/ <p/ <]IB:;,,,uN/> < /2% < 1n/2, but also <]IBZ,,MM> < n/2forall M > K/,

contradicting the fact that we have <]I Be,, pMw > > 1 for M,. € N. Thus assertion (3.9)
is shown. ’

Step 5: We define 7 := 3 y/5 pN'/2N" and conclude for all 7 > 0 using & > 0 and
N from (3.9): For any B’ € F' with (I, 1) < 6/2V we have <]IB/,,uN/> < 6 for all
0 < N’ < N such that <]IB/,MM> <nforall M € N, i.e.

lim (g, p™) — 0 uniformly for all M. (3.10)
(Ig/,m)—0

By Theorem IV.9.12 in [9], the sequence (1) is weakly sequentially compact and there
exists a subsequence of (1) (again denoted by (uV)) such that (V) converges weakly
to some i € M.
Step 6: First (3.7) shows that (Tq [t o0y, 2) = 0 and from (3.8) we conclude that for any
n > 0 and any sequence B, € F', B,, /€ for k — oo we have (Ip,_, ) > 1 —n for
all sufficintly large . Therefore p is a probability measure absolutely continuous w.r.t.
1°. Moreover, for every &’ > 0 there exists Y € C’ such that

() > (Y.h) — & = lim (Y, p) — ¢ >liminf ¢ (uV) — ¢'.

N—oo N—oo

From (3.6) we conclude that
(X, 1) = @™ (p) < —e

for all N € N such that (X, i) — ¢"*(i) < 0. Transforming /i back to a € Al via
the Radon-Nikodym density Aa; := w restricted to  x {t}, we see that
~ 1,loc
ac A" and

(X,3) — ¢ (@) < 0.
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This shows that C is o(R>, A°¢)-closed.

(ii) = (iii): The o (R>°, A%1°°)-upper semicontinuity follows directly from (3.3)
and (ii) of Definition 2.1.

(#i1) = (4v): This follows from the Fenchel-Moreau theorem.

(iv) = (v): Fix & > 0 and let (X™) be a sequence in R>° and X € R such that
sup,,cy | X7*| € L and X — X, P-almost surely for all t € N. There is a* € A}
such that

P(X) +e > (X,a") —¢*(a")
~ lim ((X",a") = "(a"))
> limsup inf {(X",a)—¢"(a)} = limsup p(X").

n—o00 aGA}’IOC n—o00

(v) = (i): Let X € R*° such that XM 4) + N ()14 ) € C forall ¢ € N and some
large N (t) € N. The sequence (X™) defined as

X" = X]I(O,n) + N(n)]l[n’oo)

satisfies ¢(X™) > 0 for all n € N. Moreover, sup,,cy | X{'| € L™ and X' — X;
P-almost surely for all ¢ € N. Hence

¢(X) = limsup ¢(X™) > 0

n—oo

which shows that X € C. O

Remark 3.4 Let ¢ be a risk assessment which is locally continuous from below and has
the robust representation

O(X) = inf {(X,a) ~¢"(a)} forall X.

The arguments in step 3 of the implication (i) = (i7) show that for any v > 0 the set
= {ae (@) > —}

is locally uniformly integrable in the following sense: For every 7' € N and any sequence
B" = (B}, ...) satisfying B  Qforallt <T and Bf* = Q forall ¢ > T one has

n— oo

lim inf (lign,a) =1
5 o, ()

where Ign = (Igp,...). Indeed, for any € > 0 and M > /e we get
li inf (1 > L li inf ((M -1 *
Jm i (Lpe,a) > gp Hm inf (M-, a) = ¢7(a)) — e

1
> i lim ¢ (M -1Ipn)—c=1—c¢.

n—oo
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Example 3.5 Let P be a uniformly integrable set of absolutely continuous probabilities
and T a subset of N. Then
X) :=inf inf Eg [X
¢(X) = inf inf Eq [X;]

is an asymptotically stable coherent risk assessment which is locally continuous from
below.

Let ¢ : R°® — R be an asymptotically stable risk assessment which is locally continuous
from below. Then it holds that

#(X) = limsup ¢(X Mg 4y + XMy o))- (3.11)
t— o0
However, the following example shows that there exist asymptotically stable risk assess-
ments which are locally continuous from below, which satisfy

H(X) > htlgg}f A(X Mg 4y + Xi T o)
for some X € R, i.e. limg o0 ¢(X U (o,¢) + Xt o)) does not exist in general.

Example 3.6 Suppose Q = {w} and ¢(X) := inf,co (X, a) where
1
Q= {a € A}’loc cAay = Aagrq = 3 for some t € N} .

Then ¢ is an asymptotically stable coherent risk assessment which is locally continuous
from below. However, for X = (1,—1,1,—1,1,...) one has ¢(X) = 0, whereas
liminf;_, qﬁ(X]I(O,t) + X ]I[t,oo)) =—-1.

4 Dynamic risk assessments

In this section, we study families of risk assessments (¢ ) sen, Which are time-consistent:
$s(X) = s (X5 + 04 (X)U(1,00)), foralls,t € Nwiths <t 4.1)

The time-consistent property of a risk assessment is an important concept in multiperiod
risk assessment (see [1], [2], [6]). In particular, within the problem of optimizing the
assessment with respect to a control process, time-consistency implies the Bellman prin-
ciple (see [2]). This principle allows to replace a global optimization problem over pro-
cesses by a recursive procedure of timely local optimization problems over random vari-
ables. In the context of insurance risks together with a liquid market, one is interested
in portfolios, which in addition to the insurance risk minimize the total risk assessment.
Such portfolios are called optimal replicating portfolios (ORP). The time-consistency of
the risk assessment reduces this problem to find an optimal portfolio just for one period
(see [10] for concepts of insurance supervisions, like Solvency II or the Swiss Solvency
Test). Furthermore, some accounting concepts for insurances, like the risk margin as
external capital, are defined with respect to such optimal replicating portfolios.



Asymptotically stable risk assessments 9

Here we work with the notion of time-consistency as in [10] which is slightly differ-
ent to the respective notion in [1] and [5]. Since both concepts of time-consistency are
formally very similar, the results of this section can directly be adapted to the context of
[1] and [5].

Time-consistent risk assessments lead naturally the the notion of a family of genera-
tors G : L35, x LgS, — L° by defining

Go(Z',27) == ¢ (Z'Ugi1y + 2P U 541,00)) - 4.2)
This gives
#s(X) = Gs (Xoy1,Ps11(X)) - 4.3)

Here the goal is to give conditions of a family (G)sen, of generators which leads to
asymptotically stable risk assessments which are locally continuous from below. We
start with the following properties of generators:

(GO) G4(0,0) =0,

(G]) Gs(X +m,Y +m) = G4(X,Y) +mforallm € L,

(G2) G4(X1, YY) > Gy(X?% Y?) whenever X! > X?and V! > Y2,

(G3) G4(X,Y) = lim,_ 00 G(X™,Y™) for every decreasing sequence (X", Y™)
which converges to some (X, Y") P-almost surely,

(G3”) G4(X,Y) = lim,,00 Gs(X™, Y™) for every increasing sequence (X", Y™)
which converges to some (X, Y) P-almost surely,

(G4) G,(\X! +(17)\)X2,)\Y1+(1—)\)Y2) > )\Gs(Xl,Yl)+(1—/\)GS(X2,Y2)
forall A € L with0 < X < 1.

Under the concavity assumption (G4) the condition (G3’) implies (G3). For X € R°°,
s € Ngand N > || X||re the sequence {Gs(Xs41,-) 00 Gi1(Xy, N)}i>sqa is
nonincreasing in ¢ and we define

N i ] . ...
¢s (X) = t212£1 Gs(Xst1,7) 00 Gro1 (X, N).

Theorem 4.1 Suppose that the generators (Gs)sen, satisfy (G0)—(G3) and
lim G4(0,-) 0 -0Gs1n(0,m) =0 forallm > 0. 4.4

n—o0

Then, for every s € Ny one has

ds(X) = ¢N(X) = ¢M(X) forall M,N > ||X||re,

S

and the family (¢¢)ien, is time-consistent in the sense of (4.1). Further, ¢g satisfies (i)—
(iii) of Definition 2.1, and ¢o(X) = lim, o0 ¢o(X™) for every sequence (X™) in R
and X € R* such that X" > X" ! and X' — X, P-almost surely for all t € N.

Under the additional assumption (G4), ¢q is a concave risk assessment. If the gener-
ators satisfy (G3’) instead of (G3) then ¢y is locally continuous from below.
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Remark 4.2 For instance, condition (4.4) holds if for every € > 0 there exists 3(&) with
0 < B(e) < 1 such that G5(0,m) < S(e)m for all m > € and G5(0,m) < £ whenever
m < ¢ for eventually all s.

Proof: We first show that the definition of ¢ does not depend on N > || X|r. To
that end, we fix X € R™® and M > N > || X||ge. For every € > 0 there exists t € N
such that

e+ ) (X) > Go(X1,7) 0+ 0Gy_1(Xy, N).

In view of (G1) one has
Gt(Nv') O"'OGt’fl(NaM) = N+Gt(07')O"'OGt’fl(OvM_N)
for all ¢/ > ¢ + 1. Thus, by condition (4.4), (G1) and (G2) there exists ¢ > ¢ such that

O (X) 426 > Go(Xy,-)0-+-0Gy_1(Xs, N) +¢
> Go(X1,) o -0Gi_1(Xt,) 0 Ge(N,)o -0 Gy_1(N, M)
> Go(X1,-) 0 0G1(Xy,:) 0 Ge(Xpq1,7) 0+ 0 Gy 1 (Xyr, M)
> ¢! (X).

Since ¢ (X) < ¢ (X) by (G2), we get ¢)' (X) = ¢} (X), which shows that ¢y is
well-defined. The argumentation for ¢ works analogously, however ¢ and ¢’ have to be
chosen F-measurable with values in N.

As for the time-consistency (4.1), the conditions (G2) and (G3) imply

¢s (X]I(s,t] + ¢t(X)]I(t,oo))
=Gs(Xsy1,7) 0 0 Gy1(Xy, ¢ (X))
=Gs(Xst1,7) 0 0 Gp1(Xy,-) 0 <t,i>1%£1 Gi(Xit1,7) 00 Gy_1(Xy, N))

:t'i>r%£-1 Gs(Xst1,°) 0 0Gro1(Xy, ) 0 Gy(Xyp1,-) 0+ 0 Gy 1 (Xyr, N)

:¢5(X>7

forall N > || X||goe.

To show that ¢y is continuous from above, let (X™) be a decreasing sequence in R
such that N := sup,,cy || X"||ree < 00 and XJ* — X, P-almost surely for all ¢ € N for
some X € R*°. For every € > 0 there exists a time horizon ¢ € N such that

¢0(X) +e> Go(Xl,') (SR OGt—l(XtvN))
= ]1_>Il’l GO(X{IF)O"'OGt—l(th’N)

n—oo

On the other hand, ¢o(X™) > ¢o(X) for all n € N, so that lim,,_, o ¢o(X™) = ¢o(X).
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In case that the generators satisfy (G3’), for all T' € N we have

o(X Mo, 7y + X117 00)) = Go(X1,-) 0+ 0 Gr_1 (X7, X7))
= lim Go(X{',-)o-- 0 Gr1 (X7, X7)

= hm ¢0(Xn]I(O7T) +X%]I[TOQ))

n—oo

for every sequence (X") in R3® which increases to some X € R, which shows that
@ is locally continuous from below. O

Proposition 4.3 Suppose that the generators (Gs)scn, Satisfy (GO)~(G3’) and condition
(4.4). If in addition

lim sup sup G¢(0, N) < oo, 4.5)
t—oo NEN

then ¢q is asymptotically stable.

Proof: For every X € R* and N € N one has

¢o (XTo4) + Nlit00)) = G0 (XT(0,0) + Pr—1 (X Mgy + NTg o)) Tt o0))
<o (XTo4) + Gr1 (| X lros, I X IR + N) W1 o))
< o (X Mo,y + [ X[lro + Gi-1(0, N)] Ty o))

for all t € N. Hence, by (4.5) there exist t; € N and a constant C' € N such that
sup (¢o (XT(o,) + Nl o)) — ¢0(X))
NeN
<o (XX, + ([ X[ + C) Tt,00)) — P0(X)

for all ¢ > ty. Since ¢ is continuous from above, the right hand side tends to zero as ¢
goes to infinity. Hence

lim sup ((;50 (X]I(oyt) + N]I[t,oo)) - ¢0(X)) =0,

t—=00 NeN
showing that ¢ satisfies (A2). O
S Examples

In this section, we construct examples of generators which satisfy the conditions (G0)—
(G3’), (4.4) and (4.5). To that end, we consider generators of the form

Gs(XaY) = ¢S (X+hs(Y_X))7 86N07 (5.1
where s 1 LSS, — Lg° such that

(PO) 1/)5(0) =0,
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(pl) Ys(Z +m) =1ps(Z) + mforallm € LY,

(p3) ¥
(04 YsAZ'+(1=N)Z%) > My (ZY)+(1=N\)s(Z?) forall A € L with0 < A < 1,

(

(p2) Vs(Z1) > 14(Z?) whenever Z1 > 72,
s(Z™) — 4(Z) for every sequence (Z™) which increases to Z,
(

and the function A, : R — R satisfies

(h0) hs(0) =0,

(hl) hs(z+m) < hs(z) +mforall z € Rand m > 0,

(h2) hs(z') > hy(2?) whenever 2z > 22,

(h3) h, is continuous,

(h4) h, is concave.

A straightforward application of Theorem 4.1, Remark 4.2 and Proposition 4.3 is
then:

Proposition 5.1 Let (Gs)sen, be a sequence of generators of the form (5.1) which satisfy
(p0)—(p4), (h0)—(h4), for every € > 0 there exists 0 < () < 1 such that hs(m) <
B(e)m for allm > e and hs(m) < € whenever m < ¢, and

lim sup sup hs(z) < oco.

s—oo zeN

Then the generators G satisfy (GO)—(G2), (G3’), (G4). The corresponding concave risk
assessment ¢q is locally continuous from below and asymptotically stable.

Proof: Clearly, such generators G satisfy (G0) and (G1). As for the monotonicity (G2),
for X' > X2and Y! > Y2 we have X2+ hy(Y2 — X2) < X!+ hy(Y2 - X1) by (h])
so that

Go(XN YY) = (X' + A (Y = X1)) > (X' + Ay (Y — X))

> s (X2 + hs (Y2 — X?)) = Go(X2,Y?).

To show (G3’) let (X™,Y™) be a sequence which increases to (X,Y). Then X" +
hs(Y™ — X™) increases to X + hs(Y — X) by (h1)—(h3) so that Gs(X™,Y™) increases
to G5(X,Y). By (p2) and (h4), it holds that

Ps AXT+ (1= NX2 + h MY = XN + (1= M) (Y? - X?)))

> thy (AXT + (1= N)X2 4+ A (Y = X1 + (1 — Mhe (Y2 — X))

> Mps(XT 4 he (Y = X)) + (1= Noou (X7 + hs (YZ = X))
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which shows (G4).
Finally, that ¢ is an asymptotically stable risk assessment follows from Theorem 4.1
and Proposition 4.3 since

Gs(0,m) = s (hs(m)) = hs(m)
implies (4.4) by Remark 4.2 and (4.5). O

Notice that Proposition 5.1 allows to construct time-consistent risk assessments which
are asymptotically stable. For instance, the generators

Gs(X7Y) = 15 (X+h9(Y*X))

can be defined through the negative of a conditional risk measure ¥, such as the entropic
utility function

0(2) = Zlog (B fexp(—12) | F)
with risk aversion parameter ~, and discounting functions such as
o hy(z)=—2"
o hy(z) =1—exp(—2T)— 27,

where 2T := max(z,0) and z~ := max(—z, 0), and which both satisfy the assumptions
of Proposition 5.1. Alternatively, 1), could be chosen as the negative of the conditional
Value at Risk for which (p4) does not hold, or the conditional Average Value at Risk.
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