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1 Introduction

The Brouwer fixed point theorem states that a continuous function from a compact and convex
set in R? to itself has a fixed point. This result and its extensions play a central role in Anal-
ysis, Optimization and Economic Theory among others. To show the result one approach is to
consider functions on simplexes first and use Sperner’s Lemma.

Recently, Cheridito, Kupper, and Vogelpoth [3], inspired by the theory developed by Fil-
ipovi¢, Kupper, and Vogelpoth [7] and Guo [9], studied (L°)? as an L°-module, discussing
concepts like linear independence, o-stability, locality and L°-convexity. Based on this, we de-
fine affine independence and conditional simplexes in (L°)¢. Showing first a result similar to
Sperner’s Lemma, we obtain a fixed point for local, sequentially continuous functions on con-
ditional simplexes. From the measurable structure of the problem, it turns out that we have to
work with local, measurable labeling functions. To cope with this difficulty and to maintain
some uniform properties, we subdivide the conditional simplex barycentrically. We then prove
the existence of a measurable completely labeled conditional simplex, contained in the original
one, which turns out to be a suitable o-combination of elements of the barycentric subdivision
along a partition of 2. Thus, we can construct a sequence of conditional simplexes converging
to a point. By applying always the same rule of labeling using the locality of the function, we
show that this point is a fixed point. Due to the measurability of the labeling function the fixed
point is measurable by construction. Hence, even though we follow the approach of R? (cf. [2])
we do not need any measurable selection argument.

In Probabilistic Analysis theory the problem of finding random fixed points of random op-
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erators is an important issue. Given C, a compact convex set of a Banach space, a continuous
random operator is a function R: 2 x C — C satisfying

(i) R(.,z): Q — Cis arandom variable for any fixed z € C,
(ii) R(w,.): C — C is a continuous function for any fixed w € €. !

For R there exists a random fixed point which is a random variable £: € — C such that {(w) =
R(w, &(w)) for any w (cf. [1], [10], [6]). In contrast to this w-wise consideration, our approach
is completely within the theory of L°. All objects and properties are therefore defined in that
language and proofs are done with L°-methods. Moreover, the connection between continuous
random operators on R? and sequentially continuous functions on (L°)¢ is not entirely clear.

The present paper is organized as follows. In the first chapter we present the basic concepts
concerning (L%)¢ as an L°-module. We define conditional simplexes and examine their basic
properties. In the second chapter we define measurable labeling functions and show the Brouwer
fixed point theorem for conditional simplexes via a construction in the spirit of Sperner’s lemma.
In the third chapter, we show a fixed point result for L°-convex, bounded and sequentially closed
sets in (L)%, With this result at hand, we present the topological implications known from the
real-valued case. On the one hand, the impossibility of contracting a ball to a sphere in (L°)%
and on the other hand, an intermediate value theorem in L°.

2 Conditional Simplex

For a probability space (2,4, P), let L = L°(£2, A, P) be the space of all .A-measurable
random variables, where P-almost surely equal random variables are identified. In particular,
for X,Y € LY, the relations X > Y and X > Y have to be understood P-almost surely. The
set L with the almost everywhere order is a lattice ordered ring, and every nonempty subset
C C LY has a least upper bound esssupC and a greatest lower bound essinf C (cf.[8]). For
m € R, we denote the constant random variable m - 1 by m. Further, we define the sets
LYy ={X el X>0,L L%, ={X €L’ X >0}and A} = {A € A: P(A) > 0}. The
set of random variables which can only take values in a set M C R is denoted by M (A). For
example, {1,...,7}(A) is the set of .A-measurable functions with values in {1,...,7} C N,
0,1](A) ={Z€ L’ 0<Z<1}and (0,1)(A) ={Z e L’: 0< Z < 1}.
The convex hull of X1, ..., Xy € (L°)?, N € N, is defined as

N N
conv(Xy,...,XyN) = {Z)‘iXi: A € L0 ’Z)‘i — 1.
i=1 i=1

Anelement Y € conv(Xy,...,Xy) suchthat \; > Oforall: € I C {1,...,N}iscalled a
strict convex combination of (X;: i € I).
The o-stable hull of a set C C (L°)4 is defined as

o(C) = {Z 14,Xi: X; € C, (Ai)ien is a partition},
€N

'There exist versions in which C depends on w with the property w — C(w) is measurable.



where a partition is a countable family (A4;);eny C A such that P(A; N A;) = 0 for ¢ # j and
P(U;en Ai) = 1. We call a nonempty set C o-stable if it is equal to o(C). For a o-stable set
C C (L)% a function f: C — (L°)%is called local if f(}";cn14,Xi) = D ien 1a, f(X;) for
every partition (A;);cy and X; € C, i € N. For X, C (Lo)d, we call a function f: X — Y
sequentially continuous if for every sequence (X, )nen in X converging to X € X P-almost-
surely it holds that f(X,,) converges to f(X) P-almost surely. Further, the L°-scalar product
and L°-norm on (L°)? are defined as

d
(X,Y)=3" X% and |X||=(X,X)z.
i=1
We call C C (L°)? bounded if esssupycc | X|| € LY and sequentially closed if it contains
all P-almost sure limits of sequences in C. Further, the diameter of C C (L%)¢ is defined as
diam(C) = esssupy yec | X — Y.

Definition 2.1. Elements X1, ..., Xy of (L)%, N € N, are said to be affinely independent, if
either N =1or N > land {X; — Xy ZA; _11 are linearly independent, that is

N-1
> Ai(Xi—Xy)=0 implies A =--=Ay_1=0, 2.1)
=1

where A\, ..., Ay_1 € L°.

The definition of affine independence is equivalent to

N N
> AX;=0and ) A =0 implies A =---=Ay=0. (2.2)
=1 =1

Indeed, first, we show that (2.1) implies (2.2). Let Zf\i 1 AiX; = 0and Zf\i 1 Ai = 0. Then,
SIVTEN(X — X)) = AnvXn 4+ VTN X = 0. By assumption (2.1), \; = --- = Ay_; =
0, thus also Ay = 0. To see that (2.2) implies (2.1), let >N ' \i(X; — Xy) = 0. With
Av = — S A itholds SN X = AnXy + X = SN (X — Xy) = 0.
By assumption (2.2), A\ = --- = Ay = 0.

Remark 2.2. We observe that if (X;)¥, C (L°)? are affinely independent then (AX;)Y,, for
Ae LY, and (X; +Y)N,, for Y € (L% are affinely independent. Moreover, if a family

Xi,..., Xy is affinely independent then also 15X;,...,1pXy are affinely independent on
B € A, which means from Zfil 1\ X; = 0and Zfil 1pA; = 0 always follows 1g\; = 0
foralli=1,...,N. ¢

Definition 2.3. A conditional simplex in (L") is a set of the form
S = conv(Xy,...,XnN)

such that X1, ..., X € (L°)? are affinely independent. We call N € N the dimension of S.



Remark 2.4. In a conditional simplex S = conv (X7, ..., Xy), the coefficients of convex com-
binations are unique in the sense that

N N N N
> XNXi=> pXjand Y A=) p=1 implies X =p;foralli=1,...,N.
=1 =1 =1 =1

(2.3)

Indeed, assume the given convex combinations. Then sz\i 1 (A — i) X = 0 with Zf\i 1 (N —
ui) = 0, and hence, by (2.2), A\; — p; = 0 for all 4 since X7, ..., Xy are affinely independent. 4

Since a conditional simplex is a convex hull it is in particular o-stable. In contrast to a simplex
in R? the representation of S as a convex hull of affinely independent elements is unique but up
to o-stability.

Proposition 2.5. Let (X;)., and (Y;)X., be families in (L°)? such that o(X1,...,Xn) =
o(Y1,...,YN). Then conv(Xy, ..., Xy) = conv(Y1,...,Yy). Moreover, (X;)X., are affinely
independent if and only if (Y;) fil are affinely independent.

If S is a conditional simplex such that S = conv(X1,...,Xy) = conv(Y1,...,YnN), then it
holds 0(X1,...,Xn)=0(Y1,...,YN).

Proof. Suppose 0(X1,...,Xn) =0(Y1,...,Yn). Fori =1,..., N, itholds
X, € O’(Xl,...,XN) :U(Yl,...,YN> - COHV(Yl,...,YN).

Therefore, conv(Xy,...,Xy) C conv(Yy,...,Yyx) and the reverse inclusion holds analo-
gously.

Now, let (X;)Y, be affinely independent and (X1, ..., Xn) = o(Y1,...,Yxn). We want to
show that (Yi)i\il are affinely independent. To that end, we define the affine hull

N N
aﬁ(X17--'7XN) = {Z)\ZXZ Az & LO’Z)\i = 1}
=1 i=1

First, let Z1,...,Zy € (L9 M € N, such that o(X1,...,XN) = o(Z1,..., Zun).
We show that if 1Aaff(X1,...,XN) - lAaff(Zl,...,ZM) for A € A+ and Xq,..., Xy
are affinely independent then M > N. Since X; € o(X1,...,Xn) = o(Z1,...,Zn) C
aff(Z1,...,Zn), we have aff (X1, ..., Xy) C aff(Zy,..., Zy). Further, it holds that X; =
Zf\i 1 151Z; for a partition (B})M, and hence there exists at least one B,il such that Ail =
By NAe Ay, and 1A]1€1X1 = 1A}1CIZ;€1. Therefore,

1A11€1 aH(X17' : 1XN) - 1A]1€1 a‘ff(Zla . aZM) = 1A,1€1 aﬁ({X17Z17 . >ZM} \ {Zkl})

For X5 = Zi\il 142Z; we find a set A, suchthat A7 = AiNA, €A, 114%2 Xo = 1Ai2 Ly,
and k1 # ko. Assume to the contrary ko = ki, then there exists a set B € A, such that



15 X1 = 15 X9 which is a contradiction to the affine independence of (Xz)fil Hence, we can
again substitute Z, by X on AiQ. Inductively, we find k1, . . ., knx such that

1AkN aﬁ(Xl,...,XN) - 1AkN aff({Xl,...,XN,Zl,...,ZM}\{Zkl,...ZkN})

which shows M > N. Now suppose Yi,..., Yy are not affinely independent. This means,
there exist ()\z‘)fL such that Zf\il NY = Zf\il A; = 0 but not all coefficients \; are zero,
without loss of generality, Ay > Oon A € A,. Thus, 14Y] = —14 2512 %YZ and it holds
1gaff(Yy,...,Yn) = 1gaff(Ys,...,Yy). To see this, consider 147 = 14 Zi\il wiY; €
14 aff(Y1,...,Yyn) which means 14 Zfil 1; = 1 4. Thus, inserting for Y7,

N N s N s
14Z =14 [Zum—ulzgn =14 [Z <m—u1A1>Yi
1=2 =2

i=2
Moreover,
N N N
1 ‘ Ai | , M1 - Fy
Al i =14 |> pi| +1a *)\TZ i —1A(1*Ml)+1A>\*1 1= 1a.
i=2 i=2 i=2

Hence, 147 € 14aff(Ys,...,Yy). It follows 14 aff (X1,..., Xy) = 14aff(Y3,...,Yy) =
14 aff(Ya,...,Yn). This is a contradiction to the former part of the proof (because N —1 # N).

Next, we characterize extremal points in S = conv(X1, ..., Xy). To this end, we show X €
o(X1,...,Xy) if and only if there do not exist Y and Z in S\ {X } and A € (0, 1)(.A) such that
AY +(1-X)Z = X. Consider X € o(X1,...,Xy)whichis X = Z]kvz1 14, X}, for a partition
(Ag)ren. Now assume to the contrary that we find Y = Z{Ll M X and Z = Zgﬂ 1 Xg in
S\{X} suchthat X = \Y 4(1—\)Z. This means that X = "5, (A\g+(1—A)s1,) X3 Due to
uniqueness of the coefficients (cf. (2.3)) in a conditional simplex we have A+ (1—X)pp = 14,
forall k = 1...,N. By means of 0 < X\ < 1, it holds that A\g + (1 — A\)ug = 1g, if and
only A\, = up = 1a,. Since the last equality holds for all % it follows that Y = Z = X.
Therefore, we cannot find Y and Z in & \ {X} such that X is a strict convex combination
of them. On the other hand, consider X € S such that X ¢ o(X;,...,Xn). This means,
X = Z{Ll v Xk, such that there exist v, and v, and B € A4 with 0 < v, < 1 on B and
0 < vk, < 1 on B. Define ¢ := essinf{vy,, vk,, 1 — vg,, 1 — v, }. Then define pp = A\, = v,
ifky #k # koand A\, = v, — €, Ay = Vi, + 6, gy, = Vg, + € and uy, = vy, — €. Thus,
YV =30 M Xpand Z = SN | Xy, fulfill 0.5Y + 0.5Z = X but both are not equal to X
by construction. Hence, X can be written as a strict convex combination of elements in S\ { X }.
To conclude, consider X € o(X1,...,Xn) €S = conv(Xy,...,Xn) = conv(Yy,...,YN).

Since X € o(Xjy,...,Xn) it is not a strict convex combinations of elements in S \ {X}, in
particular, of elements in conv(Yy,...,Yn) \ {X}. Therefore, X is also in o(Y1,...,Yn).
Hence, o(X1,...,Xn) C o(Y1,...,Yn). With the same argumentation the other inclusion
follows. (|

As an example consider [0,1](.A). For an arbitrary A € A, it holds that 14 and 14 are
affinely independent and conv (14, 14¢) = {A14+ (1 —A)14e: 0 < A <1} = [0, 1](A). Thus,



the conditional simplex [0, 1](.A) can be written as a convex combination of different affinely
independent elements of LC. This is due to the fact that 0(0,1) = {1g : B € A} = (14, 14c)
forany A € A.

Remark 2.6. In (L°)?, let e; be the random variable which is 1 in the i-th component and 0 in
any other. Then the family 0, e1, . .., eq is affinely independent and (L°)¢ = aff(0, e1,. .., eq).
Hence, the maximal number of affinely independent elements in (L)% is d + 1. ¢

The characterization of X € o(X1, ..., Xy) leads to the following definition.

Definition 2.7. Let S = conv(Xy,..., Xx) be a conditional simplex. We define the set of
extremal points ext(S) = o(X1, ..., Xy). For an index set I and a collection . = (S;);er of
conditional simplexes we denote ext(.7) = o(ext(S;): i € I).

Remark 2.8. Let 87 = conv(X f, X ]]V), j € N, be conditional simplexes of the same di-
mension N and (A;)jen a partition. Then ). 14,87 is again a conditional simplex. To that

end, we define Y3, = ) 14,87 = conv(Yy,...,Yy). Indeed,

jEN

7 .
jen 1a; Xy, and recognize > o

N

N N
Z)\kYk:Z)\kZIAij :ZlAjZ)\kXIz EZlA].Sj, (2.4)
k=1 k k=1

=1 JjeN JjeN JeEN

shows conv(Y1,...,Yn) C > .oy 14,87. Considering SN )\iX,z in 87 and defining \j, =
> jen 14; )\i; yields the other inclusion. To show that Y7, ..., Yy are affinely independent con-
sider S04 MYy = 0= 3", Mg Then by (2.4), itholds 14, >3 | Ax X} = 0 and since S7 is
a conditional simplex, 14,A\y = O forall j € Nand k = 1,..., N. From the fact that (A;)en
is a partition, it follows that A\, = O forallk =1,..., N. ¢

We will prove the Brouwer fixed point theorem in our setting using an analogue version of
Sperner’s Lemma. As in the unconditional case we have to subdivide a conditional simplex in
smaller ones. For our argumentation we cannot use arbitrary subdivisions and need very special
properties of the conditional simplexes in which we subdivide. This leads to the following
definition.

Definition 2.9. Let S = conv(Xi,...,Xy) be a conditional simplex and Sy the group of
permutations of {1,..., N}. Then for 7 € SNy we define

X7r +X7r X7r ++X7r X7r ++X7r
C. — conv < Xy, 22+ 2r@) M (k) M <N>>

5 e : e N
We call (Cr)resy the barycentric subdivision of S, and denote Y," = % Zle Xo(i)-

Lemma 2.10. The barycentric subdivision is a collection of finitely many conditional simplexes
satisfying the following properties

@) 0(Uy s, Cr) = S.



(ii) Cy has dimension N, ™ € S\.
(iii) Cr N Cx is a conditional simplex of dimension v € Nandr < N for 7,T € SN, ©™ # T.

(iv) Fors =1,...,N — 1, let Bs := conv(X1, ..., X;s). All conditional simplexes C, N B,
T € SN, of dimension s subdivide By barycentrically.

Proof. We show the affine independence of Y{", ..., Y[ in C. It holds

N N
Xr) + Xn2) Dkt Xr(k) _ ZM‘X‘

Ar()Xa(1) T Ax(2) + 4 A

2 N —
i R N Ar(k)  q N e N . ; T T
with g, = 31 = - Since 3050, p1i = 3 ;14 Aq, the affine independence of Y™, ..., Y
is obtained by the affine independence of X, ..., Xy. Therefore all C, are conditional sim-

plexes.

The intersection of two conditional simplexes C, and Cz can be expressed in the following
manner. Let J = {j: {n(1),...,7(j)} = {7(1),...,7(4)}} be the set of indexes up to which
both 7 and 7 have the same set of images. Then,

'e
Cr N Cx = conv (Z’“j”(’“) je J) . (2.5)

j
To show D, let j € J. It holds that M is in both C, and Cx since {w(1),...,7(j)} =
{m(1),...,7(4)}. Since the intersection of convex sets is convex, we get this implication.
For the reverse inclusion, let X € C; N Cz From X € C, N C%, it follows that X =
Zi]\il Xi(>eg X”i(’“)) = Ef\;l wi(>peq XF@."“) ). Consider j ¢ J. By definition of .J, there

exist p,q < j with @ Y (n(p)), 71 (7(q)) & {1,...,5}. By (2.3), the coefficients of X (p) are
equal: N A — SNV ) EL. The same holds for X SN - Zf\iﬂfl(ﬂq)) %

i=p i i=7 Y(w(p i=q 1
Put together
N N N N Ny Ny N N
ki L i i M i o
SR SUTS SEETED SE 15 SE T SR 3F
i=j+1 1=q i=m—1(7(q)) 1=j+1 i=p i=7—1(n(p)) 1=j+1

which is only possible if j1; = A; = 0 since p, ¢ < j.

Furthermore, if C; N Cz is of dimension IV by (2.5) follows that 7 = 7. This shows (iii).

As for Condition (i), it clearly holds 0(UresCx) € S. On the other hand, let X =
ZZ]\L 1 AiX; € S. Then, cf. [4], we find a partition (A,),cn such that on every A,, the indexes
are completely ordered which is Ai? > )\ig >0 > Ai?v on A,. This means, that X € 14, Cyn
with 7"(j) = i7. Indeed, we can rewrite X on A, as

N-1 N
— s _ e
i Xa | S Xy

X = (Aip = Aig ) X £+ (N = 1)(Aip N _1 NN

IN-1

which shows that X € C;» on A,,.

Further, for B; = conv(Xj, ..., X;) the elements C,» N By of dimension s are exactly the
ones with {7 (7): i = 1,...,s} = {1,..., s}. Therefore, (C,» N Bs), is exactly the barycentric
subdivision of 5, which has been shown to fulfill the properties (i)-(iii). U



Remark 2.11. If we subdivide the conditional simplex S = conv(X7y, ..., Xy) barycentrically,

we can consider an arbitrary C; = conv(Y{",...,Y), 7 € Sx. Then
N p—
diam(Cr) < esssup ||V = Y¥| < — ess Sup Z diam(S).
i=1,..
. k=

If we now subdivide C, barycentrically and continue in that way, we obtain a chain of con-
ditional simplexes S”, with S = S. For the diameter of S™, it holds that diam(S") <
()" diam(S). Since diam(S) < oo and (NF)" — 0, for n — oo, it follows that
diam(S™) — 0, n — 0. ¢

3 Brouwer Fixed Point Theorem for Conditional Simplexes

Definition 3.1. Let S = conv(Xy,...,Xx) be a conditional simplex, barycentrically subdi-
vided in . = (Cr)resy- A local function ¢: ext(.”) — {1,..., N}(A) is called a labeling
function of S. For fixed Xi,..., Xy € ext(S) with S = conv(Xjy,...,Xn), the labeling
function is called proper, if for any Y € ext(.#) it holds that

P({o(Y) =1} C{N>0}) =1,

fori =1,..., N, where Y = Zf\;l AiX;. A conditional simplex C = conv(Y7,...,Yy) C S,
with Y € ext(.),j = 1,..., N, is said to be completely labeled by ¢ if this is a proper
labeling function of S and

N
Ulsvn =i} | =1,
j=1

foralli e {1,...,N}.

Lemma 3.2. Letr S = conv(Xy,...,Xn) be a conditional simplex and f: S — S a local
function. Let ¢: ext(#) — {0,..., N}(A) be a local function such that

@ P({o(X) =1} S{N>0rN{N > pi}) =1 foralli=1,....N,
(i) P (Uf.V:l (v > 01N > w}) CUN {8(X) = i}) =1

where X = Zf\il NiXiand f(X) = Zfil 1 X;. Then, ¢ is a proper labeling function.
Moreover, the set of functions fulfilling these properties is non-empty.

Proof. First we show that ¢ is a labeling function. Since ¢ is local we just have to prove that ¢
actually maps to {1, ..., N'}. Due to (ii), we have to show thatP(UfV:1 {Ni > piz A >0} =1.
Assume to the contrary, pu; > A; on A € A4, for all \; with \; > 0 on A. Then it holds that
1= Zf\il Ailpysoy < sz\il pilgu,>01 = 1 on A which yields a contradiction. Thus, ¢ is
a labeling function. Moreover, due to (i) it holds that P ({¢(X) =i} C {\; > 0}) = 1 which
shows that ¢ is proper.



To prove the existence, for X € ext(.”) with X = SN X\ X;, f(X) = SN | i let B; ==
{A >0} {N > pi}, i = 1,...,N. Then we define the function ¢ at X as {¢(X) =
i} = B;\ (Ui, By),i = 1,..., N. It has been shown that ¢ maps to {1, ..., N}(.A) and is
proper. I"[ remains to show that ¢ is 1ocal. To this end, consider X = jen 1a; X J where X7 =
sz\i LA X and f(X7) = Zf\i 1 1 X;. Due to uniqueness of the coefficients in a conditional
simplex itholds that A; = .

Therefore it holds that B; = |J;cy ({)\f >0} N {)\f > ,uf} N Aj) = U]EN(B{ N Aj;). Hence,
¢(X) = ion B \ (U2 Br) = [Ujen(B! 0 AN Uizt (Ujen BL 0 47)] = Ujenl(B\

2—:11 BJ)NA;]. On the 'other'hand, we see that >,y 14,¢(X7)isionany A;N{¢(X7) =i},
hence it is i on [ ;o (B \ Ui} B]) N A;. Thus, > ien 14;6(X7) = ¢(3 ;e 14, X7) which
shows that ¢ is local. O

Ly, Al and due to locality of f it follows that pi; = jen 14, Mf

The reason to demand locality of a labeling function is exactly because we want to label by
the rule explained in Lemma 3.2 and hence keep local information with it. For example consider
a conditional simplex & = conv (X, X9, X3, X4) and Q = {wj,w2}. Let Y € ext(.¥) be
givenby Y = % E?:l X;. Now consider a function f on S such that

fY)(w1) = in(M) + %Xii(wl); (Y )(w2) = %Xl(wz) + %Xz(wz) + %X4(w2).
If we label Y by the rule explained in Lemma 3.2, ¢ takes the values ¢(w1) € {1,2} and
¢(w2) = 3. Therefore, we can really express on which set A\; > p; and on which not. Using a
deterministic labeling of Y, we would loose this information. For example bearing the label 3
would not mean anything on w; for Y. Moreover, it would be impossible to label properly by a
deterministic labeling function following the rule of the last lemma since there is no ¢ such that
Ai > .

Theorem 3.3. Let S = conv (X1, ..., Xx) be a conditional simplex in (L°)%. Let f: S — S
be a local, sequentially continuous function. Then there exists Y € S such that f(Y) =Y.

Proof. We consider the barycentric subdivision (Cr)res, of S and a proper labeling function
¢ on ext(.). First, we show that we can find a completely labeled conditional simplex in S.
By induction on the dimension of S = conv(X1, ..., X), we show that there exists a partition
(Ak)k=1,... .k such that on any A there is an odd number of completely labeled C,. The case
N = 1is clear, since a point can be labeled with the constant index 1, only.

Suppose the case N — 1 is proven. Since the number of Y;™ of the barycentric subdivision
is finite and ¢ can only take finitely many values, it holds for all V' € (Y;);=1 .~ resy there
exists a partition (Akv) k=1,...K» I < 00, where ¢(V) is constant on any A,‘C/. Therefore, we find
a partition (A)r=1, . K, such that (V') on Ay is constant for all V" and Aj,. Fix Aj, now.

In the following, we denote by C_» these conditional simplexes for which C» N By_; are
N — 1-dimensional (cf. Lemma 2.10 (iv)), therefore 7rb(N ) = N. Further we denote by Cre
these conditional simplexes which are not of the type C,s, that is 7¢(IN) # N. If we use C we
mean a conditional simplex of arbitrary type. We define

* ¢ C (Cr)resy to be the set of C; which are completely labeled on Ay,.



* &/ C (Cr)resy to be the set of the almost completely labeled Cr, that is

{o6(Y7),k=1,...,N}={1,...,N—1} on 4.

* & to be the set of the intersections (Cr N Cr,)r,esy Which are N — 1-dimensional and
completely labeled on Aj,.>

* A, to be the set of the intersections C,; N By _1 which are completely labeled on Ay.

It holds that &; N %, = () and hence |&; U B| = |&x| + |Dr|. Since Cre N By —_q is at most
N — 2-dimensional, it holds that ;e = () and hence |%,c| = 0. Moreover, we know that
Cr N Cyr, is N — 1-dimensional on Ay, if and only this holds on whole €2 (cf. Lemma 2.10 (ii))
and C.» N By_1 # 0 on Ay if and only if this also holds on whole Q (cf. Lemma 2.10 (iv)). So
it does not play any role if we look at these sets which are intersections on Ay, or on 2 since they
are exactly the same sets.

If Cre € € then |&re| = 1 and if C.o € € then |&p U Bw| = 1. If Cre € o then |Ere| = 2
and if C» € </ then |6 U %, | = 2. Therefore it holds 3 g |67 U Br| = |€| + 2 ||

If we pick an E; € &; we know there always exists another 7; such that E; € &, (Lemma
2.10(ii)). Therefore ZWGSN |&x| is even. Moreover (C.» N Byn_1),» subdivides By _1 barycen-
trically® and hence we can apply the hypothesis (on ext(C,» N By_1)). This means that the
number of completely labeled conditional simplexes is odd on a partition of {2 but since ¢ is
constant on Ay it also has to be odd there. This means that ), |%,+| has to be odd. Hence,
we also have that ) | _|& U %] is the sum of an even and an odd number and thus odd. So we
conclude |¢'| + 2 |.7| is odd and hence also |¢’|. Thus, we find for any Ay a completely labeled
Cry-

We define S' = Zle 14, Cr, which by Remark 2.8 is indeed a conditional simplex. Due
to o-stability of S it holds S' € S. By Remark 2.11 S' has a diameter which is less then
=L diam(S) and since ¢ is local S! is completely labeled on whole 2.

This holds for any proper labeling function hence also for a ¢ of the type as in Lemma 3.2.

Now, we extract a chain (S8™),cn of completely labeled conditional simplexes contained in
S, fulfilling the diameter property diam(S™) — 0 as in Remark 2.11. By [3, Theorem 4.8])
it holds that (), .y S™ # ). The intersection consists of one element Y = Ef\i 1 X by the
diameter property. Let f(Y) = Z{L B1X;. Thus, all sequences of elements in ext(S™) also
converge P-almost surely to Y, which then preserves the properties of the index function. That
is, for each ¢ = 1,..., N, there exist V" € ext(C}) of S*, k = 1,...,N,m € Sy, with
P{o(V) =i} € M > uFY) = 1 (cf. Lemma 3.2), where V;* = SN A" X; and
FOVm =N 1 X, Then P(N), e IN" > 1) C {ay > Bi}) = 1 forallk =1,...,N
by locality of f, V" — Y P-almost surely, and by sequential continuity, f(V") — f(Y) P-
almost surely. But, P({n_, ﬂneN{)\?’k > iy = P(Mnen U {7 > %1y = 1 by the
complete labeling of S™. Hence, «; > (3; forall ¢ = 1,..., N. This is possible only if o; = 5;
forallt =1,..., N which is the condition of a fixed point. U

2 That is bearing exactly the label 1,..., N — 1 on Ay.
? The boundary of S is a o-stable set so if it is partitioned by the labeling function into A, we know that By_1(S) =
Zszl 14,Bn-1(14,S) and by Lemma 2.10 (iv) we can apply the induction hypothesis also on A.
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Corollary 3.4. Let (S™),en be conditional simplexes, (Ay,)nen be a partition of Q and S =
> nen 14, 8", Then a local, sequentially continuous function f: S — S has a fixed point.

Proof. Since f is local, we have f(S) = > -y1a,f(S") and f restricted on S™ is still
sequentially continuous. Therefore we find Y,, € S™ with 14, f(Y,) = 14,Y,. Defining
Y =3 . en1a,Yn we have

fY)=f (Z 1AnYn> =) 14, f(Va) =D 14,Ya =Y. 0

neN neN neN

Remark 3.5. The " which appear can be of different dimension. If " = conv (Y}, ..., Yy )
is of dimension N, the object S as the conditional dimension ZneN 14,, N;,. This conditional
dimension is hence in N(.A), in particular a measurable object, (c.f. [5]). ¢

4 Applications

4.1 Fixed point theorem for sequentially closed and bounded sets in (Lo)d

Proposition 4.1. Let K be an L°-convex, sequentially closed and bounded subset of (L°)¢ and
f: K — K a sequentially continuous function. Then f has a fixed point.

Proof. Since K is bounded, there exists a conditional simplex S such that K C S. Now define
the function h: & — K by

h(X) =

X, if X € K,
argmin{|| X — Y| : Y € £}, else.

This means, that A is the identity on K and a projection towards K for the elements in S \ K.
Due to [3, Corollary 5.5] this minmium exists and is unique. Therefore h is well-defined.
We can characterize h by

Y =h(X)& (X -Y,Z-Y)<0, forall Z € K. @.1)
Indeed, let (X —Y,Z —Y) <Oforall Z € K. Then

IX =2 = (X -Y) + (¥ = 2)|
= [IX -Y[P+2X - Y)Y = Z) + |V = Z|* > | X - Y|,

which shows the minimizing property of h. On the other hand, let Y = h(X). Since K is
convex, AZ + (1 — A\)Y € K forany A € (0,1](A) and Z € K. By standard calculation,

IX = (AZ+ (1= NY)* 2 |X - Y|
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yields 0 > —2X(X, =Y + (2X — A\2)(Y,Y) + 2X\(X, Z) — A2 || Z||> = 2A(1 — A\)(Z,Y). Any
term can be divided by A > 0. We do so and let A | O afterwards. We obtain

0> —2(X,-Y)+20V,Y)+2(X,Z) —2(Z,Y) =2(X - Y, Z - Y),

which is the claim.
Furthermore, for any X,Y € S holds

[M(X) = h(Y)[| < [ X = Y|
Indeed,
X —Y = (MX)=h(Y))+ X —h(X)+h(Y) =Y = (h(X) — h(Y)) + ¢
which means
1X = YI* = [1h(X) = hY)I* + [lel® + 2(e, A(X) = h(Y)). (4.2)
Since
(e, M(X) = h(Y)) = —(X = h(X), h(Y) = h(X)) = (Y = h(Y), h(X) — h(Y)),

by (4.1), it follows that (¢, h(X) — h(Y)) > 0 and (4.2) yields | X — Y||* > ||h(X) — h(Y)]|*.
Hence, h is sequentially continuous, since if || X, — X || — 0 then also ||h(X},) — h(X)| — 0.

The function f o h is a sequentially continuous function mapping from S to S, more precisely
to K. Hence, there exists a fixed point f o h(Z) = Z. But since f o h maps to K, this Z has to
be in K. Therefore we know h(Z) = Z and hence f(Z) = Z which ends the proof. O

Remark 4.2. In [5] a concept of conditional compactness is introduced and it is shown that there
is an equivalence between conditional compactness and conditional closed- and boundedness
in (L°)?. In this concept we can formulate the conditional Brouwer fixed point theorem as
follows. A sequentially continuous function f: K — X such that K is a conditionally compact
and L°-convex subset of (L)% has a fixed point. ¢

4.2 Applications in Analysis on (Lo)d

Working in R? the Brouwer fixed point theorem can be used to prove several topological prop-
erties and is even equivalent to some of them. In the theory of (L°)? we will shown that the
conditional Brouwer fixed point theorem has several implications as well.

Define the unit ball in (L°)? by B(d) = {X € (L°)?: || X|| < 1}. Then by the former
theorem any local, sequentially continuous function f: B(d) — B(d) has a fixed point. The
unit sphere S(d — 1) is defined as S(d — 1) = {X € (LY | X|| =1}

Definition 4.3. Let X' and ) be subsets of (L°)%. An L°-homotopy of two local, sequen-
tially continuous functions f,¢g: X — ) is a jointly local, sequentially continuous function
H: X x[0,1](A) — Y such that H(X,0) = f(X) and H(X, 1) = g(X). Jointly local means
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H( jen 14, X5, jen1a,t) = 30 jen 14, H(X;, t;) for any partition (4;)jen, (X;)jen in
X and (t);en in [0,1](A). Sequential continuity of H is therefore H(X,,t,) — H(X,t)
whenever X,, — X and t,, — ¢ both P-almost surely for X,,, X € X and ¢,,,t € [0, 1](A).

Lemma 4.4. The identity function of the sphere is not L°-homotop to a constant function.

The proof is a consequence of the following lemma.

Lemma 4.5. There does not exist a local, sequentially continuous function f: B(d) — S(d—1)
which is the identity on S(d — 1).

Proof. Suppose there is this local, sequentially continuous function f. Define g: S(d — 1) —
S(d — 1) by g(X) = —X. Then the composition g o f: B(d) — B(d), which actually maps to
S(d — 1), is local and sequentially continuous. Therefore, this has a fixed point Y~ which has to
be in S(d — 1), since this is the image of g o f. But we know f(Y) =Y and g(Y) = —Y and
hence g o f(Y) = —Y. Therefore, Y cannot be a fixed point (since 0 ¢ S(d — 1)) which is a
contradiction. (]

Directly follows that the identity on the sphere is not L°-homotop to a constant function. In
the case d = 1 we get the following result which is the L°-version of an LC-intermediate value
theorem.

Lemma4.6. Let X, X € L with X < X. Let [X,X]| = {ZeL’: X <Z<X} and
[+ [X,X] = L be a local, sequentially continuous function. Define A = {f(X) < f (X)}.
Then for every Y € [1Af(X) +1aef (Y) Jaf (Y) + 1Acf(X)] there exists Y € [X,m
with f (Y) =Y.

Proof. Since f is local, it is sufficient to prove the case for f(X) < f (Y) which is A =
Q. For the general case we would consider A and A€ separately, obtain 14 f (?1) = 14Y,
Lacf (Y2) = 14cY and by locality we have f(14Y 14 14¢Y3) = Y. So suppose Y €
[f (X), f (X)] in the rest of the proof.

Let first f(X) <Y < f (X). Define the function g: [X, X] — [X, X] by

g(V)=p(V = f(V)+Y) with p(Z)=1,X+ 1y ,c5Z+ 1{Y§Z}Y'

Therefore g is local and continuous and hence has a fixed point Y. If Y = X, it must hold
X — f(X) +Y < X which means Y < f(X) which is a contradiction. If Y = X, it follows
f (X) <Y, whichis also a contradiction. Hence,Y =Y — f (Y)+Y whichmeans f (Y) =Y.

IfY = f(X)onBandY = f(X) on C, it holds that f(X) <Y < f(X) on (BU
C)¢ =: D. Then we find Y such that f (Y) =Y on D. Intotal f (13X +1c\gX +1pY) =
15f(X)+1c\pf (X)+1pf (Y) =Y. This shows the claim for general Y € [f(X), f(X)].0
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