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Abstract

We present and compare two different approaches to conditional risk
measures. One approach draws from convex analysis in vector spaces and
presents risk measures as functions on L spaces, while the other approach
utilizes module-based convex analysis where conditional risk measures are
defined on LP type modules. Both approaches utilize general duality the-
ory for vector—valued convex functions in contrast to the current litera-
ture in which we find ad hoc dual representations. By presenting several
applications such as monotone and (sub)cash invariant hulls with corre-
sponding examples we illustrate that module-based convex analysis is well
suited to the concept of conditional risk measures.
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1 Introduction

When [ADEH99] introduced the notion of monetary risk measures they inspired
a lively and fruitful discussion about duality theory of risk measures in finan-
cial mathematics, cf. [CL08, Del00, Del02, Del06, FS08b, FS02, FS04, FRGO02,
KR09, RS06, Web06] and the various references therein. Subsequently, there
have been many contributions addressing the question how dual representation
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results for real-valued risk measures translate into conditional and eventually
dynamic discrete time frameworks, cf. [ADE107, BN04, CDK06, DS05, FP06,
Rie04].

Within these articles, a technique referred to as scalarization is commonly
applied to establish dual representation results for conditional risk measures in
an ad hoc manner. The corresponding proofs are performed by reducing the
originally given conditional problem to the static case in a first step. In a second
step one applies standard duality theory, and in the third step one translates
the results obtained back into the multi period framework. As a consequence,
many intuitive structures are disguised.

The aim of the present article is to present two different approaches to duality
theory of conditional risk measures which do not follow the ad hoc path. In
contrast to the literature, both approaches start and remain on the “conditional
level” by utilizing duality theory for vector valued functions. Thereby, the
scalarization method is avoided for the convex analysis, but is used instead for
a more fundamental representation result of some special linear operators on LP
spaces (Proposition 2.5). The results become more natural and their proofs are
intuitive.

The two approaches differ in one fundamental way. The first one is vector
space based and therefore closer to what has been established in the literature
so far. Within the second one, vector space theory is only of minor interest as
this approach assumes modules as the naturally underlying structure in a frame-
work with contingent initial data. Both approaches reveal the key properties of
conditional risk measures in contrast to general convex functions. Especially the
module approach leads to a theory almost entirely analogous to that of static
risk measures.

The present article is conceptual in nature with a focus on intuition. The
ideas of most of the proofs will seem familiar to anyone who is familiar with the
theory of static risk measures. Nevertheless, it requires non trivial machinery
from vector and module based duality theory. This article shall be seen as an
application of the theory established in [FKV09] and [KV09] to conditional risk
measures. In fact, it provides a financial motivation for the module based convex
analysis presented in [FKV09] and [KV09].

The remainder of this paper is as follows. In Section 2 we introduce condi-
tional risk measures on LP spaces. This approach is vector space based and it
extends the current literature where conditional risk measures are studied on
the significantly smaller Banach space L>°. This approach draws from a general
vector space duality result, established in [Zow75]. As outlined above, this result
forms the base of our observations from which we will subsequently derive more
specific results for conditional risk measures. This approach can be regarded as
a top down approach as it originates from a dual representation result for gen-
eral vector valued convex functions and then reveals how additional properties
of the represented functions translate to properties of the representing continu-
ous linear functions. This translation is of particular interest in the context of
conditional risk measures as it clarifies under which conditions the represented
convex function can be interpreted as the maximum of expected losses under



different scenarios possibly subject to penalization.

In Section 3 we present a module based approach to duality theory of condi-
tional risk measures. In contrast to Section 2 the spirit of this approach can be
referred to as bottom up. The reason for this is that from the beginning on we
establish that continuous module homomorphisms, which now take the place
of continuous linear functions, are necessarily conditional expectations. As a
consequence, dual representations of conditional risk measures can immediately
be interpreted as the maximum of expected losses subject to penalization. It is
due to this approach that the discussion of Section 2 becomes obsolete to a large
extent. Nevertheless, this comes at the cost of module based convex analysis
which is a technically involved matter. The main advantage of this approach
however is that the derived duality theory for conditional risk measures is very
similar to that of static risk measures.

In Section 4 we present further applications of module based duality the-
ory to conditional risk measures and thereby illustrate further advantages of
the module approach over the vector space one. The aim of this section is to
approximate convex functions by monotone and (sub)cash invariant functions.
Duality theory is utilized to find a monotone and (sub)cash invariant function
“closest”, expressed in dual terms, to a given function. These approximating
functions are called monotone and (sub)cash invariant hulls. The idea of this
duality based construction principle is already presented in [FKO07] which, how-
ever, only covers the static case.

In Section 5 we present examples of convex functions and their monotone
(sub)cash invariant hulls and explicitly construct their subgradients. The pur-
pose of this section is to illustrate the theory.

Throughout this article, we fix a probability space (£2,&, P) as stochastic
basis. By LO(Q) we denote the space of real valued G—measurable random
variables, where G C &€ is a generic sub o-algebra, and we note that L°(G)
is also a ring. Random variables and measurable sets which coincide almost
surely are identified. Equalities and inequalities between random variables are
understood in the almost sure sense. Further, LY (G) = {X € L°(G) | X > 0},
LY. (G) = {X € L°%G) | X > 0}. L°G) denotes the set of G-measurable
random variables which take values in R U {#oo} and LY (G) = {X € L(G) |
X > 0}. Further, we consider non trivial initial information given by a o—algebra
F C &. Throughout, we define 0 - (+o00) = 0.

2 The vector space approach

For all of this section we fix 1 < r < p < co. We denote by s and ¢ the
respective dual exponents of r and p. That is, s = r/(r — 1), ¢ = p/(p — 1)
with the convention s, ¢ = oo if 7,p = 1. By L*(G) = L*(, G, P) we denote the
space of G—measurable functions with finite kth moments, that is,

LE(G) = {X € L(G) | E[|IX|"] < +o0}



where G C &€ denotes a generic sub o—algebra of £ and k € [1,+00). L>®(G) =
L>(Q,G, P) denotes the space of essentially bounded G—measurable random
variables.

In this paper we do not cover the case of p = +o0o. The reason for this is
that numerous articles from the vast literature on financial risk measures deal
with conditional risk measures on L>(&); we refer to [ADET07, BN04, CDKO06,
DS05, FP06, Rie04] and the references therein.

2.1 Preliminaries
Definition 2.1. A function f : LP(E) — L"(F) is
(i) monotone if f(X) < f(X') for all X, X' € LP(E) with X > X',

(ii) subcash invariant if f(X +Y) > f(X) =Y for all X € LP(E) and Y €
L(F) with Y >0,

(iii) cash invariant if f(X+Y) = f(X)=Y forall X € LP(E) andY € L*°(F).

Recall that a function f : LP(E) — L"(F) is convex if f(aX + (1 —a)X’) <
af(X)+ (1 —a)f(X') for all X, X’ € LP() and « € [0,1]. f is local if

14f(X) =14f(14X) for all X € LP(E) and A € F. (1)

In line with the literature, we refer to a convex function f : L?(£) — L"(F)
which is monotone and cash invariant as a conditional (monetary) risk mea-
sure. The reason for this is the economic interpretation of f(X) as a capital
requirement a financial institution has to meet on assuming the uncertain profit
X € L?(€) adherent to a financial position.

By the Riesz representation theorem any continuous linear function p :
L?(€) — R is of the form

uX = E[ZX]

for some Z € L9(&). Further, any proper lower semicontinuous (l.s.c.) convex
function f : LP(£) — (—o0,+00] admits the Fenchel-Moreau dual representa-
tion
f(X)= sup (E[ZX]- [f*(2)), (2)
ZELa(E)

where f*(Z) = supxers(g)(E[ZX] — f(X)) denotes the conjugate function of
I

Dual representations as in (2) and subdifferentiability are of distinct in-
terest in various contexts such as optimal investment problems with respect
to robust utility functionals [SWO05, Sch07], portfolio optimization under risk
constraints [GW07, GW08], risk sharing [BEK05, BR06, Acc07, BR08, FS08a,
FKO08, JST08, LR08, Che09], equilibrium pricing [KS07, FKO08], efficient hedging
[FL0O, Rud07, Che09, USO9} as well as the numerous references therein.

Moreover, such representations provide us with a plausible interpretation
of the subjective risk assessment of an economic agent. More precisely, let us



assume an agent faces the uncertain payoff X € LP(£). Dual representations
of the form (2) suggest that the agent computes the expected payoff E[ZX]
within the specific model Z € L9(€) selected from a variety of probabilistic
models which are penalized by —f*(Z). The higher f*(Z) the less plausible
the agent views model Z. In evaluating the capital requirement f(X) for the
uncertain payoff X the agent then takes a worst case approach.

For these reasons, the question arises as to what extent representations of
the form (2) are preserved in the context of conditional risk measures when R
is replaced by L"(F).

To address this question, we denote by L(LP(E),L"(F)) the space of all
continuous linear functions from LP(€) into L"(F) and consider a function f :
LP(E) — L"(F). We define f* : L(LP(E), L"(F)) — L°(F) by

¥ (1) = esssup (uX — f(X))
XeLr(€)

and domf* = {u € L(LP(E),L"(F)) | f*(u) € L"(F)}. By convention, the

essential supremum of an empty family of random variables is —oo. Further, we

define f** : LP(E€) — L"(F) by

F7(X) = ess.sup (13X — f(1)).
pEdom f*

An element p € L(LP(E),L"(F)) is a subgradient of f at X, € LP(€) if

(X — Xo) < f(X) — f(Xo)

for all X € LP(E).

The set of all subgradients of f at X is called the subdifferential of f at X
and denoted by 0f(Xp). By definition of the subdifferential 0f(Xy) we have
the well known relation

to € 0f(Xo) if and only if pg € domf* and f(Xo) = puoXo — f* (o).  (3)

It should be noted that in Section 3.1 below we encounter slightly different
notion of conjugate functions, effective domains and subdifferentials. Neverthe-
less, there will be no source of ambiguity as the respective sections are entirely
self contained.

Example 2.2. Let us assume that F = o(A,) is generated by a countable
partition (An) of Q (i.e. AiNA; =0 fori# j and |,y An = Q). In this case,
we can identify L™ (F) with I"(F), the space of all real valued sequences (xy,)
with Y7 | pul2n|" < 0o, where p, = P[A,] for all n > 1. Hence, any function
f:LP(E) — L"(F) is of the form

f=(f1,f2 f3,...)

with a sequence of functions f, : LP(£) — R, n € N, such that Y.~ | pn|fn(X)|" <
oo for all X € LP(E).



Localness of the function f is now reflected by the intuitive relation

1a, f(X)=1(0,...,0, fn(X),0,...) =(0,...,0, fn(1a,X),0,...) for alln € N,
~—— ——
n—1-times n—1-times
that is, the nth component f, of f only depends on the coordinate spanned by
the vector 14, .

Example 2.3. The local structure of Example 2.2 becomes even more apparent
if € is generated by a finite partition By,...,B, of Q. In this case, A; =
Uier, Bis where {1,....n} = U, <;<,, I s0 that LP(€) = L°(€) = R™ as well as
L"(F) = L°(F) =R™.

The function f : R™ — R™ is now of the form f = (f1, ..., fm) with arbitrary
functions f1,..., fm : R" — R. Localness of f now means that for each 1 <
Jj < m the function f; only depends on the coordinates I;. We abuse notation
and identify f; with its restriction to the coordinates I;. In other words, f =
(fi,-.., fm) for functions fi : R ... f. : RIm — R (after rearranging the
coordinates 1,...,n suitably).

Moreover, if f is C*(R™,R™) then

Dfi(Xr,) 0 0
DFf(X
0 0 o+ Dfm(Xr,)

for all X € R™. (Note that the zeroes in the above matrices are understood as
generic vector zeroes possibly differing in their dimensions.)

Zowe proves in [Zow75] the following dual representation result which, in
fact, he establishes in a more general setup.

Theorem 2.4. Let f : LP(E) — L"(F) be a convex function. If f is continuous
at Xo € LP(E) then 0f(Xy) # 0 and

f(Xo) = f*(Xo). (4)

For the sake of completeness, we provide a self contained proof in the Ap-
pendix A, tailored to our setup.

The relevant questions can now be specified as follows. Which linear y :
L?(&) — L"(F) is of the form

uX = B[ZX | F] (5)

for some Z € L1(€)? And further, for which convex f : LP(£) — L"(F) is each
p € domf* of the form (5) so that

J(X) = esssup (B[ZX | F] = [1(2)), (6)

where f*(Z) is understood as f*(E[Z- | F])?



2.2 Linear functions on L?(E)

In this section we study representation results and corresponding continuity
properties of linear functions from LP(E) to L"(F). The results are of prelimi-
nary nature for the following section on convex functions.

Proposition 2.5. A function p: LP(E) — L™(F) is
(i) continuous linear and
(ii) local

if and only if it is of the the form (5) for some unique representing Z € L1(E)

r(p—1)

which satisfies the integrability condition E[|Z|? | F| € L =7 (F), where r(p —
1)/(p —r) is understood as +oo if p=r1.

Proof. To prove the if statement, let y = E[Z- | F|, Z € L9(€) with E[|Z]4 |

r(p—1)
Flel () (F). Inspection shows that p is linear and local. To establish
continuity we assume 1 < r < p, the other cases work analogously. By Holder’s
inequality

EE[ZX | FI') < E [E[12|" | FI E|X]? | F]7]

<E[B|Z] | Flw= | 7 B[X)E.

Since
pr

E[|Z]"| Flae=7 = E[|Z]* | F]

r(p—1)
p—r

e LY(F),

we deduce ||E[ZX | F]||» < ¢||Z||, for some ¢ € Ry. Hence, p is continuous.

Conversely, if p : LP(£) — L"(F) is a continuous linear function then so is
Eoyp: LP(£) — R and by the Riesz representation theorem there is Z € LI(E)
such that E[uX] = FE[ZX] for all X € LP(£). Since p is local we derive
E[l4uX]) = Elp(14X)] = E[Z14X] for all A € F and X € LP(E). Thus, uX =
E[ZX | F] for all X € LP(E). Tt remains to show that E[|Z]9 | F] € L& (F).
We distinguish between two different cases. If 7 = 1 then E[|Z|? | F] € L'(F)
as E[|E[|Z|7 | F]|] = E[|Z]7] € R. It remains to show the case 1 < r < p. To
this end, consider the adjoint u' : L*(F) — L4(E) of u. By definition,

(WY)(X) = E[YE[ZX | F] = E[YZX], X € L”(€). (7)

Since p : LP(E) — L"(F) is continuous so is ' : L*(F) — L4(&), and conse-
quently, for all Y € L*(F)
1Y lg < el Y]ls,

for some real constant c¢. Since the L?—norm coincides with the corresponding
operator norm we find that for all Y € L*(F)

sup |[(WY)(X)| = sup  E[YZX]<cE[Y|]*.
XeLr(€),[IXlp<1 XeLr(&),[IXlp<1

(8)



With equation (7) we know that E[Y Z:] is a continuous linear function from
L?(€) to R. Since the topological dual of LP(€) can be identified with LI(E) we
see that necessarily YZ € L9(€). Therefore, we can define

Xy =sign(YZ) x |YZ|&-0 /E[|Y 2|9

(with the convention 0/0 = 0). Then Xy € LP(£) and || Xy, < 1 for all
Y € L*(F). Hence, we conclude from (8) that for all Y € L*(F)

E[|[YZ|%s = E[Y ZXy] < cE[|Y|*]*.

In particular, Y +— E[E[|Z]? | F]Y] is a linear, continuous function from
L4 (F) to R. Again, since the topological dual of L« (F) can be identified with

r(p—1) r(p=1)

L7»= (F) we find that necessarily E[|Z|9 | F] € L »= (F). O

The next proposition provides a different set of conditions that are suffi-
cient for p to be of the form (5). These conditions spotlight the emphasis on
conditional risk measures.

Proposition 2.6. A function p: LP(£) — L"(F)

(i) 4s continuous linear,

(ii) satisfies Y > =Y for allY € L™°(F) with Y >0, and
(iii) and is monotone, i.e. uX <0 for all X € LP(E), X > 0,

if and only if it is of the form (5) for some representing Z € L1(E) with E[Z |
r(p—1)

F] > —1 and Z <0 and which satisfies E[|Z|? | F] € L = (F).
Proof. The if statement follows by inspection, where continuity follows as in
Proposition 2.5.

As to the only if statement we show that (i), (ii) and (iii) imply that u is
local. To this end, let X € LP(€) be essentially bounded in a first step. Then
X < 14X 4 || X — 14X 0o, where for X’ € LP(E),

| X" ||oo = ess.inf{Y € L°(F) | Y > |X'|}.
Since p is positive and pY > =Y for all Y € L>°(F) with Y > 0 we derive
pX > p(laX + [ X = 1aX][lo) 2 p(1aX) — [ X = 14X oo
On exchanging X and 14X we derive
TapX = 1ap(1aX)| = 1alpX — p(1aX)| < 1al|X — 14X = 0.

Thus, p is local for all essentially bounded X. By a standard truncation and
approximation argument we conclude that p is local for all X € LP(E). Thus, we
established that u is continuous linear local and hence by Proposition 2.5 of the
form (5) for some representing Z € L%(€) which satisfies the desired integrability
condition. Further, (ii) and (iii) imply F[Z | F] > —1 and Z < 0. O



Remark 2.7. Proposition 2.6 remains valid if (ii) is replaced by the projection
property
pY ==Y forall Y € L*(F),

and E[Z | F] > —1 is replaced by E[Z | F] = —1.
Example 2.8. Property (iii) is needed in Proposition 2.6, as the following ex-
ample shows. Let Q = {wy, w2, w3}, € = o({w1}, {wa}, {ws}), Plwi] = 1/2,

Plws] = Plws] = 1/4 and F = (A1, A2) with Ay = {w1} and A = {wa,ws}.
Define the random variables

Zl = (_27 17 _1)) Z2 = (07 _2a _2)

and the linear map p : L°(€) — LO(F) by

u(X) = 3 BIZiX]1a,.

=1

Then p satisfies (1) and (ii) of Proposition 2.6, but not (iii) since 11(0,4,0) =
(17 72a 72) .
Now suppose p were of the form (5) for some (not necessarily positive) Z €
LY(E). This implies, in particular, that
E[lAl,uX] = E[lAIZX]

for all X € L°(&). But for X = (0,4,0) we obtain zero on the right hand side
and 1/2 on the left hand side, which is absurd. Hence u cannot be of the form

(5)-

2.3 Monotone (sub)cash invariant convex functions on L?(€)

Given the results of the preceding section we now turn our attention to convex
functions.

Lemma 2.9. Let f: LP(E) — L"(F) be a function.
(i) If f is local then every p € domf* is local.
(ii) If f is monotone then p is monotone for each p € domf*.

(i) If f is subcash invariant then pY > =Y for allY € L>®(F) withY >0
for each p € domf*.

(iv) If f is cash invariant then —p is a projection for each p € domf*.

Proof. (i) Take a non local p € L(LP(E),L"(F)). Then there are X € LP(E),
A,B e F,AcC B, with P[A] >0 and u(1pX) < uX on A. Then p(—1p-X) =
p(1pX — X) < 0 on A or, equivalently, pu(15.X) > 0 on A. This implies for all
neN

p(1penX) = f(1penX) = nu(lpX) — f(0)



on A. As n tends to oo, we conclude pu ¢ domf*.

(i) Let p € L(LP(E),L"(F)) and suppose there is X > 0 such that uX > 0
with positive probability. By monotonicity of f, f(nX) < f(X) for all n € N.
Hence,

F7(00) = p(nX) = F(nX) = npX — F(X)

for all n € N. This implies u ¢ domf*.
(iil) Let p € L(LP(E), L"(F)). By subcash invariance of f we have

() > ess.sup (u(X) — f(X +nY) —nY)
XeLr(€)
X=Xy ess.sup (u(X' —nY) — f(X') —nY)
X'eLr(€)
= esssup (u(X') — F(X') b (- — 1)
X'eLr(€)

= () +n(—pY =Y)

for all Y € L°(F) with Y > 0 and n € N. Hence, 4 ¢ domf* if pY < —Y with
positive probability.
(iv) Let u € L(LP(E),L"(F)). Since f is cash invariant we derive for all
Y € L*>®(F)
F(u) = uY = f(V) = p¥ +Y — £(0).

This implies that u € domf* only if Y = =Y for all Y € L*°(F); whence —pu
is a projection. O

We derive a variant of Proposition 2.5 for convex functions.

Proposition 2.10. A continuous convex function f : LP(E) — L™(F) is local
r(p=1)

if and only if domf* C {Z € LY(&) | E[|Z|? | F] € L™»=+ (F)}. Moreover, in

this case

f(X)= ess.sup - (B[ZX | F] - £*(2)). ()
ZeLa(&),B[|Z)| FleL = (F)

Proof. In view of Theorem 2.4 holds f(X) = ess.sup,cqoms- (X — f*(n)) for
all X € LP(&). In case that f is local, it follows from Lemma 2.9 (i) that any
p € domf* is local and in view of Proposition 2.5 it is of the form (5) for some
representing Z € L9(E) with E[|Z|? | F] € L= (F). Conversely, any function
of the form (9) is local. O

In the same manner, we can derive from Lemma 2.9 (ii) and (iii) an analogue
of Proposition 2.6, for convex functions.

Proposition 2.11. A continuous convez function f : LP(E) — L"(F) is
(i) monotone and

(i) subcash invariant

10



if and only if domf* C C ={Z € LYE) | E[Z | F] > —-1,Z < 0,E[|Z|? | F] €
L7=D/w=)(F)}. Moreover, in this case

f(X) = eS;-esélp(E[ZX | F1=17(2)). (10)

Remark 2.12. We obtain the conver variant of Remark 2.7; that is, in Propo-
sition 2.11 we can replace subcash invariance by cash invariance and then write

E[Z | F] = =1 in place of E[Z | F] > —1 in the definition of C.

2.4 Conditional mean variance

In this section, we let p =4, r = 2 and fix § € R, 8 > 0. The conditional mean
variance f : L*(£) — L?(F) is defined by

f(X)=E[-X|F]+ gVar[X | 1,

where Var[X | F] = E[X? | F] — E[X | F]? denotes the conditional variance of
X € LA(&).
Based on the following lemma, we explicitly construct a subgradient of f.

Lemma 2.13. Let f : L*() — L?(F) denote the conditional mean variance.
Then,

domf* ={Z € L3(€) | E[Z | F] = —1,E[|Z|5 | F] € L}(F)}.  (11)

Moreover, for all Z € dom f*

(2 = %E[(l +2)? | F]

and, in particular, (1+ Z)/B € 0f*(Z).

Proof. Inspection shows that the conditional mean variance is cash invariant
continuous convex and local. Thus, by Lemma 2.9 (i) and (iv) —u is local and
a projection for each p € domf* which proves the inclusion ”C” in (11).

To prove the reverse inclusion, let Z € L3 () with E[Z | ] = —1 and
E[|Z|5 | F] € L*(F). We will show that f*(Z) = 35 E[(1+ Z)? | F]. To this
end, observe

7 (Z) = esssup(E[ZX | F]— f(X))

XeL4(€)

= ess.sup (E[(l +2)X | F] - éVar[X | ]—“})
XeL4(€) 2

= ess.sup (E[(l +2)X | F] - éVar[X | ]—'])
XeLA(€),E[X|F]=0 2

= ess.sup E [(1 +2)X — éXz \ ]—'} . (12)
XeLA(E),E[X|F]=0 2

11



An element X’ € L*(€) which satisfies the first order condition
1+ 28X =0 (13)

is necessarily a pointwise maximizer of the integrands (1 + Z)X — gX Zin (12)
(maximized over all of L*(&)). In view of (13) we therefore define the maximizer
X* = (14 2)/B; fortunately, E[X* | 7] = 0. Plugging X* into (12) yields the
assertion. O

Combining (3) and Lemma 2.13 we conclude: if Z* € L(L*(£), L?(€)) max-
imizes

f(X) = esssup(E[ZX | F]— f*(2))

zeC
= €S8.5u —i 2
— asswp (B[ZX | A= B0+ 271 7))

that is

f(X) = BlZ°X | F] - %E[(l + 72| F

for some X € L*(£), then Z* € 9f(X).

Theorem 2.14. Let f : L*(€) — L*(F) denote the conditional mean variance.
Then, for all X € L*(€)

X - EX | F]) -1 €df(X).

Proof. Let X € L*(£). Since f(X — E[X | F]) = f(X) + E[X | F] we have
Of(X — E[X | F]) = 0f(X). If Z' € L(L*(E),L?(F)) satisfies the first order
condition

1
X—E[X|]:}75(1+Z’):O (15)
then Z’ is necessarily a pointwise maximizer of the integrands
1
2(X ~ EIX | F)) = 551+ 27

n (14) (adjusted for —FE[X | F] and maximized over all of L*(£)). In view of
(15) we therefore define the maximizer Z* = (X — E[X | F]) — 1; fortunately
E[Z* | F] = —1aswellas E[|Z*|3 | ] € L*(F) which means that Z* maximizes
(14). O

To summarize, standard vector space based convex analysis is applicable to
a selected class of conditional risk measures. This class contains risk measures
which map L?(€) into L™ (F).
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3 The module approach

In this section we follow a module approach to conditional risk measures. We
briefly repeat the most important features of L? type modules, a comprehensive
treatment of which can be found in [KV09] and for further background we refer
to [FKV09].

3.1 Preliminaries

Unless stated otherwise, we let p € [1, 400] throughout this section. Recall that
the classical conditional expectation E[- | F] : L'(€) — L'(F) extends to the
conditional expectation E[- | F|: LY (&) — LY (F) by

E[X | F] = lim E[X An|F]. (16)

We define the function || - ||, : L%(€) — LY. (F) by

ix, = [BIXP |77 el o,
P lessinf{Y € LY(F) | Y > |X|} ifp=o0c
and
L5 (&) ={X e L&) | | X[, € L°(F)}-
The standard properties of the conditional expectation guarantee that || - ||, is

an L°(F)-norm on L% (€), that is, || - ||, : L%(£) — LY. (F) satisfies
(i) [|X|l, =0 if and only if X =0,
(ii) |YX|, = |Y]| X], for all Y € L°(F) and X € LE.(€),
(i) 1 + X7l < X[, + 7], for all X, X' € IA(E).

We endow LE(€) = (L%(€),] - ||p) with the module topology induced by the
L°(F)-norm | - ||, and we endow L°(F) = (L°(F),|-|) with the ring topology
induced by the absolute value |- |. Then L%(£) becomes a topological L°(F)-
module over the topological ring L°(F). For further details we refer to [FKV09,
KV09]. We work with the convention that the conditional expectation E[- | F] :
LE(€) — L°(F) is understood as

EX | F]=EX"|F|]-EX" | F],
the right hand side of which is understood as in (16).

Example 3.1. Let us assume that F = o(Ay, ..., An) is generated by a finite
partition Ay, ..., Ay of Q.

The local structure, formerly a property in reference to the functions we
studied, now also appears as a property of the model spaces L*-(E) in the sense
that on each F—atom A;, 1 < i < m, we consider a classical LP space, namely

13



LP(ENA) =LP(QNA;,ENA;,P), where P; denotes P[- | A;]. Over all of £,
these spaces are “pasted” together to become

L5(E) = 14, LP(ENA).
i=1
Consequently, if F is finitely generated, LP(E) = L%(E) and no additional struc-
ture is provided.
However, if F 1is generated by a countable partition (Ay) of Q then L%(E)
becomes
L5(E) =) 1a,LP(ENA,)
neN
which in fact is an L°(F)-module significantly larger than LP(£). Indeed, it
is not hard to see that X, € LP(E N Ay) for all n € N is not sufficient for
Y onen 1a,Xn € LP(E) in general.

A function p : LE%(€) — LO(F) is LO(F)-linear if p(Y X +X') = Y uX 4+ pX’
for all Y € L%(F) and X, X’ € L%(€). In (1) we have already defined localness
for functions from LP(€) into L"(F). We adapt this to functions f : L%(£) —
L°(F) with the convention 0 - (£00) = 0.

A function f : L%(€) — L°(F) is proper if f(X) > —oo for all X € L ()
and if there is at least one X € L%(£) such that f(X) < +oco. We define

PI(f) =esssup{A € F|1af =14(+0)}
MI(f) =esssup{A e F|3IX € L4 (E) : 1af(X) = 1a(—00)}
R(f) = (PI(f) U MI(f))"

so that f is proper on R(f), f = 400 on PI(f) and f may take the value —oo
on MI(f). The effective domain domf of f is defined by

Trivially, P[PI(f) "N MI(f) N R(f)] =0 so that f is proper only if P[PI(f)] =
P[MI(f)] =0. If f is local then we even have “if and only if”.

In [FKV09, KV09] L°(F)-convexity is only defined for proper functions. For
the purposes of Section 4 below in which we use dual techniques to construct
hulls of proper L°(F)-convex functions, we have to extend this definition in a
consistent way to functions that are not proper.

In vector space theory one agrees on the convention that —oo + oo = 400
and defines a function f : V — [—o0, +00] on a real vector space V' to be convex
if flav+ (1 —a)w) < af(w)+ (1 —a)f(w) for all v,w € V, a € [0,1]. In line
with this, we set —oo + 0o = 400 and define L°(F)-convexity as follows.

Definition 3.2. A function f : L% () — LY(F) is LY(F)-convex if
fYX+(1-Y)X)<Yf(X)+(1-Y)f(X)

for all X, X" € L%(€) and Y € LO(F) with 0 <Y < 1. (Recall the convention

0 (£o0)=0.)

14



Remark 3.3. Inspection shows that a function f : L%(€) — L°(F) is LO(F)-
convez if and only if for all X, X' € L%(€) and Y € LO(F) with0 <Y <1,
(

FYX 4 (1= Y)X') < YF(X) + (1 - V) F(X') (19)
on the set ({f(X) = —o0, f(X') = +o0} U{f(X) = +o0, f(X') = —c0})".
Lemma 3.4. Any L°(F)-convez function f : L%(E) — L°(F) is local.

Proof. Let X € L%.(€) and A € F. Then, we derive the inequalities

fAaX) < 1af(X)+ 14 f(0)
1af(1a(1aX) + 1acX) + 14c f(0)
< 1af(1aX) + 14 £(0)

which become equalities on multiplying by 14. O

Consider a local function f : LL.(€) — L°(F). As in [FKV09], we call f
lower semicontinuous (Ls.c.) if for any convergent net Xy — X in L%(&) we
have

ess.ljivminff(XN) > f(X),

where we define ess.liminfYy = ess.sup yess.inf ;> nY for anet (Yy) in L ().
Definition 3.5. Let f : L% (£) — LO(F) be a local function. The closure
c(f) : LE%(E) = LYUF) of f is given by

c(f) = Inrcpyeg + Larc) (—00),

where g is the greatest l.s.c. L°(F)-convex function majorized by Larrpyef- The
function f is closed if f = cl(f).

By definition, cl(f) is Ls.c. LY(F)—convex and in particular local. By defi-
nition, a closed local function is L°(F)-convex.

For p € [1,+00) we have the following analogy to (2). Any continuous
LO(F)-linear function yp : LE(£) — LO(F) is of the form

uX = E[ZX | F] (20)

for some Z € L%(E), where ¢ = p/(p — 1) if p € (1,00) and ¢ = o0 if p = 1,
cf. [KV09]. The conjugate function f* : L%(E) — L°(F) of a local function
f i L5(E) — LO(F) is defined by

M (2) = ess.sup (FIZX | F] - f(X)) = ess.sup‘(E[ZX | F] — f(X))
XeLb.(€) Xe&domf

and the conjugate f** : LL.(€) — L°(F) of f* is defined by

(X)) = ess.sup (E[ZX | F] — f"(Z)) = ess.sup (E[ZX | F] — f*(2)), (21)
ZELqF(E) Zedom f*

where the second equality follows from the definition of the effective domain

in (18). The next theorem presents an L°(F)-convex duality relation which

slightly generalizes the Fenchel-Moreau type dual representation of Theorem 3.8
in [FKV09].
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Theorem 3.6. Let f : Lb.(£) — L°(F) be a local function. Then,

[ =d(f).
In particular, if f is proper l.s.c. L°(F)-convex then f = f**.

Proof. We first prove the auxiliary claim that an LO(F)—convex ls.c. function
g: L%(E) — LO(F) with g > —oo satisfies the L%(F)-convex duality relation

g=9g" (22)

which proves the second statement. Indeed, let X € L% (€) and define A =
{g(X) < 400}. Then, on A° the relation (22) is trivially valid for X. To see
that (22) is also valid for X on A it suffices to observe that 14¢ is a proper
LO(F)—convex Ls.c. function and to apply Theorem 3.8 in [FKV09] by which
1ag = (14g)**. Since g is local by L°(F)-convexity we conclude

9(X) = 1ag(X) +1a:9(X) = (Lag)™ (X) + (1aeg)™ (X) = g™ (X)

which proves the auxiliary claim.
Next, define f1 = 1ysq(p)e f and fo = 1pp(p)f. We show separately that

1" =cl(f1) and f3* =cl(f2)

which by localness of f** and cl(f) yields the assertion.
To see that f;* = cl(f1) observe that by definition f;* is L°(F)-convex ls.c.
and —oo < fi* < fi. Further, from

cl(f1) < f1 implies cl(f1)" = fi implies cI(f1) = cl(f1)™ < fi*

we derive fi* = cl(f1).
To establish f3* = cl(f2) we show that there is some X_, € L% (€) with
J2(X o) = 1arr(f)(—00). Indeed, since f is local the collection

S={AeF|3IX e L%(€): f(X)=—oo0on A}

is directed upwards and by definition we have ess.supS = MI(f). Hence, there
exists an increasing sequence (A, ) C F and a corresponding sequence (X,,) in
LY.(€) with A, /' M_ and f(X,) = —oco on A, for each n € N. Since f is
local

Xooo = Z 1A7:\U;;i A.in
i=1
is as required with A9 = . We conclude that
f5 = ‘esssup (E[-X | F] — fo(X))
XeLb.(8)
> E[X oo | F] = fa(Xooo) = 1ass(p)(+00).

This together with (22) and localness of f implies f3* = 1577¢5)(—00) = cl(f2).
(Note, that MI(f) = MI(f2).) O
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Remark 3.7. The epigraph epif = {(X,Y) € LL(&) x L°(F) | f(X) < Y}
of a closed function f : L%(E€) — L°(F) is closed w.r.t. the product topology.
To see this, it suffices to observe that 1yrr(pyeepifi is closed cf. [FKV09] and
that 1prpcpyepifa = larrop(L(E) x L°(F)) is closed as well; f1 and fo are
understood as in the above proof. Since MI(f) and MI(f)¢ are disjoint the
sum of the two 1yrr(pyeepifi + Larr(p)(L5(E) x LY(F)) = epif is also closed.

Lemma 3.8. Let f : L% () — LY(F) be a local function. Then,
PI(f) € MI(f*) and MI(f) C PI(f*). (23)

If f is closed L°(F)-convexr we have equalities.

Proof. Since f is local (23) follows from the definitions of PI(-), MI(-) and f*.
On replacing f with f* the reverse inclusions follow as for closed L°(F)-convex
f we have f = f** cf. Theorem 3.6. O

The preceding lemma reveals in particular that for a closed LY(F)-convex
function f : L%(€) — L°(F) we have the following decompositions

" =1prp(—=00) + 1psrcp)(00) + 1gep) f (24)
J= 1" =1prp)(H00) + Iarr(p)(—00) + L) £ (25)

Definition 3.9. Let p € [1,400), q be as above and f : L%(E) — L°(F) be a
proper function. An element Z € L%(E) is a subgradient of a f at Xy € domf
if

ElZ(X — Xo) | F] < f(X) — f(Xo), for all X € L%(E).

The set of all subgradients of f at X is denoted by 0 f(Xo).

Example 3.10. Let F = o (A1, A, A3) be finitely generated, where (A;)1<i<3 C
€ is pairwise disjoint with P[A;] > 0,1 <i <3 and Q = U?Zl A;. We consider
a function f : L%(£) — L°%(F) and we identify L°(F) with (R U {£o0})? so
that f = (f1, f2, f3) for three functions f1, fa, f3 : L%(E) — [—o0, +00]. Let us
further assume that fi = +oo, fy is proper and there exists X € L%(E) such
that f3(X) = —oc.

Then PI(f) = Ay and MI(f) = As. Further, X € domf if and only if
f2(X), f3(X) < 400 irrespectively of the fact that f1(X) = +oo. The function
f would be proper if and only if f1, fo and f3 were proper at the same time.
Thus, 14, f is proper while f is not. In the same way we see that f is L°(F)-
convez if and only if each f; is convex, 1 <i < 3.

If, in addition, f is local then we can identify f with three functions f1, fa, f3 :
LP(ENA;) — [—o0,+00] defined on classical LP spaces. Then f is l.s.c. if and
only if each f; is l.s.c., 1 <i <3, and its closure is given by

cl(f) = (cl(f1), cl(f2), cl(f3)) = (+00, f37, —00).
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The main advantage of the module approach over the vector space approach
from Section 2 is the fact that we can consider conditional risk measures on
L%.(€) which is a much larger model space than LP(€). Furthermore, within
the module approach, duality results are applicable to functions which may take
values in L°(F). As a consequence, examples such as the conditional entropic
risk measure is fully covered.

Further, within the vector space approach, continuous linear functions p :
L?(E) — L"(F) are not necessarily conditional expectations. One has to employ
the results of Section 2.2 to derive that only those continuous linear functions
which are conditional expectations are relevant for conditional risk measures.

In contrast to this, continuous L°(F)-linear functions from L% (£) into LO(F)
are conditional expectations as stated in (20). Results analogous to Propo-
sition 2.5, Proposition 2.6 and Remark 2.7 presented in Section 2.2 are not
required. In this sense, the module approach provides us a priori with an inter-
pretation of (21) in terms of expected losses under different scenarios which, by
virtue of f*, are taken more or less seriously.

3.2 Monotone (sub)cash invariant L°(F)—convex functions
on L%(€)

In this section, we fix p € [1,400) and define ¢ dual to p, as usual. The next
definition is similar to that of 2.1. However, as we work in a module setup, a
few amendments are needed.

Definition 3.11. A function f : L% () — L°(F)
(i) is monotone if f(X) < f(X') for all X, X' € LE%(E) with X > X',
(ii) 4s subcash invariant if f(X +Y) > f(X) =Y for all X € L%(E) and
Y € LY (F),
(iii) is cash invariant if f(X +Y) = f(X) =Y for all X € L%(€) and Y €
LO(F).
Aset P C L (&) is LO(F)—convex if Y X + (1Y) X’ € P whenever X, X’ €
P and Y € L°(F) with 0 <Y < 1. The epigraph of an L°(F)-convex function
is LO(F)-convex. P is an LO(F)-cone if YX € P for all X € P and Y €
LY (F). For the same reasons as in the vector space case we refer to L°(F)-
convex functions f : L. (€) — L°(F) which are monotone and cash invariant as
conditional risk measures.
From now on, let P = {X € L%(£) | X > 0} and observe that P is a

closed L°(F)-convex L°(F)—cone. P induces the partial order of almost sure
dominance on L% (€) via

X>X'&X-XeP.

Inspection shows that (L%-(£),>) is an ordered module, cf. [KV09]. The polar
LY(F)—cone P° of P is

P°={Z e LL(E)|VX € P: E[ZX | F] <0}.
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Inspection shows that P° = {Z € LL(£) | Z < 0} by definition of P. Further,
define

sD={Z € L%.(§) | E[Z | F] > -1}
D={ZecL%L(E)|EZ|F|=-1}

Note that if Z € sD then E[-ZY | F] <Y and if Z € D then E[-ZY | F]=Y
for all Y € L°(F). The next proposition is a variant of the bipolar theorem, for
modules.

Proposition 3.12. Let X, X’ € L%(£). Then X > X' if and only if E[Z(X —
X" | F] <0 for all Z € P°.

Proof. This follows from the corresponding definitions. O
Lemma 3.13. Let f: L%(£) — L°(F) be a closed L°(F)-convex function.

(i) f is monotone if and only if 1 pydomf* C 15 P°.

(ii) f is subcash—invariant if and only if 1p pdomf* C 1gs)sD.

(iii) f 4s cash—invariant if and only if 1z pydomf* C 1z D.

Proof. Let Xy € L%(€) be such that f(Xo) € L°(F) on R(f).

(i) To prove the only if statement, assume by way of contradiction that there
is Z € domf* with P[BN R(f)] > 0, where B := {Z > 0}. By monotonicity of
f we have f(Xo+ nlp) < f(Xp) for all n € N. Thus, on R(f) holds

f(2) > ElZ(Xo+nlp) | F]-f(Xo+nlp) > nE[Z1p | FI+E[ZX, | F]—f(Xo)

which contradicts f*(Z) < +oco. To establish the if statement, recall the de-
compositions (24) and (25). Thus, 1grydomf* C 1g(s)P° implies

f(X) = esssup(E[ZX | F] - f*(2))
ZeL%L(§)
= esssup (E[ZX | F] — f*(2))
Zedomf*
= esssup(E[ZX | F] - " (2)),
Zepo

for all X € L%.(£). Hence, by Proposition 3.12, f is monotone.
(ii) To prove the only if statement, let Z € domf* and assume that P[{E|[Z |
F] < =1} N R(f)] > 0. By subcash invariance of f,

(Z) > ess.sup (B[ZX | F] — f(X +nY) —nY)
XeLb.(€)
X'=XtnY ess.sup (E[Z(X' —nY) | F|] - f(X') —nY)
X'eLh(€)
= ess.sup (E[ZX' | F] - f(X') = nY(E[Z | F]+1))
X'eLh (&)

= [(2) =nY(E[Z | F]+1)
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for all Y € LY (F) and n € N which contradicts f*(Z) < +oo on R(f). To
establish the if statement, observe that the decompositions in (24) and (25)
together with 1p(yydomf* C 1g(s)sD imply

fX+Y) = gisig‘l(lg)(E[Z(X +Y) | Fl=17(2))
= esssup (E[Z(X +Y) | Fl—- f(2))
Zedomf*
= esssup(E[Z(X +Y) | F] - f*(2)) = f(X) - Y
ZesD

for all X € L(€) and Y € LI (F).

(iii) To prove the only if statement, assume that there is Z € domf* with
PH{E[Z | F] # =1} N R(f)] > 0. Since f is cash invariant we derive for all
Y € LO(F)

f(2) z E[Z(Xo+Y) | FI-f(Xo+Y) = Y(E[Z | FI+ 1)+ E[Z X, | F]—f(Xo).

This contradicts f*(Z) < +oo on R(f). Conversely, to establish the if state-
ment, let X € L%(£) and Y € L%(F). From the decompositions (24) and (25)
together with 1prydomf* C 1z(y)D we derive

JX+Y) = ;SS;fl(lg)(E[Z(XJrY) | F1 = f*(2))
= esssup (E[Z(X+Y) | F|—f(2))
Zedomf*
= esZs-esltjlp(E[Z(X +Y) | Fl - f(2)) = f(X) - Y.

O

Two immediate consequences are the following representation results for
monotone subcash invariant LY(F)—convex functions and conditional risk mea-
sures.

Corollary 3.14. Let f: L%(£) — L° be proper l.s.c. L°(F)-convex.

(i) If f is monotone and subcash invariant, then for all X € L¥-(E)

f(X) = ZQSZ'EEED(E[ZX | F] = £7(2)). (26)

(ii) If f is monotone and cash invariant, then for all X € L%(€)

f(X) =§ZS7;§%%(E[ZX|JT] - [7(2)). (27)

Elements of P° N D can be viewed as transition densities which serve as
probabilistic models relative to the initial information F and uncertain future
events £. In this sense, the economic interpretation of static risk measures is
preserved under assuming non trivial initial information.
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4 Monotone and (sub)cash invariant hulls

4.1 Indicator and support functions

Let C' C L%(€) be an LO(F)—convex set. We define the mapping M(- | O) :
LY.(€) — F by

M(X | C)=-esssup{A € F | 14X € 14C}.
The set C has the closure property if for all X € L%.(€)

IvxioyX € 1y (xie)Cs

cf. [FKV09]. The closure property should not be seen as a property in reference
to the topology of L%(£). In fact, if 0 € C' (which implies that 1,C C C
for all A € F) the closure property is closely related to order completeness as
it states that a family (14X)a C C has a least upper bound in C, namely
ess.supylaX = 1y (xj0)X-

From now on we assume that C has the closure property. The indicator
function §(- | C) : L% (E) — LY. (F) of C is defined by

5(X|C){o on M(X | C) -
+oo  on M(X | C)°
By the closure property of C, epid(- | C) = C x LY (F). A proper local function
is l.s.c. if and only if its epigraph is closed, cf. Proposition 3.4 in [FKV09].
Thus, 6(- | C) is L.s.c. if and only if C is closed.

The support function §*(- | C) : L%(E) — LY(F) of C is defined by

0 (Z | C) =esssupE[ZX | F].
XeC

Since C is L°(F)-convex (in particular 14X + 14X’ € C for all A € F when-
ever X, X’ € C) the support function of C' coincides with the conjugate of the
indicator function (- | C), i.e. for all Z € LL(E)

ess.sup (E[ZX | F]—0(X | C)) = ess.sup E[ZX | F]. (28)
XeLb.(€) XeC

Note that this is also the case if C' = 0. (28) justifies the notation 6*(- | C') of
the support function.

We define 6**(- | C) : LE(£) — L°(F) as the conjugate of the support
function, i.e.

0" (X | C) = esssup (E[ZX | F]—0"(Z | C)).
ZeL%.(&)

If C is closed, we have

o(-[ C)=6"(- | O). (29)
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Lemma 4.1. Let P = {X € L%(£) | X > 0} be the order inducing L°(F)-cone
and P° its polar L°(F)-cone. Then

6(-P) = (P (30)

(¢ IP) = oC1P°) (31)

—X on M(X | L°(F))

{oo on M(X | L°(F))

(X | D) . Jorall X € LI2(E).  (32)

Proof. To see (30), recall that §*(X | P°) = ess.supzepo E[ZX | F|. Further,
LyxpyX > 0 implies 1x1p)ZX < 0 for all Z € P°. Since M(X | P) € F
and since P° is an L°(F)—cone we derive

Ly x)pyess.sup E[ZX | F] = ess.sup E[ly(xp)ZX | F] = 0.
Zepe Zepo

This proves (30) on M (X | P).

By definition of M(X | P), 14X ¢ P for all A € F with P[A4] > 0 and
A C M(X | P)°. Since P is closed L°(F)-convex Theorem 2.8 in[FKV09]
implies that there exists Z) € L%(€) and € € LY, (F) with

EZyX' | Fl+e < E[Z|X | F] (33)

on M(X | P)¢ for all X’ € P. The same is true if Zj is replaced by Z, =
Lar(x|p)Zg- Since P is an LO(F)-cone we derive that E[ZoX' | F] < 0 for all
X' € P; whence Zy € P°. Further, since 0 € P° we derive from (33) that
E[ZyX | F] > 0on M(X | F)¢. Thus,

Ly(x|pye ess.sup E[ZX | F] > 1y x|pye esssup YE[ZoX | F| = 1y x|p)e (+00)
Zepe YeLY (F)

as P° is an LY(F)-cone. This proves (30) on all of Q.
The identity (31) follows by a dual argument as in (29).
To prove (32) we define f: L%.(€) — LO(F),

f(X) = 71M(X|L0(]-‘))X + OOlM(X\LO(]-'))C

and show that f* = (- | D). (Note that f is the function on the right hand side
of (32).) The identity in (32) then follows from a dual argument since D has
the closure property and is L°(F)—convex closed. By definition of f, we have

[ (Z) = ‘esssup (E[ZX | F] - f(X))
XeL%.(€)
= esssup (XE[Z | F]+ X)
XeLO(F)
= esssup X(E[Z | F]+1)
XeLO(F)

for all Z € LL(E). The equality f* = (- | D) now follows from the observation
that M(Z | D) ={E[Z | F] = —1} for all Z € LL(E). O
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4.2 Hulls
Proposition 4.2. Let f : L%.(€) — L°(F) be a proper L°(F)-convex function.

(i) The greatest monotone closed L°(F)-convex function majorized by f is

given by fpe : L (€) = LO(F),

fre(X) = ezséigp(E[ZX | Fl = f*(2)).

(ii) The greatest (sub)cash invariant closed L°(F)-convex function majorized

by f is given by fisp : L (E) — LO(F),

foyp(X) = esése-?ll)p(E[ZX | Fl = f*(2)).

(ili) The greatest monotone (sub)cash invariant closed L°(F)-convex function
magorized by f is given by fpo (syp : L%(E) — L(F),

frosyp(X) = esssup (E[ZX | F] - f*(Z)).
ZePonsD

Accordingly, we call fpo, fsyp and fpo (syp the monotone, (sub)cash invariant
and monotone (sub)cash invariant hull of f, respectively.

Proof. (i) Monotonicity of fpo follows from Lemma 3.13 (i) and closeness follows
from its definition. Further, fpo < f** < f. Now let g : L%(£) — L%(F) be
a monotone closed L°(F)-convex function with ¢ < f. By Lemma 3.13 (i),
lpgdomg* C 1pnyP°. Thus, g* = g* +6(- | P°) > f*+46(- | P°). Let
[ L5%(E) — L°%F) be a proper L°(F)-convex function. Since P° is closed
L°(F)-convex and has the closure property §(- | P°) is Ls.c. L(F)—convex and
hence

(fpe)™ =" +0(- | P°). (34)

Hence, g = ¢** < fpo.

(ii) follows similarly.

(iii) Asin (34), one checks that (fpo (syp)* = f*+0(- | P°N(s)D). Now the
assertion follows as in (i). O

The next remark provides us with an interpretation of monotone and cash
invariant hulls.

Remark 4.3. Let f: L% (E) — LO(F) be proper L°(F)-convez.
(i) Define g : L% (E) — LO(F) by

g(X) = ess.inf  f(X').

X'eLb (€),X'<X

Note that g need not be proper. For instance, take f = E[- | F]: L%(£) —
L°(F), then g = —oo. Nevertheless, g is L°(F)-convex and monotone
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with g < f, and g = f if and only if f is monotone. Moreover, if g is
closed then g = g** = fpo is the greatest monotone closed L°(F)-convex
function majorized by f. Indeed, for all X € LE(E)

X)= Anf X1)+0(Xa2 | P)).
9(X) xl,xgeﬁ;f(sgﬁﬁxz:x(f( 1) +0(X2 [ P))
With (31) of Lemma 4.1 one checks that the conjugate of the right hand
side equals f* + 6(- | P°). Hence, g = (fpo)* by (34) and in turn
g = fpe.

Define h : L% (€) — LO(F) by

h(X) = essinf (F(X ~¥) = Y),

Then h is LO(F)—convex and cash invariant with h < f, and h = f if and
only if f is cash invariant. Moreover, if h is closed then h = h** = fp is

the greatest cash invariant closed L°(F)—convex function majorized by f.
Indeed, by Lemma 4.1 (32) we have for all X € LY.(E)

h(X) = inf X e~
) = i xae T ey K T (X2 [ D))

Inspection shows that the dual of the right hand side equals f* 4 6(- | D).
As in (34) we have (fp)* = f*+6(- | D). Hence, h* = (fp)* and in turn
W = fp.

Let f: L% (E) — L°(F) be a proper L°(F)-convex function. Since

5(-[P°) +6(- | (s)P) =d(- [ PN (5)D)

we derive

Ire o = (fre)syp = (fsyp)Pe-

Further, note that if for instance f is (sub)cash invariant then fpo (syp = fpo.
However, if f is monotone (sub)cash invariant we only have fpo (oyp = f** < f
as f need not be closed in general.

5)
5.1

Examples

Conditional mean variance as cash invariant hull

In this section, we consider the L? type module L%(€) and fix 8 € R, 8 > 0. We
define a conditional variant f : L%(€) — L°(F) of the L?(€)—(semi)-deviation
risk measure by

F(X) = Bl-X | |+ D BIX | 7,
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One checks that f is proper L°(F)—convex and by Holder’s inequality in the
form of (4.13) in [KV09] f is continuous. Next, we consider the mapping h :
L%(E) — L°(F) defined by

h(X) = ess.sup (f(X —=Y)—Y) = ess.sup (E[—X | F] — éE[(X — Y)2 | ]-']) )
YELO(F) Y eLO(F) 2
(35)

An element Y’ € LO(F) which satisfies the first order condition
BEX [ FI-Y)=0

is necessarily a maximizer of the integrands E[-X | F] — gE[(X —Y)?| F] of
the right hand side of (35). Thus, plugging in the maximizer Y* = E[X | F|
we derive that h is of the form

MX)=E[-X|F|+ gVar[X | F1,

where Var[X | F] = E[X? | F] — E[X | F]? denotes the (generalized) condi-
tional variance of X € L%(£). From this we derive that h is proper L°(F)-
convex continuous and in particular closed. By Remark 4.3 (ii) we therefore
know that h = fp is the greatest cash invariant closed L°(F)-convex function
majorized by f.

In line with the relevant literature we refer to fp as conditional mean vari-
ance. Since fp is continuous Theorem 3.7 in [FKV09] implies that 0fp(X) # 0
for all X € L%(€). In particular, for all X € L%(£) fp admits a representation
of the form

fo(X) = ess.sup (EIZX | F| — f5(Z)).
ZeL% (&)
In what follows we will construct a subgradient of fp by means of the following
lemmas.

Lemma 5.1. Let g: L%(E) — LO(F) be a function. If Z* € L%(E) satisfies
9(X) = E[Z"X | F] - g*(Z7),
then Z* € 9g(X).

Proof. By definition,

9°(Z2) =z E[ZX | F] - g(X) (36)
for all X,Z € L%(&). Now, let X,Z* € L%(€) and assume g(X) = E[Z*X |
F]—g¢*(Z*). Then, (36) implies g(X) < E[Z*X | F] - E[Z*X' | F]+ g(X) for
all X’ € L%(€), and hence Z* € dg(X). O
Lemma 5.2. Let fp : L%(E) — LY(F) denote the conditional mean variance.

Then,
domfp ={Z € L%(E) | E[Z | F] = —1}. (37)
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Moreover, for all Z € domf},

f5(2) = %E[(l +2)2 | ]

and, in particular, (1 + 2)/B € 0f5(Z).

Proof. The conditional mean variance is cash invariant closed L°(F)-convex
and R(fp) = (2. Hence, Lemma 3.13 (iii) yields the inclusion ”C” in (37).

To prove the reverse inclusion in (37), let Z € L%(&) with E[Z | F] = —1.
We will show that f*(Z) = %E[(l + Z)? | F]. To this end, observe

F(7) = esssup (EZX | F) - f(X)

XeLZ ()

= ess.sup <E[(1 +Z)X | F]— éVar[X | f])
XeL%(€) 2

= ess.sup (E[(l +2)X | F] - éVar[X | f])
X€eL%(E),E[X|F]=0 2

= ess.sup E {(1 +2)X — éXQ | ]-'] . (38)
X€eL%(E),E[X|F]=0 2

An element X’ € L3%(€) which satisfies the first order condition
1+ 27— BX*=0 (39)

is necessarily a pointwise maximizer of the integrands (1 + Z)X — gX 2 in (38)
(maximized over all of L%(€)). In view of (39) we therefore define the maximizer
X* = (1+ 2)/B; fortunately, E[X* | F] = 0. Plugging X* into (38) yields the
assertion. O

Combining lemmas 5.1 and 5.2 we conclude: if Z* € L% (&) maximizes

fo(X) = esssup (E[ZX | F] = fp(Z2))
ZeL% (&)

1
= ess.sup <E[ZX | Fl — = E[(1+ 2)? | -7:]> (40)
ZE€L2(€),E[Z|Fl]=—1 26

that is

fo(X) = E[Z°X | F] - %E[(l + 72| F

for some X € L%(£), then Z* € dfp(X).

Theorem 5.3. Let fp : L%(E) — L°(F) denote the conditional mean variance.
Then, for all X € L%(E)

B(X —EX |F]) —1€dfp(X).
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Proof. Let X € L%(€). Since fp(X — E[X | F]) = fp(X) + E[X | F| we have
Ofp(X — E[X | F]) = 0fp(X). If Z' € L%(€) satisfies the first order condition

X—E[X|]-']—%(1+Z*):O (41)

then Z’ is necessarily a pointwise maximizer of the integrands

1
20X - BIX | 7)) - 351+ 27
in (40) (adjusted for —E[X | F] and maximized over all of L%(&)). In view of
(41) we define the maximizer Z* = (X — E[X | F]) — 1; fortunately E[Z* |
F] = —1 which means that Z* maximizes (40). O

Example 5.4. If we let F = 0(A,) as in Example 3.1 we can nicely relate the
preceding results to the static case results presented in [FKO07]. More precisely,
we can identify f : L%(E) — L°(F) with a sequence of static L?(E)~(semi)-
deviation risk measures f = (f1, fa, f3,---), where f, : L2(EN A;) — R is given
by

[alX) = Br[-X) + 5 B,
where Ep,[-] denotes the expectation with respect to the probability measure P;.
As derived above, the greatest cash invariant closed L°(F)-conver function ma-
jorized by f is given by the conditional mean variance fp : L%(E) — L°(F)
which we can also identify with a sequence of static conditional mean variances
fo = (fip, fop, f3,0,-..), where fp: L*(EN A,) — R is given by

[XQ]a

fnyp(X) = Epn [—X] + gVarpn [X]

where Varp,_[-] denotes the variance w.r.t. the probability measure P,, n € N.
Further, by Theorem 5.3 we know that for all X € L%(&)

(B(X1—Ep [Xi1]) =1, 8(X2 — Ep,[X2]) = 1, B(X5 — Ep,[X5]) = 1,...) € 0fp(X),

where X,, denotes the restriction of X to QN A,, which lies in L*(ENA,,), n € N.

Alternatively, we could apply the results of Section 5.3 in [FK07]. Ac-
cording to [FKO7] the greatest cash invariant closed convex function majorized
by frn is given by the classical mean variance f,p for each n € N. Conse-
quently, the greatest cash invariant closed L°(F)—convex function magjorized by

f = (f1, f2, f3,...) must be fp = (fi,p, fop, f3D,...). In the same way, one
could proceed with the subgradient, which however is not computed in [FK07].

5.2 Conditional monotone mean variance as monotone hull

As in the previous section we consider the L? type module L%(€) and fix 3 €
R, 8 > 0. To ease notation we denote by f : L%(£) — L°(F) (in place of
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fp) the conditional mean variance as introduced in the previous section. In
line with Proposition 4.2 we define the conditional monotone mean variance
fpo i L%(E) — LO(F) as the greatest monotone (cash invariant) closed L°(F)-
convex function majorized by f. That is,

frelX) = esssup (ELZX | 7] - 1°(2)
1 2
= ;ZSPSO%% (E[ZX | F] - %E[(l +2Z)° | f]) (42)

By Theorem 3.2 in [KV09] the conditional monotone mean variance fpo is
continuous and dfpe(X) # O for all X € L%(€). Again, in what follows,
we explicitly construct a subgradient.

Lemma 5.5. Let f : L%(€) — LY(F) and o : L%(E) — L°(F) be functions
such that o represents f in the sense that f = ess.supze s (¢)(E[Z- | F]—a(Z)).
If Z* € L%(€) satisfies

f(X)=E[Z"X | F] - a(Z")
then Z* € 0f(X).
Proof. Since o represents f we have
a(Z) =z BlZX | F] - f(X). (43)

Now, let X, Z* € L%(€) and assume f(X) = E[Z*X | F] — a(Z*). Then, (43)
implies f(X) < E[Z*X | F] — E[Z*X' | F] + f(X’) for all X" € L%(€), hence
Z* € 9f(X). 0

Lemma 5.6. For all X € L%(&) and Z € LY (F) there exists Y € L°(F) such
that
E(X+Y)" | Fl=2

Proof. Let X € L%(€), Z € LY. (F) and define
Y =esssup{Y’ € L°(F) | E[(X +Y')" | F] > Z}.

Then Y is as required. Indeed, observe that the function L°(F) — LY (F),Y
E[(X +Y)~ | F], is antitone, that is E[(X + Y1)~ | F] > E[(X +Y2)™ | F]
whenever Y; < Y5. Further,

E[(X —n)" | F] /400 as.

as n tends to +oo. Thus, there exists Y’ € LO(F) with E[(X +Y')~ | F] > Z.
Hence Y € L°(F) and by construction E[(X +Y)~ | F] > Z. By way of
contradiction, assume that P[A] > 0, A = {E[(X +Y)” | F| > Z}. Let
Y, =Y +1/n, n €N. Then

E(X+Y,) | Fl] /E(X4+Y) | F]as.
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Hence, A, = {E[(X +Y,)” | F] > Z} , A. Thus, there exists ng € N with
P[A,,] > 0. But then,

E[(X +1a Y 414, Yn,) | F] > 2

and 1A%0Y +14,,Yn, > Y on A,, in contradiction to the maximality of Y.
Thus, E[(X +Y)" | F] = Z. O

Theorem 5.7. Let fpo : L%(£) — L°(F) denote the conditional monotone
mean variance. For X € L%(E) let Y € L°(F) be such that E[-B(X +Y)~ |
F|]=—1. Then
—B(X +Y)" € fpe(X).

(Due to Lemma 5.6, such a'Y ezists.)
Proof. Let X € L%(€). In view of Lemma 5.5, it suffices to show that Z* =
—B(X +Y)” maximizes (42).

Step 1. Dueto f(X+Y) = f(X)+Y forall Y € L°(F) an element Z* € P°
maximizes

1 2
essup (B2X | 7] - 3opl1+ 27| 7)) (44)

if and only if it maximizes
1
ess.sup (E[Z(X +Y) | Fl— —E[(1+2)* | ]—"]> .
Zepe 26

Thus, we can assume that E[—SX ™~ | F] = —1 since else we could replace X by
X +Y for the unique Y € L°(F) with E[-B(X +Y)~ | F] = —1.
Step 2. For all Z € P°

1 1 1
EZX |F]— —=E((1+2)? | Fl=E|ZX - 5Z° —.
ZX | )= B0+ 2P | A= B |2X - 3:2° | 7| + o
Hence, Z* € P° maximizes (44) if and only if it maximizes
L o
esssupE | ZX — —Z° | F|.
ZePpe 23

For Z* € P° the following statements are equivalent:

(1)

1 1
E|Z*X — —Z7*2 J—‘} = ess.sup £ [ZX - —z? ]-‘] .
[ 2 | Z€73°p 28 |
(ii) For all Z € P° and ¢ € [0, 1],
E Z*XfiZ*2|]-' >E ZXfiZQU’-'
28 = ¢ 237 ’

where Z. =eZ + (1 —e)Z*. (Note that Z. € P° for all Z € P°.)
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(iii) For all Z € P°,

d

1
~E [ZEX -

2p
Indeed, for all Z € P° and € € [0, 1]

= Z2| f} |e=0 < 0.

1 g2 )
E {zsx_ 7 |]—'] =i - SEZ- 27 | Fl+ Yo
for some Y1 = Y1(Z,2%),Ys = Yo(Z,Z*) € F. In particular, € — Y7 —
%E[(Z — Z*)2 | F] + Ya is point wise concave on [0,1] and hence (iii)
implies (ii).

(iv) Forall Z € P°, E[(Z - 2%) (X — 52*) | F] <.
Hence, in view of (iv) it follows that Z* = —X~ € P° maximizes (44). O

Example 5.8. Again we employ the results of Section 5.3 in [FKO07] to derive
the above results for the specific case of F = o(Ay), c¢f. Example 5.4. We
identify the conditional mean variance, this time simply denoted by f, with its
corresponding sequence of static mean variances f = (f1, f2, f3,...).

According to the above results, the greatest monotone closed L°(F)-convex
function magjorized by f is given by fpo : L%(E) — LY(F) identified with fpo =
(fi.pe, fapo, fapo,...), where fnpo: L*(EN Ay,) — R is given by

1

fape(X) = sup (Epn [ZX] %

EmW+zm)
ZeL?(ENA,),Z<0,Ep, [Z]=-1

for alln € N.

Alternatively, due to Section 5.3 in [FKO07] the greatest monotone closed
convez function majorized by fr, is given by the static monotone mean variance
fnpo for eachn € N. Consequently, the greatest monotone closed L°(F)-convex
function majorized by f = (f1, f2, f3,...) must be fpo = (f1,po, fo,po, f3po,...).

A Proof of Theorem 2.4

In this appendix we provide a prove of Zowe’s convex duality result in the form
of Theorem 2.4. The setup and notation are as in Section 2. We first present a
topological lemma.

Lemma A.1. There exists a base of neighborhoods V of 0 € L*(G) such that

V= (V+I5@) N (V - LA (9)). (45)
where L% (G) = {X € L*(G) | X > 0}, k € [1,400] and G C € denotes a generic
sub o—algebra of £.
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Proof. For each n € N we denote by Bj/, the ball of radius 1/n centered
at 0 € L¥(G). The collection (Bj,,) is the canonical base of neighborhoods in
L*(G). We claim that Vy/, = (By,,+ L% (G))N(B1/n— L% (G)), n € N, defines a
neighborhood base as required. Indeed, each V; ,, satisfies (45) by construction.
Further, By, C Vi, and Vi (2n) C Byp, for each n € N implies that (V;,,,) is
a base of neighborhoods. O

The epigraph epif of a function f : LP(£) — L"(F) is understood as
{(X,Y) € LP(&) x L"(F) | f(X) < Y}. The next lemma proves the first
assertion of Theorem 2.4.

Lemma A.2. Let f: LP(E) — L"(F) be a convex function. If f is continuous
at Xo € LP(E) then f has a subgradient at X.

Proof. The set
A=epif —{(Xo,Y) € {Xo} x L"(F) | Y < f(Xo)}

is nonempty and convex. Thus,

B= [J M

A€[0,+00)

is a convex cone in LP(€) x L"(F), that is B+ B C B and AB C B for all

A € [0, +00). Using B we will construct a sublinear mapping p : LP(€) — L"(F),

that is, p is subadditive p(X; 4+ X2) < p(X1)+p(X32) and positively homogeneous

p(AX1) = Ap(Xy) for all X1, Xy € LP(E) and A € [0, 4+00). To this end, we define
Sx={Y el (F)|(X,Y) e B},

for all X € LP(E). We will show that Sx is nonempty and bounded from below
for all X € LP(E).
Since B is a convex cone we observe first that

Sx, +Sx, C Sx,+x,, for all Xq,Xs € LP(E). (46)
For X € L?(E) we have
(X, f(Xo+ X) — f(Xo)) = (Xo + X, f(Xo + X)) — (Xo, f(X0)) € 4,
and hence (X, f(Xo + X) — f(Xo)) € B. Thus,
Sx # 0 for all X € LP(E). (47)
Let (0,Y) € B, Y # 0. Then (0,Y) = A(X1,Y1) — (Xa2,Y3)) for some
A€ (0,4+00), X1 = Xo = Xgand Y7 > f(Xo) > Ys. Thus, Y = A\(Y; —Y3) >0,

and hence
So C L' (F). (48)
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For X € LP(£) take Y € S_x which is possible due to (47). From (46) and
(48) we derive for all Z € Sx

Z+Y eSx+S_x CSyCL(F).

Hence —Y is a lower bound for Sx. Since L"(F) is order complete the mapping
p:LP(€) = L'(F),
p(X) =essinf{Y | Y € Sx}
is well defined. Next, we show that p is sublinear.
For A € (0, +00) we have AB = B, and hence Ap(X) = ess.inf{\Y | (X,Y) €
B} = ess.inf{AY | (AX,\Y) € B} = p(AX). Since p(0) = 0 it follows that p is
positively homogeneous. Further, from (46) we derive for all X, Xy € LP(E)

p(Xl —|—X2) <YV —|—}/2, for all Y € SXI,}/Q S SXz'

Thus, p(X1+X2) < p(X1)+p(X2). Hence, p is subadditive and in turn sublinear.
By the Hahn—Banach extension theorem in the form of Theorem 8.30 in [ABO6]
there exists a linear mapping p : LP(€) — L"(F) such that pX < p(X) for all
X € LP(&). Since f(X) — f(Xo) € Sx_x, for all X € LP(E) we have

(X — Xo) < p(X — Xo) < f(X) — f(Xo). (49)

for all X € LP(E). Thus, p is a subgradient of f at X if we can show that p is
continuous.
To this end, let V be a neighborhood of 0 € L"(F). We can assume that
V = =V and, due to Lemma A.1, V = (V + L' (F)) N (V — L, (F)). Since f
is continuous at Xy there exists a symmetric neighborhood W (W = —W) of
0 € LP(&) such that
F(Xo+ W) C f(Xo) +V.

Hence, f(Xo+ W) — f(Xo) C V and therefore
f(Xo+X)— f(Xo) €V for all X € W.

From (49) we find for all X € LP(€) that uX = pu(Xo + X — Xo) < f(Xo +
X) — f(Xo). Hence for all X e W = -W

pX € f(Xo+X) - f(Xo) = L. (F) CV =L (F)
and
pX € =(f(Xo — X) — f(Xo) = L' (F)) € =V + LIL(F) =V + L (F).

We conclude that p(W) C (V + L (F))N(V — L (F)) = V and continuity of
w follows at 0 € LP(E). Linearity of p yields continuity on all of LP(E). O

The second assertion of Theorem 2.4 can be proved as follows. We let f :
LP(€) — L"(F) be a convex function which is continuous at Xy € LP(E). We
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define domf** = {X € LP(E) | f**(X) € L"(F)}. Lemma A.2 together with
(3) yields domf* # () and we get

pXo — f* (1) < pXo — (uXo — f(Xo)) = f(Xo), for all p € domf™.

Hence, Xy € dom f** and f**(Xy) < f(Xp). The reverse inequality follows from
the observation that again Lemma A.2 together with (3) yields the existence of
o such that f(Xo) = poXo — f* (o) which concludes the proof.
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